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Daniel Kraft: A Level-Set Framework for Shape Optimisation

Abstract

The level-set method is widely employed for a range of problem settings, including shape optimisation
and free-boundary problems. It allows for a natural and very flexible description of shapes and changes
to them. Most of the time, however, it is applied for shape optimisation without a sound justification.
In this thesis, we build a solid theoretical framework for shape optimisation using the speed method in
the level-set context. Particular focus is put on the connection between the classical level-set equation
and the theory of optimal control. This connection allows us to interpret the level-set equation as
a Hamilton-Jacobi-Bellman equation and, in consequence, express the shape evolutions in terms of a
Hopf-Lax formula. This forms a strong theoretical justification for Sethian’s Fast Marching Method
and our generalised Composite Fast Marching. Furthermore, based on this representation, we are also
able to derive new results about shape-sensitivity analysis, non-fattening and other questions of general
interest. We develop a complete gradient-descent method and apply it to image segmentation and PDE-
constrained shape optimisation. In the context of this gradient descent, we also discuss ways to handle
geometric constraints. The gradient descent is, however, prone to the well-known “zig-zag behaviour”.
To avoid this issue, we propose also a novel method that can be interpreted as a self-consistent gradient
flow and is much more efficient. Main components of our numerical code are released as free software in
an extension package for GNU Octave.

Keywords: Level-Set Method, Shape Optimisation, Speed Method, Hopf-Lax Formula, Fast March-
ing Method, Shape-Sensitivity Analysis, Geometric Constraints, PDE-Constrained Optimisation

Kurzzusammenfassung

Für viele Probleme mit freiem Rand und der Formoptimierung lässt sich die Niveaumengenmethode
erfolgreich einsetzen, um auf natürliche Art und Weise Geometrien, Formen und ihre zeitliche Evolution
mathematisch zu beschreiben. In den meisten Anwendungen wird die Methode allerdings ohne ausreichen-
de theoretische Rechtfertigung benützt. Mit dieser Arbeit möchten wir eine solide theoretische Basis für
Formoptimierung mit der Geschwindigkeitsmethode und Niveaumengen schaffen. Unsere Ergebnisse ba-
sieren auf einer Interpretation der klassischen Levelset-Gleichung als Hamilton-Jacobi-Bellman-Gleichung
eines Kontrollproblems, wodurch wir eine Hopf-Lax-Darstellungsformel für die geometrischen Evolutio-
nen herleiten können. Dieses Ergebnis liefert nicht nur eine starke theoretische Grundlage für Sethians
Fast-Marching-Methode und unsere verallgemeinerte Composite-Fast-Marching-Methode, sondern kann
auch verwendet werden, um neue theoretische Ergebnisse zu beweisen. Im Speziellen können wir damit
einen neuen Zugang zur Analyse von Formsensitivität aufbauen, neue Ergebnisse für Non-Fattening her-
leiten und weitere grundlegende Fragen, die sich in unserem Kontext ergeben, beantworten. Wir wenden
unsere Erkenntnisse auch an, um ein vollständiges Gradientenabstiegsverfahren für Formoptimierung zu
implementieren. Dieses Verfahren haben wir sowohl für Bildsegmentierung als auch Formoptimierung mit
Differentialgleichungsnebenbedingungen getestet. Zusätzlich besprechen wir auch, wie man geometrische
Nebenbedingungen in unser Verfahren einbauen kann, und entwickeln eine gänzlich neue, effizientere Op-
timierungsmethode, die als selbst-konsistenter Gradientenfluss interpretiert werden kann. Wesentliche
Teile unseres numerischen Codes sind als freie Software in einem Erweiterungspaket für GNU Octave
veröffentlicht.

Schlagworte: Niveaumengenmethode, Formoptimierung, Geschwindigkeitsmethode, Formsensitivität,
Geometrische Nebenbedingungen, Optimierung mit Differentialgleichungsnebenbedingungen
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1 Introduction

Shape optimisation is a beautiful field of study. It lies at the intersection of various subjects in mathemat-
ics, such as geometry, measure theory, optimisation and differential equations. This makes it particularly
interesting and challenging from a theoretical point of view. The seminal research on this field has been
done by Murat and Simon in [64]. Since then, of course, a wealth of applications ranging from structural
optimisation to obstacle problems, computer vision and medical imaging has appeared in the literature.
Let us just refer to [73], [75], [49] and [69], respectively, as some works representing these topics.

The main difficulty in shape optimisation is the fact that the concept of a “shape” is complicated
and cannot be described by, say, an element of a vector space. Most optimisation methods are based
on the latter. It is, thus, imperative to find a convenient way to encode geometric information in forms
more accessible to mathematical analysis and algorithmic treatment. See Chapter 2 of [30] for a broad
discussion of various methods to do so. A lot of works, particularly from engineering fields, use a (finite-
dimensional) parametrisation of the geometry. With this approach, one can optimise the parameters
with suitable schemes for finite-dimensional optimisation. This idea is employed, for instance, in [44]
and [68]. These early works directly use the vertices of a triangulation of the domain as optimisation
variables. More recent papers (e. g., [82]) employ more sophisticated parametrisations like splines, but
are still based on the same idea. Alternatively, it is also possible to characterise a shape as the image
of some reference domain under a particular transformation. For instance, one can choose the unit
sphere as reference domain and consider all shapes that can be produced by a diffeomorphism from it.
See Section 2.8 of [78] for a basic discussion. This so-called method of mappings leads to optimisation
problems that are infinite-dimensional but still staged in a vector space. They are related to optimal-
control problems in infinite dimensions, and can be solved with similar techniques. In general, let us
refer to the monographs [44], [46], [68], [78] and [86] for a thorough treatment of shape optimisation in
this classical context.

Both of these approaches, however, are quite limited in the range of shapes they can describe. Finite-
dimensional parametrisation of the shape allows, by its very definition, only a limited number of degrees
of freedom. For the transformation approach, one usually requires a certain degree of regularity of
the transformation mapping, as it is not possible to solve the optimisation problem otherwise. This
usually forbids changes in topology during the transformation. To gain extra flexibility, this work is
focused on yet another approach: the level-set method. Since it was introduced by Osher and Sethian
in [67], it has been widely used for shape optimisation and free-boundary problems. See, for instance,
the work in [20], [66], [70], [75], [87] and a series of papers by Allaire, Jouve et al. starting with [2].
While there exists a sound and very general theory of shape evolutions in the level-set context (see [41]),
the fundamental connection to shape-sensitivity analysis and optimisation has generally been neglected.
Some work has been done in this direction only in recent times, see [14] and [16]. We feel, however, that
there still remain a lot of open questions to address.

Consequently, it is the purpose of this work to build a solid measure-theoretic and geometric foundation
for the level-set method in the context of shape optimisation. We start with a review of the level-set and
speed methods in Chapter 2. The classical level-set equation (2) introduced there can be interpreted
as the Hamilton-Jacobi-Bellman equation of an optimal-control problem. We exploit this connection in
Chapter 3 to derive a Hopf-Lax representation formula for the time evolution of shapes in our setting.
This follows the idea of Sethian’s Fast Marching Method (see [76]). Employing this result not only
for numerics but also for theoretical analysis, we are able to show some new results in Chapter 4.
They include, in particular, a very general framework for shape-sensitivity analysis. Our results need
much weaker assumptions on the regularity of the involved domains and speed fields than classical
approaches. This fits very well in our framework since the core advantage of the level-set method itself is
precisely to allow a wider class of shapes. Chapter 5 analyses some measure-theoretic properties of our
evolving domains (concerning, in particular, their perimeters). This is motivated by the shape calculus
of Section 4.2. In Chapter 6, we develop a gradient-descent method for shape optimisation based on our
level-set framework and give a numerical demonstration on a model for image segmentation. Analysis
of this problem is continued in Chapter 7, where we examine a novel optimisation method that is more
efficient and can be interpreted as a self-consistent gradient flow. Chapter 8, finally, is devoted to the
study of PDE-constrained shape optimisation with our methods.

7



2 The Level-Set Method

This chapter is dedicated to the discussion of the basics of the level-set method as introduced in [67]. We
use this technique to describe shapes and to evolve them over time in conjunction with the speed method.
Most of the content of this chapter is well-known in the literature. We review it here, nevertheless, for
convenience.

Definition 1. Let φ : Rn → R be continuous. Interpreting φ as a level-set function, it describes the sets

Ω = {x ∈ Rn | φ(x) < 0} = φ−1 ((−∞, 0)) and Γ = {x ∈ Rn | φ(x) = 0} = φ−1 ({0}) .

We will also consider time-dependent level-set functions in the future. In this case, φ : Rn × [0,∞)→ R
and we write

Ωt = {x ∈ Rn | φ(x, t) < 0} and Γt = {x ∈ Rn | φ(x, t) = 0}
for the corresponding sets at some time t ≥ 0.

It is immediately clear that Ω ⊂ Rn is an open set, which most often corresponds to the domain
under consideration (i. e., the geometric variable to be optimised). Γ is closed, and clearly ∂Ω ⊂ Γ.
Note, though, that the reverse inclusion does not always hold: The function φ may have large regions
of zero value, which do not belong entirely to the topological boundary of Ω. This effect, if it occurs, is
called fattening. It is often undesirable in practice and will be further discussed in Section 4.1.

Given a level-set function φ, unique sets Ω and Γ are defined by Definition 1. It is important to
highlight, though, that this is not entirely true the other way round: For a given domain Ω, one can
always construct a level-set function that describes it. This φ, however, is obviously not unique. To get
at least one possible level-set function for a given set Ω, a widely used construction is the signed distance
function sdΩ:

sdΩ(x) =


−dist (x, ∂Ω) for x ∈ Ω◦,

0 for x ∈ ∂Ω,
dist (x, ∂Ω) for x 6∈ Ω,

(1)

where x ∈ Rn and Ω is assumed to have a non-empty boundary. Here,

dist (x, ∂Ω) = inf
y∈∂Ω

|x− y| = min
y∈∂Ω

|x− y|

is the distance of x to the boundary of Ω, either from the inside or the outside. The signed distance
function sdΩ assigns negative values to interior points of Ω, positive values to exterior points and zero
to points on the topological boundary. Consequently, it is a prime candidate for the construction of
a level-set function of Ω. Also note that the signed distance function of any set is always Lipschitz
continuous with constant one. This elementary result can be found in (2.3) on page 268 of [30]. For
a detailed discussion of distance functions in general, see also Chapters 6 and 7 of [30]. The following
properties are an immediate consequence of the definition in (1):

Lemma 1. Let A,B ⊂ Rn be open and φA, φB be corresponding level-set functions. We denote the
exterior of A by Ae = Rn \A. Then

φAe = −φA, φA∪B = min(φA, φB) and φA∩B = max(φA, φB)

are level-set functions describing Ae, A ∪ B and A ∩ B, respectively. The same holds for the signed
distance functions.

With the help of Lemma 1, we can perform basic set operations directly on the level-set functions.
This can be useful for the construction of domains in the level-set framework. Before we dive into more
involved topics, we want to give two simple examples:

Example 1. For the unit ball Ω1 = B1 (0) ⊂ R2, the signed-distance function (and thus a possible
level-set function) is

sdΩ1
(x, y) =

√
x2 + y2 − 1.

An alternative level-set function describing the same domain is

φ1(x, y) = x2 + y2 − 1.

With similar constructions, general ellipsoids can be described.

8
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Figure 1: The speed method in normal direction. In the shown situation, F (a) < 0 < F (b) < F (c).

Example 2. The unit square Ω2 = (−1, 1)2 ⊂ R2 has

sdΩ2
(x, y) = max(|x| , |y|)− 1

as its signed distance function. It is possible to construct the signed distance functions of arbitrary
polygons by intersecting half spaces. For the latter, the signed distance functions are affine and can be
constructed easily. This example also shows that non-smooth domains can be described perfectly well
by the level-set framework.

2.1 The Level-Set Equation

In order to perform shape optimisation, we are not only interested in describing shapes alone: It is also
important to handle changes to them. Various approaches exist in the literature to do that. We restrict
ourselves to the so-called speed method, which we will adapt to fit into the level-set framework. The idea
is to transform the boundary of Ω continuously according to some vector field (the “speed field”). Let
us assume for our motivation that the boundary of Ω is smooth; this assumption can be dropped in the
formal context that will be used afterwards. Since movements in tangential direction to the boundary
do not change the geometry itself (they only lead to a reparametrisation), we are only really interested
in normal transformations of the boundary. Because of this, we can actually use a scalar function
F : Rn → R to describe the speed field. For each x ∈ Rn, F (x) gives the speed with which the boundary
of Ω moves in normal direction when it crosses x. Positive F (x) > 0 means outward movement (the
domain grows), while F (x) < 0 corresponds to local shrinking of the domain. See also Figure 1 for a
schematic sketch of this situation.

We will always assume that F is Lipschitz continuous and has compact support. The latter assump-
tion is no restriction in practice, since we are mostly interested in bounded domains anyway. This, in
particular, also implies that F is bounded. We will denote the corresponding bound by F . In other
words, we assume that |F (x)| ≤ F for all x ∈ Rn. Lipschitz continuity will be necessary to show some
results later on, and it also helps to avoid unstable situations:

Example 3. Let Ω0 = (−∞,−1) be the initial domain. We consider the (non-Lipschitz continuous)
speed F (x) =

√
|x|. If we let Ω0 evolve according to this speed field, the upper boundary moves to the

right. The time it takes to reach zero can be calculated as

t0 =

∫ 0

−1

1

F (x)
dx = 2.

This means that Ωt reaches an equilibrium (∞, 0) for t ≥ 2. However, if we disturb this domain to
Ω′ = (−∞, ε), ε > 0, it will continue to grow. In other words, the equilibrium is unstable. This is very
undesirable in practice. Imposing Lipschitz continuity of F avoids this situation, as it guarantees that
the moving boundary can never reach zeros of F in finite time. It is only possible to approach them as
t→∞. This will be shown later in Lemma 17.

9



Level sets together with this speed method allow for a wide range of changes in the topology of Ω.
Merging two connected components of Ω (or two holes) into one is easy. Creating a new component
requires splitting it off from the existing domain, while creating a new hole is only possible by wrapping
around it. These situations are harder to produce algorithmically in shape optimisation, but nevertheless
supported by the underlying level-set method. Examples for both types of topology changes are shown
in Figure 2. Note that these topology changes are not possible if the speed method is used in the classical
setting, where the initial domain is transformed in a diffeomorphic way by flow maps. The regularity of
these mappings forbids changes in topology. See also Section 4.6, where we discuss which shapes can be
reached by our speed method from a different perspective.

So far, however, we have not discussed how the evolving domains can actually be calculated. This is,
of course, a very crucial part of the full picture. Since the domain is described with the level-set method,
we actually calculate the evolution of the level-set functions φ(·, t) describing Ωt for each t ≥ 0. For
an informal derivation (a more rigorous discussion will be done later), we follow a point x(t) ∈ Γt as it
moves according to the given speed field. Since it follows the boundary of Ω, we know that

φ(x(t), t) = 0

must hold for all t ≥ 0. Assuming that everything is smooth enough, we can apply implicit differentiation
to this relation. This gives

∇φ(x(t), t) · ẋ(t) + φ̇(x(t), t) = 0.

Since the movement of x follows the speed field in normal direction,

ẋ(t) = F (x) · ∇φ(x(t), t)

|∇φ(x(t), t)|
.

Hence, we arrive at the level-set equation

φ̇+ F (x) |∇φ| = 0. (2)

This non-linear, first-order parabolic differential equation is one of the core subjects for discussion in
the following. By solving (2) as an initial-value problem (starting with φ(x, 0) = φ0(x) for x ∈ Rn
and φ0 describing the initial geometry), we can propagate level-set functions and thus the described
geometries according to a chosen speed field F . This forms a natural basis for various approaches to shape
optimisation that can be developed. In the following, we will assume that φ0 is Lipschitz continuous.
Without losing any geometrical information, we can always choose the (Lipschitz continuous) signed
distance function of the initial geometry Ω0 as φ0 to fulfil this requirement.

Note that the wider literature describes different variants of (2) as “level-set equation”. A common
generalisation is to allow the speed F to depend on the boundary’s curvature (e. g., for mean-curvature
flow problems) or other geometrical properties of Ωt. In this context, the analogue of (2) appears already
as (2.13) in [67]. See also Section 1.6 in [41]. In the context of this thesis, we will, however, always consider
the level-set equation in the form (2). Allowing F to depend on space but not the geometry itself will be
a natural choice and quite sufficient for the situations we are interested in below. Let us just remark that
the idea investigated in Chapter 7 can be related to the evolution of Ω with respect to a shape-dependent
speed field. We will, however, not use the level-set equation in this context.

2.2 Viscosity Solutions

We now analyse the level-set equation (2) in more detail. In particular, it will turn out that we can
not expect classical solutions to this differential equation. Instead, the concept of viscosity solutions is
the one that yields unique solvability of the level-set equation without requiring too much regularity
for the domains we want to describe. To get there, note that signed distance functions are, in general,
not differentiable (everywhere in space). They are Lipschitz continuous and thus differentiable almost
everywhere according to Rademacher’s theorem (see Theorem 2 on page 81 of [37]), but they usually
have kinks or other singularities on a lower-dimensional subset of Rn. Furthermore, even if we exclude
signed distance functions for a moment, we have to assume additional regularity of a domain in order
to guarantee smooth level-set functions. We do not want to do this, since the support of less regular
domains is, in fact, a big advantage of the level-set method. Hence, we can not require that φ should
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Figure 2: Evolution of an initial domain (blue) at times t = 1, 2, 3, 4 (black). F is shown as a heat map
in the background. See also Figure 15 and Figure 16.
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(a) Initial value φ0. (b) Evolved φ1. (c) Evolved φ2.

Figure 3: Two almost-everywhere solutions for the initial-value problem in Example 4.

solve (2) in every point in the classical sense. Lifting this requirement, we could demand that φ must
solve the equation only almost everywhere. This seems natural, given the nature of signed distance
functions. However, one can easily discover that this requirement is, on the other hand, too lenient:
While almost-everywhere solutions of (2) allow non-smooth domains and signed distance functions, they
are not unique. This can be seen already by a very simple example:

Example 4. Consider n = 1, φ0(x) = |x| and set F (x) = 1. In this situation, the level-set equation (2)
takes the form

φ̇(x, t) = − |∇φ(x, t)| , (3)

x ∈ R and t > 0. It is easy to see that

φ1(x, t) = |x| − t as well as φ2(x, t) = max(|x| − t, 0)

are differentiable almost everywhere. They satisfy the initial condition φ1(·, 0) = φ2(·, 0) = φ0 and,
where they are differentiable, also solve (3). These functions are shown in Figure 3. Similarly, one
can actually construct an arbitrary number of distinct almost-everywhere solutions of the initial-value
problem defined by (3) and φ0.

The correct balance is found within the framework of viscosity solutions. See [25], [26] and [62]. With
this solution concept, non-smooth solutions similar to signed distance functions are allowed, but we also
get uniqueness for the solution of the level-set equation. (Which will be shown in Theorem 2 below.)
Let us start by defining viscosity solutions:

Definition 2. Let F be given and define Q = Rn × (0,∞) to be the open space-time cylinder. We say
that φ : Q→ R is a viscosity subsolution of the level-set equation (2) if φ is upper semi-continuous and

ψ̇(x, t) + F (x) |∇ψ(x, t)| ≤ 0

for each test function ψ ∈ C1(Q) and (x, t) ∈ Q that is a local maximum of φ − ψ. Similarly, a lower
semi-continuous φ is called a viscosity supersolution if

ψ̇(x, t) + F (x) |∇ψ(x, t)| ≥ 0

for each ψ and local minimum (x, t) of φ−ψ. If φ is both a sub- and supersolution, it is called a viscosity
solution. In this case, φ is continuous.

In this way, we can define a solution of the differential equation (2) without ever making use of
derivatives of φ. To motivate Definition 2 a bit more, assume for a moment that φ actually is differentiable
at some (x, t) ∈ Q. If we have ψ such that (x, t) is a local extremum of φ− ψ, then

ψ̇(x, t) = φ̇(x, t) and ∇ψ(x, t) = ∇φ(x, t)

due to the necessary optimality condition. Hence, if φ is a viscosity solution according to Definition 2, then
(2) is actually fulfilled pointwise whenever φ is differentiable. Assuming that φ is differentiable almost
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everywhere, this implies that viscosity solutions are a stronger concept than almost-everywhere solutions.
On the other hand, they are weaker than classical solutions, unless φ is differentiable everywhere (in which
case both concepts are equivalent).

Note that Definition 2 makes only use of the derivatives of the test function ψ, so that shifting ψ by a
constant offset does not change anything. Because of this, we will assume, without loss of generality, that
φ(x, t) = ψ(x, t) at the local extremum. Consequently, this means that ψ touches φ in (x, t) from above
and from below if φ is a viscosity sub- and supersolution, respectively. See also Figure 4. Similarly, one
can also require that the extrema in Definition 2 are strict : If φ − ψ has a (non-strict) local maximum
at (x, t) ∈ Q, then φ− ψ̃ has a strict local maximum at the same point if we define

ψ̃(y, s) = ψ(x, t) + (s− t)2 + |y − x|2 .

The derivatives of ψ at (x, t) are not changed by the added terms. The same argument can, of course,
also be applied to the case of a local minimum.

Furthermore, note that Definition 2 actually only relies on the first-order Taylor expansion of φ.
Consequently, we can rewrite the definition to make this explicit. In order to do so, let us introduce the
notion of semijets:

Definition 3. Let φ : Q→ R and (x, t) ∈ Q. Then D+φ(x, t) is the set of all (p, a) ∈ Rn × R such that

φ(y, s) ≤ φ(x, t) + a(s− t) + p · (y − x) + o (|s− t|+ |y − x|) (4)

as (y, s)→ (x, t). Similarly, (p, a) ∈ D−φ(x, t) if and only if

φ(y, s) ≥ φ(x, t) + a(s− t) + p · (y − x) + o (|s− t|+ |y − x|)

as (y, s)→ (x, t). The sets D±φ(x, t) are called the first-order (parabolic) semijets of φ at (x, t) ∈ Q.

With these notions, we can now give an alternative definition of viscosity solutions. We will show in
Theorem 1 that it is equivalent to Definition 2. This allows us to get rid of the auxiliary function ψ,
which will be handy later on.

Definition 4. φ : Q→ R is a viscosity subsolution of (2) if φ is upper semi-continuous and

a+ F (x) |p| ≤ 0

for all (x, t) ∈ Q and (p, a) ∈ D+φ(x, t). Similarly, φ is a viscosity supersolution if φ is lower semi-
continuous and

a+ F (x) |p| ≥ 0

for all (x, t) ∈ Q and (p, a) ∈ D−φ(x, t).

If we assume again that φ is differentiable at some (x, t) ∈ D, then an immediate consequence of
Definition 3 is that

D+φ(x, t) = D−φ(x, t) =
{(
∇φ(x, t), φ̇(x, t)

)}
(5)

are singletons and “equal” to the classical derivative of φ. In this case, Definition 4 implies, as before,
that (2) must be fulfilled classically at (x, t). Note that (5) also holds in the corresponding sense if φ is
only partially differentiable.

Example 5. To clarify the definitions above, we give an example. For simplicity, we will demonstrate
the idea behind semijets for the elliptic, one-dimensional case. I. e., instead of space and time as used
above for the parabolic semijets, let us assume that our function depends only on a one-dimensional
space variable. This is easier to interpret, and there is no qualitative difference to the parabolic situation
of the definitions above. Thus, consider the function φ(x) = |x|. Since φ is differentiable everywhere
except for x = 0, it is clear that

D±φ(x) = {φ′(x)} =

{
{−1} if x < 0,
{1} if x > 0.
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(a) ψ candidates (b) D−φ(0) = [−1, 1] (c) D+φ(0) = ∅

Figure 4: The semijets together with candidates for the function ψ in Definition 2 for the case of
Example 5. Here, φ(x) = |x|.

For x = 0, we have D−φ(0) = [−1, 1]. On the other hand, D+φ(0) = ∅. To see this, assume that
p ∈ D+φ(0). Then

φ(x) = |x| ≤ px+ o (x)

as x→ 0. Dividing both sides by |x| and taking the limit yields 1 ≤ p or 1 ≤ −p, depending on the side
from which x approaches zero. This, however, can not be fulfilled for both sides at the same time, leading
to a contradiction. Possible functions ψ touching φ from below (for Definition 2) are shown in Figure 4a.
It can be seen in Figure 4b that there are various elements in the semijet D−ψ(0), corresponding to lines
that are entirely below the graph of φ. On the other hand, it is not possible to draw any straight line or
smooth function that is fully above the graph around x = 0. See Figure 4c. In general, whenever φ has
a kink, either the condition for being a subsolution or that for being a supersolution is trivially fulfilled
because one of the semijets is empty.

In both definitions of viscosity solutions, the idea is that we work around the problem that derivatives
of φ may not be defined. This is done by requiring that the differential equation must be fulfilled for some
approximation of these derivatives. The approximation, in turn, is given by the semijets for Definition 4
and by a smooth function touching φ for Definition 2. We have not yet shown that both definitions are
really equivalent. This will be done now. The argument employed is based on Section 7 of [25]. The first
step is to get a better grasp of the “small-o error” in (4):

Lemma 2. Let φ be upper semi-continuous, (x, t) ∈ Q and (p, a) ∈ D+φ(x, t). Then there exists a
continuous, non-decreasing function g : [0,∞)→ [0,∞) with g(r) = o (r) as r → 0+ and

g(r) ≥ φ(y, s)− φ(x, t)− a(s− t)− p · (y − x) (6)

for all (y, s) ∈ Q with |s− t|+ |y − x| ≤ r.

Proof. Motivated by (4), we define first

g̃(r) = max
{

(φ(y, s)− φ(x, t)− a(s− t)− p · (y − x))
+
∣∣∣ (y, s) ∈ Q, |s− t|+ |y − x| ≤ r

}
.

The maximum exists, since φ is upper semi-continuous and the set of admissible (y, s) is compact if r is
small enough. The notation h+ denotes the positive part of an expression h, see also (23) below. Note
that g̃ : [0,∞)→ [0,∞) is, by definition, non-decreasing and g̃(r) = o (r) as r → 0+. It also satisfies (6)
already. However, g̃ is not yet necessarily continuous. Thus it remains to construct g as a continuous
majorant of g̃ while not violating any other of the required properties.

The idea of the construction is as follows: We divide the domain [0,∞) into a sequence of intervals,
and replace g̃ by its maximum value on each of these intervals (which is achieved on the right-most point
since g̃ is non-decreasing). This yields a step function which is still not continuous, but for which we
know that the only discontinuities are jumps at the interval boundaries. We can fix these discontinuities
by connecting the steps to each other with a continuous line. All of this can be done without violating
the o (r) requirement. This construction is sketched in Figure 5 and will now be formalised:
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(a) The original g̃. (b) The step function. (c) The continuous g.

Figure 5: The construction of a continuous majorant g from the discontinuous g̃ in the proof of Lemma 2.

For k ∈ Z, we define ak = 2k and Ik = [ak, ak+1]. This gives the following decomposition of the
domain of g̃:

[0,∞) =
⋃
k∈Z

Ik ∪ {0}

For Ik, we also define its midpoint mk = (ak + ak+1)/2. Then, set

g(r) =

 0 if r = 0,
g̃(ak+1) for r ∈ [ak,mk],

g̃(ak+1) + (g̃(ak+2)− g̃(ak+1)) · (r −mk)/(ak+1 −mk) for r ∈ [mk, ak+1].

It is easy to see that this definition yields a non-decreasing function g that is continuous on (0,∞).
Furthermore, g ≥ g̃, so that, in particular, also (6) holds. Note also

g(r) ≤ g̃(ak+2) = g̃(4ak) ≤ g̃(4r)

for r ∈ Ik. This implies g(r) = o (r) for r → 0+, and thus also continuity at r = 0. Hence, the constructed
g has all the required properties.

With this auxiliary result, we can now show that both definitions for viscosity solutions are really
equivalent. This allows us to use one or the other, depending on what is more convenient at the moment.
See also Remarks 2.3 in [26].

Theorem 1. Let φ be upper semi-continuous and (x, t) ∈ Q. Then

D+φ(x, t) =
{(
∇ψ(x, t), ψ̇(x, t)

) ∣∣∣ ψ ∈ C1(Q), φ− ψ has a local maximum at (x, t)
}
.

The analogous result holds for D−φ(x, t) if φ is lower semi-continuous.
As an immediate consequence, Definition 2 and Definition 4 are equivalent.

Proof. Assume first that ψ ∈ C1(Q) and that φ − ψ has a local maximum at (x, t). Without loss of
generality, let ψ(x, t) = φ(x, t). If we set p = ∇ψ(x, t) and a = ψ̇(x, t), we have to show (p, a) ∈ D+φ(x, t).
For this, we will verify that (4) holds. Since ψ is differentiable, we know that

ψ(y, s) = ψ(x, t) + a(s− t) + p · (y − x) + o (|s− t|+ |y − x|)

as (y, s)→ (x, t). Together with

φ(y, s)− ψ(y, s) ≤ φ(x, t)− ψ(x, t) = 0

for (y, s) close to (x, t), this implies (4).
Now, conversely, let (p, a) ∈ D+φ(x, t). We have to construct ψ ∈ C1(Q) such that ∇ψ(x, t) = p,

ψ̇(x, t) = a and φ − ψ has a local maximum at (x, t). Let g be the function constructed in Lemma 2.
Define

G(r) =
1

r

∫ 2r

r

g(ρ) dρ,
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which is differentiable for r > 0 with

G′(r) =
2 · g(2r)− g(r)

r
− 1

r2

∫ 2r

r

g(ρ) dρ ≤ 2 · g(2r)− g(r)

r
− g(r)

r
.

Since g(r) = o (r), it follows that
lim
r→0+

G(r) = lim
r→0+

G′(r) = 0

for r → 0+. Hence, we can continuously extend G by setting G(0) = 0. Furthermore, since g is
non-decreasing, we see that the limit r → 0+ gives

0 ≤ G(r)−G(0)

r
≤ rg(2r)

r2
→ 0.

This means that also G′ is continuous at r = 0 with respect to the (one-sided) derivative G′(0) = 0. This
allows us to define

ψ(y, s) = φ(x, t) + a(s− t) + p · (y − x) +G (|s− t|+ |y − x|) ,

where we know, in particular, that ψ ∈ C1(Q). Also, ∇ψ(x, t) = p and ψ̇(x, t) = a as required. Since
G(r) ≥ g(r) and (6) holds for g, the difference φ − ψ has a local maximum at (x, t). The result for
D−φ(x, t) can be derived by the same arguments, or by applying the shown result to −φ.

2.3 The Comparison Principle

For the reader familiar with potential theory and harmonic functions, the terms “subsolution” and
“supersolution” introduced above probably ring a bell. In this classical field, sub- and supersolutions
of the Laplace equation (also called sub- and superharmonic functions) are introduced as functions that
lie “below” and “above” a solution (harmonic function), respectively. These notions are useful for the
investigation of the Dirichlet problem for the Laplace equation, and can also be applied to the initial-value
problem associated with the heat equation. See, for instance, [36] or Section 3.3 of [45]. Very important
in the study of harmonic functions as well as sub- and supersolutions are their mean-value property, the
maximum/minimum principles and the comparison principle. As we will see in this section, a similar
concept also applies to our viscosity solutions of the level-set equation. Besides showing uniqueness of
the solution for the initial-value problem, the comparison principle will also be of tremendous utility for
various later results:

Theorem 2. Let φ, ψ : Q → R be a sub- and supersolution of (2), respectively. Assume for the initial
data φ(·, 0) ≤ ψ(·, 0) on Rn. Then φ ≤ ψ on the whole of Q.

Before we prove the comparison principle in the remaining part of this section, we can use it imme-
diately to show uniqueness for viscosity solutions of the level-set equation:

Corollary 1. Let φ0 : Rn → R be continuous. If a viscosity solution of the level-set equation (2) exists
with initial value φ0, it is necessarily unique.

Proof. Assume that φ, ψ : Rn → R are two solutions with φ(·, 0) = ψ(·, 0) = φ0. In this situation,
the conditions of Theorem 2 are fulfilled and thus both φ ≤ ψ and ψ ≤ φ. Hence φ = ψ, showing
uniqueness.

Let us now continue with the proof of Theorem 2. As always, recall that we assume F to be Lipschitz
continuous and compactly supported. The proof technique can be considered a “standard argument”
in the study of viscosity solutions, and follows the method sketched in [25]. Some details are tailored
more specifically towards the concrete situation of interest to us, though. The main idea goes like this:
Due to semi-continuity, the function φ − ψ attains a maximum on compact sets. Leaving aside the
technical difficulty that Q is unbounded and thus not compact for a moment, we aim at showing that
this maximum is non-positive. If this can, indeed, be established, the desired result φ ≤ ψ is shown. To
prove this, one uses a trick called variable doubling : Instead of looking at φ− ψ directly, we introduce

Ψε(x, y, t, s) =
|x− y|2 + (t− s)2

2ε
(7)
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as a penalisation term and consider maxima of

φ(x, t)− ψ(y, s)−Ψε(x, y, t, s) (8)

for ε > 0. In the limit ε→ 0, the penalisation ensures that maximum points must lie on the diagonal

N =
{

(x, t, y, s) ∈ Q2
∣∣∣ x = y, t = s

}
. (9)

This removes the “doubled” variables again. When we fix y, s or x, t, Definition 2 can be applied to (8)
since Ψε is continuously differentiable. If this is done correctly, one can derive the necessary estimates
to show that the maximum must be non-positive.

We will now proceed to execute this strategy rigorously. As a first step, we show a useful result about
maxima penalised by Ψε:

Lemma 3. Let Φ: Q
2 → R be upper semi-continuous and bounded from above. Consider Ψε given

according to (7) and define
Mε = sup

z∈Q2

(Φ(z)−Ψε(z))

for every ε > 0. If (zε)ε>0 ⊂ Q
2
, ε→ 0, is a family of maximising arguments with Mε = Φ(zε)−Ψε(zε),

then
lim
ε→0+

Ψε(zε) = 0.

Furthermore, if ẑ ∈ Q
2

is an accumulation point of (zε)ε>0 in the limit ε → 0, then ẑ ∈ N and
Φ(ẑ) ≥ Φ(z) for all z ∈ N .

Proof. Note that N defined in (9) is precisely the set of zeros of Ψε for arbitrary ε. Furthermore, it is
easy to see that Mε ≤Mµ if ε ≤ µ. It follows that

sup
z∈N

Φ(z) ≤Mε ≤M1 <∞

for all ε ≤ 1. This, in turn, implies together with the monotonicity of Mε that M0 = limε→0+ Mε exists
within the same bounds. Hence,

M2ε ≥ Φ(zε)−Ψ2ε(zε) = Φ(zε)−
1

2
Ψε(zε) = Φ(zε)−Ψε(zε) +

1

2
Ψε(zε) = Mε +

1

2
Ψε(zε).

This gives
0 ≤ Ψε(zε) ≤ 2(M2ε −Mε)→ 0

in the limit ε→ 0+. Thus Ψε(zε)→ 0.
Now, let ẑ be an accumulation point of (zε)ε>0. I. e., assume that we consider some sequence ε→ 0+

with zε → ẑ. Note that

Ψ̃(x, y, t, s) = ε ·Ψε(x, y, t, s) =
|x− y|2 + (t− s)2

2

is a continuous function that does not depend on ε any more. Thus

0 = lim
ε→0+

ε ·Ψε(zε) = lim
ε→0+

Ψ̃(zε) = Ψ̃(ẑ).

This implies that ẑ ∈ N . Finally, upper semi-continuity of Φ yields

Φ(ẑ) ≥ lim sup
ε→0+

Φ(zε) = lim sup
ε→0+

(Φ(zε)−Ψε(zε)) = lim sup
ε→0+

Mε ≥ sup
z∈N

Φ(z).
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Note that a more general version of Lemma 3 can be found as Lemma 4.1 on page 11 of [25], but the
version shown above suffices for our purposes. The next step is to show comparison under additional
assumptions, which remove the technical difficulties related to the unboundedness of Q. For R > 0, we
define

QR =
{

(x, t) ∈ Q
∣∣ t < R and |x| < R

}
= BR (0)× [0, R).

Let us for the moment consider the situation only on this restricted domain. The following result contains
the core idea of the comparison proof (the variable-doubling argument), without being encumbered too
much by technical issues that will be resolved later:

Lemma 4. Let R > 0 be fixed and φ, ψ : QR → R. We assume that ψ is a viscosity supersolution of (2)
and that φ is a subsolution of

φ̇(x, t) + F (x) |∇φ(x, t)|+ c = 0 (10)

for some c > 0. Furthermore, let

lim
t→R−

φ(x, t) = lim
|x|→R−

φ(x, t) = −∞ and lim
t→R−

ψ(x, t) = lim
|x|→R−

ψ(x, t) =∞.

If φ(·, 0) ≤ ψ(·, 0), then φ ≤ ψ throughout QR.

Proof. Choose a sequence ε→ 0+. For each ε, we consider the maximum of

hε(x, y, t, s) = φ(x, t)− ψ(y, s)−Ψε(x, y, t, s)

on the compact set Q2
R. Note that hε is upper semi-continuous even at the boundary of Q2

R in the

context of the extended real numbers, so that we can choose maximum points zε = (xε, yε, tε, sε) ∈ Q2
R

with hε(zε) ≥ hε(z) for all z ∈ Q2
R. Let now ẑ ∈ Q2

R be an accumulation point of the sequence (zε)ε>0.
Without loss of generality, assume that zε → ẑ as ε → 0+ by choosing an appropriate subsequence.
If we apply Lemma 3 to the upper semi-continuous function φ − ψ, we find that ẑ ∈ N . Due to the
assumed divergence of φ and ψ for t → R− or |x| → R−, we further know that also ẑ ∈ Q2

R must
be the case. In other words, ẑ has the form (x̂, x̂, t̂, t̂) with (x̂, t̂) ∈ QR. Since the lemma also yields
φ(y, s) − ψ(y, s) ≤ φ(x̂, t̂) − ψ(x̂, t̂) for all other points (y, s) ∈ QR, it only remains to verify that
φ(x̂, t̂) ≤ ψ(x̂, t̂) is fulfilled.

If t̂ = 0, this follows from the assumption that comparison holds for the initial data. As we will now
see, this situation is, in fact, the only possibility: Assume to the contrary that t̂ > 0. Then (x̂, t̂) is
strictly in the interior of QR. The same must also be true for all maximisers zε with ε small enough.
Hence, since (xε, tε) is a local maximiser of

(x, t) 7→ h(x, yε, t, sε) = φ(x, t)− ψ(yε, sε)−Ψε(x, yε, t, sε),

we can use the subsolution properties of φ as given in Definition 2 to conclude

∂Ψε

∂t
+ F (xε) |∇xΨε|+ c =

tε − sε
ε

+ F (xε)
|xε − yε|

ε
+ c ≤ 0.

A similar argument applied to the local minimiser (yε, sε) of −h(xε, ·, tε, ·) yields

tε − sε
ε

+ F (yε)
|xε − yε|

ε
≥ 0.

Subtracting the second from the first inequality gives

(F (xε)− F (yε))
|xε − yε|

ε
≤ −c ⇔ (F (yε)− F (xε))

|xε − yε|
ε

≥ c.

Denoting the Lipschitz constant of F by L, we can further conclude

c ≤ (F (yε)− F (xε))
|xε − yε|

ε
≤ |F (yε)− F (xε)|

|xε − yε|
ε

≤ L |xε − yε|
2

ε
≤ 2L ·Ψε(zε).

This, however, leads to the contradiction 0 < c ≤ 0 in the limit ε→ 0+, since Ψε(zε)→ 0 by Lemma 3.
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In order to finish the proof of Theorem 2, it remains to remove the additional assumptions made in
Lemma 4. For this, we will add auxiliary terms to the original sub- and supersolution. In order to do
so, we need the following result:

Lemma 5. Let φ, ψ : Q→ R, (x, t) ∈ Q and assume that ψ is differentiable at (x, t). Then

D+(φ+ ψ)(x, t) = D+φ(x, t) +
(
∇ψ(x, t), ψ̇(x, t)

)
,

D−(φ+ ψ)(x, t) = D−φ(x, t) +
(
∇ψ(x, t), ψ̇(x, t)

)
.

Proof. Let (p, a) ∈ D+φ(x, t). This means that

φ(y, s) ≤ φ(x, t) + a(s− t) + p · (y − x) + r1(y, s).

Similarly, differentiability of ψ at (x, t) implies by definition

ψ(y, s) = ψ(x, t) + ψ̇(x, t)(s− t) +∇ψ(x, t) · (y − x) + r2(y, s).

Here, r1(y, s) and r2(y, s) are both o (|s− t|+ |y − x|) in the limit (y, s)→ (x, t). Hence,

(φ+ ψ)(y, s) ≤ (φ+ ψ)(x, t) +
(
a+ ψ̇(x, t)

)
(s− t) + (p+∇ψ(x, t)) · (y − x) + r1(y, s) + r2(y, s).

Since also r1(y, s) + r2(y, s) = o (|s− t|+ |y − x|), this yields the required(
p+∇ψ(x, t), a+ ψ̇(x, t)

)
∈ D+(φ+ ψ)(x, t).

The other inclusion follows by applying this result to φ = (φ+ψ)−ψ. The statement for D−(φ+ψ)(x, t)
can be deduced by an analogous argument.

Now, we have all the required ingredients to give the proof of Theorem 2: Let φ and ψ be given as sub-
and supersolution of (2). Assume that, in contradiction to the comparison principle, φ(x, t) > ψ(x, t)
for some (x, t) ∈ Q. Choose R > 0 such that t < R, |x| < R and supp (F ) ⊂ BR/2 (0). For arbitrary
c, ε, δ > 0, we define the modified solutions

φ̃(y, s) = φ(y, s)− 2cs− ε

R− s
− δ

R− |y|2
,

ψ̃(y, s) = ψ(y, s) + 2cs+
ε

R− s
+

δ

R− |y|2
.

Take note that they are well-defined and that the additional terms are differentiable on QR. Thus,
Lemma 5 implies that any (p̃, ã) ∈ D+φ̃(y, s) can be written as

p̃ = p− 2δy

(R− |y|2)2
, ã = a− 2c− ε

(R− s)2

where (p, a) ∈ D+φ(y, s). Furthermore, a+ F (y) |p| ≤ 0 because φ is a subsolution of (2). Hence,

ã+ F (y) |p̃| = a− 2c− ε

(R− t)2
+ F (y)

∣∣∣∣∣p− 2δy

(R− |y|2)2

∣∣∣∣∣
≤ a− 2c+ F (y) |p|+ |F (y)| 2δ |y|

(R− |y|2)2
≤ −2c+ |F (y)| 2δ |y|

(R− |y|2)2
.

Since supp (F ) ⊂ BR/2 (0), the last term on the right-hand side can be made smaller than c if only δ is
chosen sufficiently small. This is possible uniformly for all (y, s) ∈ QR. Thus, we have shown that for
arbitrary c, ε > 0, the parameter δ can be chosen so small that φ̃ is a subsolution of (10). By a similar
argument, ψ̃ will be a supersolution of (2) for the same choice of parameters. Since φ̃ and ψ̃ fulfil all
requirements of Lemma 4, we can conclude that φ̃(x, t) ≤ ψ̃(x, t) for all c, ε > 0 and δ small enough.
This, however, contradicts φ(x, t) > ψ(x, t) in the limit c, ε, δ → 0+.
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2.4 Perron’s Method and Existence

In the previous section, we established the comparison principle for viscosity solutions of the level-set
equation. This important property ensures uniqueness of solutions. Now, we will discuss the question
of existence of a solution. There are various approaches to show existence of viscosity solutions. The
oldest is the so-called vanishing-viscosity method, which is the origin of the term “viscosity solution”.
We will, however, apply an alternative strategy: Perron’s method. This approach is quite flexible and
can be applied to much more general equations than (2), but we will concentrate on this particular
situation for our discussion. Note that Perron’s method is, like the comparison principle on which it
builds, also classical for harmonic functions. See, for instance, Section 3.6 of [45]. It was generalised to
Hamilton-Jacobi equations and viscosity solutions by Hitoshi Ishii [48]. The presentation here follows
mainly Section 4 of [26], but is simplified to the first-order case where possible.

The method works, very roughly, like this: One can show that the notion of a subsolution is stable
under the supremum operation. In other words, the supremum of any family of subsolutions is itself again
a subsolution. We will formalise this result as Lemma 7. On the other hand, when one has a subsolution
that is not already also a supersolution, one can construct another subsolution that is strictly above it.
This construction is given in the proof of Lemma 8. Taking both results together (and simplifying a bit),
we can conclude that the supremum of all subsolutions gives us a solution. The final result is formulated
in Theorem 3 and then applied to deduce existence for the level-set equation in Corollary 2.

As our first goal in this process, we want to show that the supremum of subsolutions gives again a
subsolution. For the proof of this result, we need the following stability property of the semijet:

Lemma 6. Let φ : Q → R be upper semi-continuous, (x, t) ∈ Q and (p, a) ∈ D+φ(x, t). Assume that
(φk)k∈N : Q → R is a sequence of upper semi-continuous functions and that ((xk, tk))k∈N ⊂ Q is a
sequence of points such that (xk, tk, φk(xk, tk))→ (x, t, φ(x, t)). Furthermore, let

lim sup
k→∞

φk(yk, sk) ≤ φ(y, s) (11)

for all (y, s) ∈ Q and sequences with (yk, sk)→ (y, s).
Then there exists a sequence

(
(x̂k, t̂k)

)
k∈N ⊂ Q and, for each k ∈ N, an element (pk, ak) ∈ D+φk(x̂k, t̂k),

such that
(x̂k, t̂k)→ (x, t), φk(x̂k, t̂k)→ φ(x, t) and (pk, ak)→ (p, a).

Proof. Since (p, a) ∈ D+φ(x, t), we can apply Theorem 1 to deduce that there exists ψ ∈ C1(Q) such

that φ−ψ has a strict local maximum at (x, t) and (p, a) =
(
∇ψ(x, t), ψ̇(x, t)

)
. Hence, there exists r > 0

such that
φ(y, s)− ψ(y, s) ≤ φ(x, t)− ψ(x, t)

for all (y, s) ∈ U = {(y, s) ∈ Q | |s− t|+ |y − x| ≤ r}. Equality holds only for (y, s) = (x, t). Note that
the set U is compact if r is small enough. Furthermore, we assume, without loss of generality, that
(xk, tk) ∈ U for all k ∈ N.

For each k, choose (x̂k, t̂k) as a maximiser of φk − ψ over U . This can be done since φk is upper
semi-continuous. We get, in particular,

φk(xk, tk)− ψ(xk, tk) ≤ φk(x̂k, t̂k)− ψ(x̂k, t̂k) (12)

for each k ∈ N. Assume that we consider some convergent subsequence of
(
(x̂k, t̂k)

)
k∈N with limit

(x̂, t̂) ∈ U . Then passing to the limit inferior in (12) and using (11) yields

φ(x, t)− ψ(x, t) ≤ lim inf
k→∞

φk(x̂k, t̂k)− ψ(x̂, t̂) ≤ lim sup
k→∞

φk(x̂k, t̂k)− ψ(x̂, t̂) ≤ φ(x̂, t̂)− ψ(x̂, t̂). (13)

Since, on the other hand, (x, t) is the unique maximum of φ−ψ on U , we can conclude that (x̂, t̂) = (x, t).
Thus, each convergent subsequence of

(
(x̂k, t̂k)

)
k∈N has the same limit (namely (x, t)), which implies that

(x̂k, t̂k)→ (x, t) must hold without the need for any subsequence.
Note that r is fixed and the neighbourhood U does not shrink as k → ∞. This means that the

maximum points (x̂k, t̂k), converging to the “centre” of U , can not lie on the boundary except for finitely
many k. This means that each (x̂k, t̂k) is a local maximiser of φk − ψ, and thus defining

(pk, ak) =
(
∇ψ(x̂k, t̂k), ψ̇(x̂k, t̂k)

)
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ensures (pk, ak) ∈ D+φk(x̂k, t̂k) by Theorem 1. Since ψ is continuously differentiable, the convergence
(x̂k, t̂k)→ (x, t) implies (pk, ak)→ (p, a). Finally, φk(x̂k, t̂k)→ φ(x, t) follows from (13).

When taking the supremum of subsolutions, we have to be careful with semi-continuity. The supre-
mum of upper semi-continuous functions need not be upper semi-continuous itself (see Example 6 below).
To fix this, we need semi-continuous envelopes:

Definition 5. Let φ : Q→ R be arbitrary. We define the lower and upper semi-continuous envelopes as

φ∗(x, t) = lim
r→0+

inf {φ(y, s) | |s− t|+ |y − x| ≤ r} ,

φ∗(x, t) = lim
r→0+

sup {φ(y, s) | |s− t|+ |y − x| ≤ r}

for (x, t) ∈ Q. It is clear that φ∗ ≤ φ ≤ φ∗.

If we assume that φ is bounded, it is easy to see that the envelopes defined in this way are, indeed,
well-defined and finite. Furthermore, φ∗ and φ∗ are lower and upper semi-continuous, respectively. (See
also (4.1) and the corresponding remarks in [26].) The need to introduce these semi-continuous envelopes
is also the reason why we cannot simply take (xk, tk) = (x, t) in the formulation of Lemma 6 and have
to allow for a non-trivial sequence instead. We can give a short example that demonstrates that this
technical construction is really necessary:

Example 6. For simplicity, we consider functions φk : R → R instead of allowing for space and time.
This does not change anything important for the point to be made, though. For k ∈ N, define

φk(x) =

{
0 if x < 1/k,
1 if x ≥ 1/k

and φ(x) =

{
0 if x ≤ 0,
1 if x > 0.

Then φk is upper semi-continuous for each k, and φ = supk∈N φk. However, φ itself is not upper semi-
continuous! We have to consider

φ∗(x) =

{
0 if x < 0,
1 if x ≥ 0

instead to get an upper semi-continuous “supremum function”. Because of this, note also

lim
k→∞

φk(0) = 0 6= 1 = φ∗(0).

We really have to choose a non-trivial sequence (xk)k∈N → 0 to get limk→∞ φk(xk) = φ∗(0). One possible
choice of such a sequence is xk = 1/k.

We can now show that the envelope of the supremum of a family of subsolutions is, indeed, again a
subsolution of the level-set equation:

Lemma 7. Let F be a family of viscosity subsolutions of (2). Set Φ(x, t) = sup {φ(x, t) | φ ∈ F} for
(x, t) ∈ Q. Then Φ∗ is also a viscosity subsolution of (2).

The corresponding statement also holds for the infimum of a family of supersolutions.

Proof. Let (x, t) ∈ Q. We will first show that there exists a maximising sequence ((xk, tk, φk))k∈N ⊂ Q×F
with (xk, tk)→ (x, t) and Φ∗(x, t) = limk→∞ φk(xk, tk). For this, choose some sequence (εk)k∈N > 0 with
εk → 0 as k → ∞ and fix k ∈ N. Due to Definition 5, there is (xk, tk) ∈ Q with |tk − t|+ |xk − x| ≤ εk
and

Φ∗(x, t)− εk ≤ Φ(xk, tk) ≤ Φ∗(x, t).

By definition of Φ, there further exists φk ∈ F such that

Φ(xk, tk)− εk ≤ φk(xk, tk) ≤ Φ(xk, tk).

Hence
Φ∗(x, t)− 2εk ≤ Φ(xk, tk)− εk ≤ φk(xk, tk) ≤ Φ(xk, tk) ≤ Φ∗(x, t).

This implies (xk, tk, φk(xk, tk))→ (x, t,Φ∗(x, t)) in the limit k →∞.
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(a) φ∗ and ψ around (x, t). (b) The constructed φr.

Figure 6: The construction used in the proof of Lemma 8.

Now, if (yk, sk)→ (y, s) for k →∞ and some (y, s) ∈ Q, then clearly

lim sup
k→∞

φk(yk, sk) ≤ lim sup
k→∞

Φ(yk, sk) ≤ lim sup
k→∞

Φ∗(yk, sk) ≤ Φ∗(y, s).

Thus, for each (p, a) ∈ D+Φ∗(x, t), we can apply Lemma 6 with φ = Φ∗. For k ∈ N, choose (x̂k, t̂k) ∈ Q
and (pk, ak) ∈ D+φk(x̂k, t̂k) according to the lemma. Since φk is a subsolution of (2), we know by
Definition 4 that

ak + F (x̂k) |pk| ≤ 0.

Passing to the limit k →∞ and using continuity of F , this yields a+ F (x) |p| ≤ 0. Hence, Φ∗ is itself a
subsolution of the level-set equation.

The next step is to show that a maximal subsolution must also be a supersolution. Or, in other words,
if we have a subsolution that fails to be a supersolution, then we can construct another subsolution that
is strictly above it. Again, we have to be careful about semi-continuity. So assume that φ : Q → R is
a subsolution of the level-set equation, but that φ∗ is not a supersolution. This means that there exist
(x, t) ∈ Q and (p, a) ∈ D−φ∗(x, t) such that a+ F (x) |p| < 0. The proof of the following result gives the
construction of a subsolution strictly above φ:

Lemma 8. Let φ : Q→ R be a subsolution of (2) and assume that φ∗ is not a supersolution. Then there
exist (x, t) ∈ Q and r0 > 0 such that for each 0 < r < r0, we can find a subsolution φr of (2) with

sup
(y,s)∈Q

(φr(y, s)− φ(y, s)) > 0

as well as φr ≥ φ in Q. Furthermore, the change is only local, meaning that φr(y, s) = φ(y, s) for all
(y, s) ∈ Q with |s− t|+ |y − x| ≥ r.

Proof. Let (x, t) ∈ Q and (p, a) ∈ D−φ∗(x, t) be given as in the discussion above, i. e., a+ F (x) |p| < 0.
According to Theorem 1, there exists ψ ∈ C1(Q) such that φ∗ − ψ has a strict local minimum at (x, t)

and with (p, a) =
(
∇ψ(x, t), ψ̇(x, t)

)
. Assume, without loss of generality, that ψ(x, t) = φ∗(x, t). Then

we can find r1 > 0 small enough such that φ∗(y, s) ≥ ψ(y, s) whenever |s− t|+ |y − x| ≤ r1, with equality
only for (y, s) = (x, t). Furthermore, continuity of F and the derivatives of ψ implies that there exists
another neighbourhood {(y, s) ∈ Q | |s− t|+ |y − x| ≤ r2}, r2 > 0, where

ψ̇(y, s) + F (y) |∇ψ(y, s)| ≤ 0 (14)

holds. We choose r0 = min(r1, r2, t/2). The last condition ensures that this common neighbourhood lies
strictly inside of Q.

Now, let 0 < r < r0 be given arbitrarily and define the compact set

U =
{

(y, s) ∈ Q
∣∣∣ r

2
≤ |s− t|+ |y − x| ≤ r

}
.

Since φ∗ − ψ is lower semi-continuous, we can define

δ = min
(y,s)∈U

(φ∗(y, s)− ψ(y, s)) .
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Note that δ > 0, since (x, t) 6∈ U is a strict minimum of this function with minimal value zero. This
definition ensures that

ψδ(y, s) = ψ(y, s) + δ ≤ φ∗(y, s) ≤ φ(y, s) (15)

for all (y, s) ∈ U . Due to (14), ψδ is a classical solution and thus also a viscosity subsolution of (2) at
least locally around (x, t). Thus, Lemma 7 implies that

φr(y, s) =

{
max(φ(y, s), ψδ(y, s)) if |s− t|+ |y − x| ≤ r,

φ(y, s) else
(16)

is a viscosity subsolution of (2). See also Figure 6b for a sketch of this construction. Note that (15)
implies that the two cases in the definition of φr “overlap” on the set U . This guarantees that φr is
really a viscosity solution even at the interface between the two regions.

The only remaining thing to show is sup(φr − φ) > 0. Roughly speaking, we expect this supremum
to be at least δ as the difference between ψδ and φ∗ at (x, t). However, a closer investigation is necessary
since φ(x, t) could be strictly larger than φ∗(x, t). Thus, let ((xk, tk))k∈N ⊂ Q be a minimising sequence
such that (xk, tk) → (x, t) and φ(xk, tk) → φ∗(x, t). Since ψ(x, t) = φ∗(x, t) and ψ is continuous, it
follows that

φ(xk, tk) < ψ(xk, tk) + δ = ψδ(xk, tk)

for all k sufficiently large. Consequently, φr(xk, tk) = ψδ(xk, tk) by definition in (16). Hence

lim
k→∞

(φr(xk, tk)− φ(xk, tk)) = lim
k→∞

(ψδ(xk, tk)− φ(xk, tk)) = ψ(x, t) + δ − φ∗(x, t) = δ.

This, finally, shows sup(y,s)∈Q(φr(y, s)− φ(y, s)) ≥ δ > 0.

We are now able to formulate and proof Ishii’s version (see [48]) of Perron’s method, which is the
main result of this section:

Theorem 3. Let the initial level-set function φ0 : Rn → R be given. Assume that φ, ψ : Q → R are a
sub- and supersolution of the level-set equation, respectively, and that they satisfy the initial condition

φ∗(·, 0) = ψ∗(·, 0) = φ0. (17)

Then the function

Φ: Q→ R, Φ(x, t) = sup
{
φ̃(x, t)

∣∣∣ φ ≤ φ̃ ≤ ψ and φ̃ is a subsolution of (2)
}

(18)

solves the initial-value problem (2) with initial data φ0 in the viscosity sense.

Proof. Note that Φ exists, since the set in (18) is not empty (it contains, in particular, φ). Observe
further that

φ∗ ≤ Φ∗ ≤ Φ ≤ Φ∗ ≤ ψ∗.

For t = 0, this implies with (17) that

Φ∗(x, 0) = Φ(x, 0) = Φ∗(x, 0) = φ0(x)

must hold for all x ∈ Rn. Hence, Φ as defined in (18) satisfies the initial condition. Lemma 7 implies that
Φ∗ is a subsolution of (2). Due to the comparison principle (Theorem 2), this further implies Φ∗ ≤ ψ.
Hence, Φ∗ is itself admissible in the supremum in (18), which yields Φ = Φ∗. Thus, Φ is already upper
semi-continuous and itself a subsolution to the level-set equation.

Assume now for a moment that Φ∗ is not a supersolution of (2). In that case, Lemma 8 allows us
to find some small r > 0 and another subsolution φr strictly above Φ. If r is chosen small enough, φr
satisfies the initial condition. Thus comparison implies φr ≤ ψ, which means that φr is admissible for
the supremum in (18). This, in turn, leads to Φ ≥ φr, which contradicts sup(φr − Φ) > 0. We conclude
that Φ∗ must be a supersolution of the level-set equation. Invoking comparison one final time, this yields
Φ ≤ Φ∗ ≤ Φ, which shows that Φ is also lower semi-continuous and thus a supersolution itself.

In order to show the existence of a solution of the level-set equation (2), it now suffices to construct
a subsolution and a supersolution that satisfy the initial condition:
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Corollary 2. Let F, φ0 : Rn → R be Lipschitz continuous and F have compact support. Then there
exists a unique viscosity solution φ : Q→ R of the level-set equation (2) satisfying φ(·, 0) = φ0 on Rn.

Proof. Uniqueness was already established in Corollary 1. We will now show existence. Denote the
Lipschitz constant of φ0 by L and define

φ(x, t) = φ0(x)− FLt, ψ(x, t) = φ0(x) + FLt.

Recall that we use F to denote a bound for |F |. It is easy to see that φ and ψ are continuous (even
differentiable with respect to t) and satisfy φ(·, 0) = ψ(·, 0) = φ0. Thus, (17) holds and the result follows
from Theorem 3 if we can show that φ and ψ are a sub- and supersolution of (2), respectively. For
this, let (x, t) ∈ Q and choose (p, a) ∈ D+φ(x, t). Differentiability of φ with respect to t implies that
a = φ̇(x, t) = −FL must hold (recall (5)).

To get a hold on |p|, define yτ = x− τp. Then, by definition of D+φ(x, t), it follows that

φ(yτ , t)− φ(x, t) ≤ p · (yτ − x) + o (τ) = −τ |p|2 + o (τ)

for all τ ∈ R. Using the definition of φ, this further implies

lim sup
τ→0+

φ0(yτ )− φ0(x)

τ
≤ − |p|2

in the limit τ → 0+. Lipschitz continuity of φ0 yields |φ0(yτ )− φ0(x)| ≤ L |p| τ , so that

|p|2 ≤ − lim sup
τ→0+

φ0(yτ )− φ0(x)

τ
≤ lim inf

τ→0+

|φ0(x)− φ0(yτ )|
τ

≤ L |p| .

Hence |p| ≤ L. Taking all together, we conclude

a+ F (x) |p| = −FL+ F (x) |p| ≤ −FL+ F |p| ≤ 0.

This shows that φ is, indeed, a subsolution. With a similar argument, one can also show that ψ is a
supersolution of (2).

2.5 Basic Solution Properties

Above, we have introduced the level-set equation (2). With the appropriate concept of viscosity solutions,
we have established that the equation admits a unique solution φ that describes the time evolution of
the level-set function. In this section, we will derive some basic but very useful properties of the solution
φ. Recall that we are actually interested in the evolving geometry Ωt = φ(·, t)−1

((−∞, 0)) and not the
detailed level-set function itself. However, in order to use the level-set approach, we have to choose some
level-set function φ0 that represents the initial geometry Ω0. Consequently, the question arises how much
influence this ambiguous choice of φ0 has on the resulting evolution of Ω. We will see in Corollary 3
that φ0 influences φ(·, t), but that Ωt only depends on Ω0 and not the particular form of φ0. This is,
of course, a very good justification for using the level-set method to describe propagating geometries.
The proof of this important property follows [41], where it is found in Theorem 4.2.8 on page 172. The
second main result of this section, Theorem 5, will allow us to consider only speed fields F ≥ 0 in the
following. Any evolution with a general speed field can always be expressed in terms of evolutions where
the speed is non-negative. The latter have the desirable property that the evolution of Ωt is monotone
(i. e., Ωt ⊂ Ωs for t < s), which simplifies many considerations.

The first step towards Corollary 3 is to show that the level-set equation is invariant under a change
of variables. To motivate this result, assume for a moment that θ ∈ C1(R) is increasing and φ a classical
solution of (2). Since θ′ ≥ 0 in this case, the chain rule for φ̃ = θ ◦ φ implies

˙̃
φ+ F (x)

∣∣∣∇φ̃∣∣∣ = θ′(φ)φ̇+ F (x) |θ′(φ)∇φ| = θ′(φ) ·
(
φ̇+ F (x) |∇φ|

)
= 0.

This shows that also φ̃ is a solution of (2) in this situation. Dropping the assumptions of differentiability
and formulating everything in the correct viscosity-solution framework, this statement reads as:
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Lemma 9. Let θ : R→ R be continuous and non-decreasing. Assume that φ : Q→ R is a viscosity sub-
or supersolution of (2). Then also θ ◦ φ is a sub- or supersolution.

Proof. We show the result for φ being a subsolution. For supersolutions, an analogous argument can be
applied. As a first step, assume that θ ∈ C1(R) with θ′ > 0. This implies that its inverse h = θ−1 exists
and also satisfies h ∈ C1(θ(R)) as well as h′ > 0, where θ(R) is an open interval. Assume (x, t) ∈ Q and
ψ ∈ C1(R) such that (θ◦φ)−ψ has a local maximum at (x, t). Without loss of generality, we may assume
that the maximal value is zero. In other words, (θ ◦ φ)(y, s) ≤ ψ(y, s) for all (y, s) in a neighbourhood
of (x, t), with equality for (y, s) = (x, t). Applying the strictly monotone inverse h on a neighbourhood
of θ(φ(x, t)), this implies φ(y, s) ≤ (h ◦ ψ)(y, s). With the notation ψ̃ = h ◦ ψ, it follows that φ− ψ̃ has
a local maximum at (x, t). Since ψ̃ is continuously differentiable and φ is a subsolution of the level-set
equation, Definition 2 implies that

˙̃
ψ(x, t) + F (x)

∣∣∣∇ψ̃(x, t)
∣∣∣ = h′(ψ(x, t)) ·

(
ψ̇(x, t) + F (x) |∇ψ(x, t)|

)
≤ 0.

Thus ψ̇(x, t) + F (x) |∇ψ(x, t)| ≤ 0, which shows that θ ◦ φ is, indeed, a subsolution.
Secondly, if θ is not differentiable, we can always find a sequence (θk)k∈N ⊂ C1(R) of smooth functions

with θ′k > 0 that approximates θ from below. To do this, we can proceed as follows: In a first step, we
apply some standard mollifier to θ. It is easy to see that this preserves monotonicity. Secondly, we shift
the resulting function down, so that it is below θ. Finally, we can enforce strict monotonicity by adding
a smooth, bounded, strictly increasing function (like arctan) to it. This all can be done in such a way
that we get θ = supk∈N θk and thus also θ ◦ φ = supk∈N(θk ◦ φ). By the first part of the proof, θk ◦ φ is
a subsolution for every k ∈ N. According to Lemma 7, this implies that also the supremum θ ◦ φ must
be a subsolution. (Note that the semi-continuous envelope is not necessary here since the supremum is
continuous anyway.)

Next comes an observation: Let Ω1, Ω2 be two domains and φ1, φ2 corresponding level-set functions.
While the ordering φ1 ≤ φ2 immediately implies Ω2 ⊂ Ω1, the reverse is, in general, not true. The
inclusion of the sets contains much less information than a strict pointwise ordering of the level-set
functions. Note, however, that this additional information contained in the level-set functions has no
meaning from a geometric point of view. Consequently, it is not of interest to us. If we allow to rescale the
level-set functions provided that the domains are not affected, we can ensure also the reverse implication.
The construction of a suitable change of variables is our next step:

Lemma 10. Let φ1, φ2 : Rn → R be continuous. Assume that the inclusion

Ω2 = φ2
−1 ((−∞, 0)) ⊂ φ1

−1 ((−∞, 0)) = Ω1 (19)

holds and that Ω2 is bounded. Then there exists θ : R → R non-decreasing and continuous such that
θ(0) = 0 and θ ◦ φ1 ≤ φ2 on Rn, while preserving the sub-zero level set of φ1, i. e.,

(θ ◦ φ1)
−1

((−∞, 0)) = Ω1. (20)

Proof. We define θ(σ) = 0 for σ ≥ 0 and

θ(σ) = inf ({σ} ∪ {φ2(x) | x ∈ Rn, σ ≤ φ1(x) < 0}) (21)

for σ < 0. As we will see below, this function has all required properties except, possibly, continuity.
Since φ2 is continuous and the set Ω2, where it is negative, bounded, we find that φ2 is bounded from
below. Consequently, the infimum in (21) is always well-defined. It is obvious from the definition that
θ is non-decreasing. Let now x ∈ Rn be arbitrary. If φ1(x) ≥ 0, the assumption (19) implies that also
φ2(x) ≥ 0. In this case

θ(φ1(x)) = 0 ≤ φ2(x)

is trivially fulfilled. Otherwise, for φ1(x) < 0, the value φ2(x) is admissible for the infimum in (21) when
choosing σ = φ1(x). Hence, also in this case θ(φ1(x)) ≤ φ2(x). The equality (20) is clear by definition
of θ, since θ(σ) < 0 is equivalent to σ < 0.

The only thing that is still missing is continuity of θ. And in fact, θ as defined may be discontinuous.
We can, however, show continuity at zero: Assume that θ is discontinuous at σ = 0. Obviously, since θ
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is constantly zero for σ ≥ 0, the discontinuity must happen from the left. This means that there exists
a sequence (σk)k∈N < 0 with σk → 0− and such that θ(σk) → −ε < 0. Furthermore, according to (21),
there exists also a matching sequence (xk)k∈N ⊂ Rn such that φ1(xk)→ 0− and φ2(xk)→ −ε. Since this
sequence lies in the bounded set Ω2, it has an accumulation point x̂ in this set’s closure. By switching
to an appropriate subsequence, we may assume xk → x̂ as k → ∞. Using continuity of φ1 and φ2, it
follows that

φ1(x̂) = lim
k→∞

φ1(xk) = 0 and φ2(x̂) = lim
k→∞

φ2(xk) = −ε.

This, however, means that the point x̂ contradicts the inclusion (19). Finally, to get continuity on
(−∞, 0), we can apply the same idea as in the proof of Lemma 2 (see Figure 5) to construct a continuous
minorant of θ that still satisfies all other conditions.

Recall our goal of showing that the evolved shapes depend only on the initial geometry but not the
concrete level-set function φ0. In order to do so, we would like to establish that an inclusion that holds
for the initial sets is preserved throughout the propagation in time. Using the previous results, this can
now be deduced:

Theorem 4. Let φ1, φ2 : Q → R be viscosity solutions of the level-set equation (2). Assume that

φ1(·, 0)
−1

((−∞, 0)) is bounded. If the inclusion

φ1(·, t)−1
((−∞, 0)) ⊂ φ2(·, t)−1

((−∞, 0))

holds for the initial time t = 0, then it also holds for all t ≥ 0.

Proof. Let θ be as in Lemma 10 such that (θ ◦ φ2)(·, 0) ≤ φ1(·, 0). Then θ ◦ φ2 is also a viscosity
solution of (2) according to Lemma 9. Thus, by the comparison principle (Theorem 2), the inequality
θ ◦ φ2 ≤ φ1 holds throughout Q. Let (x, t) ∈ Q with φ1(x, t) < 0. Then also θ(φ2(x, t)) < 0, which
implies φ2(x, t) < 0 since θ(0) = 0 and θ is non-decreasing. This finishes the proof.

Applying this preservation of inclusions twice immediately leads to the desired result:

Corollary 3. Let φ1, φ2 : Q → R be two viscosity solutions of the level-set equation. Assume that they
describe the same set Ω0 ⊂ Rn at time t = 0 and that Ω0 is bounded. Then also the geometries described
by all evolved level-set functions coincide.

In the second half of this section, we will now show some very basic but still important properties of
solutions of the level-set equation. This will culminate in Theorem 5, which shows that one can solve
the equation for the regions F−1 ((−∞, 0)), F−1 ({0}) and F−1 ((0,∞)) separately and later combine
the solutions. This approach has certain advantages both for theoretical considerations as well as for
numerical solvers, which we will exploit later on. The first property we consider is monotonicity of the
solution with respect to the speed. Interpreting (2) as a classical equation for a moment, it can be
written as φ̇ = −F (x) |∇φ|. This motivates us to expect that φ(x, ·) is either monotonically increasing
or decreasing in time for fixed x ∈ Rn, depending on the sign of F (x).

Lemma 11. Let φ0 be given. Then φ : Q→ R defined by φ(x, t) = φ0(x) solves (2) for F = 0.

Proof. Let (p, a) ∈ D+φ(x, t) for some (x, t) ∈ Q. Then

φ(y, s)− φ(x, t) ≤ a(s− t) + p · (y − x) + o (|s− t|+ |y − x|) (22)

for all (y, s) ∈ Q by (4). Consider, in particular, y = x and a sequence (sk)k∈N > 0 with sk → t. The
left-hand side of (22) vanishes since φ is constant in time, so that we can rearrange the relation to read

0 ≤ a sk − t
|sk − t|

+
o (|sk − t|)
|sk − t|

.

For sk converging to t from above, this gives 0 ≤ a in the limit. For sk → t− from below, it follows that
0 ≤ −a, thus a = 0 must necessarily hold. Hence a + F (x) |p| = 0 ≤ 0 is satisfied, and φ is, indeed, a
viscosity subsolution of (2). In the same way, one can also show that it is a supersolution.
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Using the comparison principle, we can now deduce that a larger speed implies a smaller level-set
function. This, in turn, corresponds to a larger domain, as one would expect:

Lemma 12. Let F1 ≥ F2 in Rn and let φ1, φ2 : Q → R be solutions of the level-set equation (2) for
F = F1 and F = F2, respectively. Assume that we have φ1(x, 0) = φ1,0(x) and φ2(x, 0) = φ2,0(x)
initially. If φ1,0 ≤ φ2,0 on Rn, then φ1 ≤ φ2 on the whole of Q.

Proof. We shall show that φ1 is a viscosity subsolution of (2) also with speed F = F2. Then the claim
immediately follows by comparison (recall Theorem 2). So let (p, a) ∈ D+φ1(x, t) for some (x, t) ∈ Q.
This implies

a+ F2(x) |p| ≤ a+ F1(x) |p| ≤ 0,

since φ1 is a solution of the equation with F = F1. Thus it is really also a subsolution with F = F2.

Lemma 13. Let F ≥ 0 and φ : Q→ R solve (2). Then t 7→ φ(x, t) is decreasing on [0,∞) for each fixed
x ∈ Rn. If F ≤ 0 instead, then t 7→ φ(x, t) is increasing in time. Furthermore, in these situations, the
sets Ωt described by φ(·, t) as a level-set function grow and shrink in time, respectively.

Proof. Let F ≥ 0 and s ≥ 0 be given. We have to show φ(x, s) ≥ φ(x, t) for all x ∈ Rn and t > s. If
s > 0, we can shift the initial time to s and use φ(·, s) as initial function, so assume s = 0 without loss of
generality. By Lemma 11, we know that φ̃(x, t) = φ(x, 0) solves (2) with speed F̃ = 0. Since F ≥ 0 = F̃ ,
Lemma 12 implies that φ(x, t) ≤ φ̃(x, t) = φ(x, 0) for all t ≥ 0. For the case F ≤ 0, a similar argument
applies. The last statement follows now immediately.

Note that, due to the concept of viscosity solutions we use, the level-set equation has no time-reversal
symmetry. To see this, consider that a connected component of the domain that disappears cannot be
restored by reversing the time direction. However, there exists an interesting symmetry property with
respect to sign changes in F and φ, which will be useful later. The geometrical interpretation of this
symmetry is that instead of letting a domain, say, grow, we can equivalently let its complement shrink.

Lemma 14. Let φ be the solution of (2) for some F and initial value φ0. Then −φ solves the equation
for −F and with initial data −φ0.

Proof. The initial condition is obviously satisfied. Choose (x, t) ∈ Q and let (p, a) ∈ D+(−φ)(x, t). Then

(−φ)(y, s) ≤ (−φ)(x, t) + a(s− t) + p · (y − x) + o (|s− t|+ |y − x|)

holds for all (y, s) ∈ Q. Turning around the signs, this is equivalent to

φ(y, s) ≥ φ(x, t)− a(s− t)− p · (y − x) + o (|s− t|+ |y − x|) .

Hence, (−p,−a) ∈ D−φ(x, t). Since φ is a supersolution of (2), this implies that

−a+ F (x) |−p| = −a+ F (x) |p| ≥ 0 ⇔ a− F (x) |p| ≤ 0.

Thus −φ is a subsolution when the speed is −F . By the same argument, one can also show that −φ is
a supersolution.

Before we proceed to the main result, let us introduce notation for the positive and negative parts of
an expression h ∈ R:

h+ = max(h, 0), h− = max(−h, 0) (23)

It is immediately clear from the definition that both parts are non-negative and that the decompositions
h = h+ − h−, |h| = h+ + h− hold. Furthermore, at most one of h+ and h− can be non-zero.

Theorem 5. For a general Lipschitz continuous F : Rn → R, define the open sets Ω+ = F−1 ((0,∞))
and Ω− = F−1 ((−∞, 0)). Let φ± solve the level-set equation with speeds F+ and −F−, respectively, and
the same initial data φ0. Then

φ(x, t) =

 φ+(x, t) for x ∈ Ω+,
φ−(x, t) for x ∈ Ω−,
φ0(x) if F (x) = 0

(24)

solves (2) with speed F and initial data φ0.
Furthermore, φ+ ≤ φ0 ≤ φ− throughout Q, and φ±(x, t) = φ0(x) for all x 6∈ Ω± and t ≥ 0.
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Proof. The relation φ+ ≤ φ0 ≤ φ− follows immediately from Lemma 12 since −F− ≤ 0 ≤ F+ and φ0 is
the solution for F = 0 by Lemma 11. It is clear that φ, as defined in (24), satisfies the initial condition
φ(x, 0) = φ0(x), since this condition is imposed on both of φ±.

The next step is to show φ+(x, t) = φ0(x) for all x 6∈ Ω+ and t > 0. For this, define

φ̃(x, t) =

{
φ+(x, t) for x ∈ Ω+,
φ0(x) if F (x) ≤ 0.

Take note that φ+ ≤ φ̃ ≤ φ0 since φ+ ≤ φ0. Because Ω+ = F−1 ((0,∞)) is open, it follows that φ̃ is
upper semi-continuous: Let (x, t) ∈ Q be arbitrary and choose a sequence ((xk, tk))k∈N ⊂ Q such that
(xk, tk)→ (x, t) for k →∞. If x ∈ Ω+, then xk ∈ Ω+ for large enough k. Consequently,

lim sup
k→∞

φ̃(xk, tk) = lim sup
k→∞

φ+(xk, tk) = φ+(x, t) = φ̃(x, t)

by continuity of φ+. If, on the other hand, x 6∈ Ω+, then

lim sup
k→∞

φ̃(xk, tk) ≤ lim sup
k→∞

φ0(xk, tk) = φ0(x, t) = φ̃(x, t)

since φ̃ ≤ φ0 is always the case and φ0 is continuous.
We proceed to show that φ̃ is a subsolution of (2) with F+. This will then imply φ̃ ≤ φ+ by comparison

(see Theorem 2) and thus further φ+ = φ̃. Let (x, t) ∈ Q and (p, a) ∈ D+φ̃(x, t). If x ∈ Ω+, then note
that φ̃ = φ+ in a neighbourhood of (x, t) since Ω+ is open. Thus (p, a) is also in D+φ+(x, t), which
implies a+F+(x) |p| = 0 ≤ 0 since φ+ is the solution for F+. Assume now x ∈ Rn \Ω+, i. e., F (x) ≤ 0.
This implies F+(x) = 0 and thus φ̃(x, t) = φ0(x) constantly in time. In this case, we can show that a = 0
with the same argument as in the proof of Lemma 11. Hence also a + F+(x) |p| = 0 ≤ 0, which shows
that φ̃ is, indeed, a subsolution of (2) with speed F+. Similarly, one can show that φ−(x, t) = φ0(x) for
all x 6∈ Ω− and t > 0.

It remains to verify that φ as defined in (24) is actually a solution of (2) with speed F . Take note
that with the considerations above, we have already shown that φ is continuous since they imply, in
particular, that φ+(x, t) = φ−(x, t) = φ0(x) whenever F (x) = 0 and φ± as well as φ0 are continuous.
With the same argument that was used above for φ̃, one can now also show that φ itself is both a sub-
and supersolution of (2), finishing the proof.

As a final remark, let us emphasise again that Theorem 5 allows us to reduce a general speed to the
two situations F ≥ 0 and F ≤ 0. These are much simpler, as they imply a monotone evolution of the
domain (see Lemma 13). Furthermore, by means of the symmetry shown in Lemma 14, the case F ≤ 0
can itself be reduced to F ≥ 0. Thus, it is most of the time enough to consider only non-negative speeds.
We will often exploit this simplification in the following chapters.
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3 The Hopf-Lax Representation Formula

As we have seen above in Chapter 2, the viscosity solutions of the level-set equation (2) are of fundamental
importance for our purposes. Using concepts from optimal-control theory, one can interpret the level-set
equation as the Hamilton-Jacobi-Bellman equation of a particular control problem (Mayer’s problem, see
Section III.3 of [6] and Section 3.3). In this chapter, we will discuss this connection. This will allow us to
express the solution φ of the level-set equation via the Hopf-Lax formula (33). Using this representation,
one can go further and deduce similar formulas for the described domains themselves. As we will see in
Subsection 3.5.4, this allows for efficient computation of the evolved domains. Moreover, it is also useful
for theoretical considerations. We will be able to draw important conclusions from this representation
later on in Chapter 4. The main results of this chapter are based on our publication [56].

3.1 Constant Speed

To motivate the discussion that follows, we will first consider the easier case of a constant speed, i. e.,
F = 1 throughout Rn. In this case, the argument is simple and we can clearly show the basic idea behind
the Hopf-Lax formula. Let Ω0 ⊂ Rn be some initial geometry. We assume that Ω0 is open and bounded
as always. Furthermore, recall (1) and let sdΩ0

denote the signed distance function of Ω0. Intuitively,
the situation with F = 1 means that the boundary of the initial geometry grows over time with constant
speed in normal direction. If we consider a point x 6∈ Ω0, it will be reached by the advancing front Γt
precisely at time sdΩ0(x). In other words, it makes sense to conjecture that

Γt = sdΩ0

−1 ({t}) and Ωt = sdΩ0

−1 ((−∞, t)) . (25)

A more general version of this formula, valid for arbitrary speed fields, will be formulated and shown
later in Corollary 5. For now, we will argue that the level-set equation in our special case of constant
speed is solved by

φ(x, t) = inf {φ0(y) | |x− y| ≤ t} . (26)

This is a special form of the Hopf-Lax formula (33). As we will see for the general case in Theorem 7,
the form (26) implies (25). Note that our illustrative argument below will only show that φ given by
(26) is a viscosity supersolution of the level-set equation. The proof that it is also a subsolution will be
deferred until Lemma 31, where the general case is treated. It is easy to see that φ(·, 0) = φ0 and also
that φ is continuous.

The main idea of our argument is to consider shifts of the initial function φ0 in some given direction:
Let h ∈ Rn and define

φh(x, t) = φ0(x− th).

It is well known (and can be easily shown) that this function solves the linear transport equation

φ̇(x, t) + h · ∇φ(x, t) = 0 (27)

if we assume sufficient smoothness and classical solutions. Even for non-smooth functions, this is still
true in the viscosity sense:

Lemma 15. The function φh is a viscosity solution of (27).

Proof. It is clear that φh is continuous. Choose (x, t) ∈ Q and let (p, a) ∈ D+φh(x, t). Then

φ0(y − sh)− φ0(x− th) ≤ a(s− t) + p · (y − x) + o (|s− t|+ |y − x|)

in the limit (y, s)→ (x, t). Let s→ t and choose y such that y − x = (s− t)h. This makes the left-hand
side of the inequality above disappear. Dividing by |s− t| yields

0 ≤ a s− t
|s− t|

+ p · h s− t
|s− t|

+
o (|s− t|)
|s− t|

→ ±(a+ p · h)

in the limit s → t±. Consequently, a + p · h = 0 ≤ 0 must be the case. This shows, in particular,
that φh is a viscosity subsolution of (27). Using an analogous argument, one can show that it is also a
supersolution.
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φφ0

Figure 7: The infimum (lower envelope) of shifts of φ0 in all directions |h| ≤ 1. This illustrates (28) in
the one-dimensional case.

For the level-set equation with F = 1, this result implies that all functions φh with |h| ≤ 1 are
viscosity supersolutions: If (x, t) ∈ Q and (p, a) ∈ D−φh(x, t), then

0 = a+ p · h ≤ a+ |p| |h| ≤ a+ |p|

as in the proof above (and making use of the Cauchy-Schwarz inequality). Note also that the infimum
over shifts in all possible directions h with |h| ≤ 1 results precisely in the Hopf-Lax formula (26) defining
φ, as will be shown shortly in Lemma 16. See (28) and the corresponding sketch in Figure 7. This
construction can also be compared to Huygens’ principle for wave propagation. Using Lemma 7, we can
then conclude that also φ is a supersolution of the level-set equation.

Lemma 16. Let φ be given by (26). Then, for all (x, t) ∈ Q,

φ(x, t) = inf
|h|≤1

φh(x, t). (28)

Proof. For simplicity, we denote the infimum in (28) by φ and will show φ = φ. Fix (x, t) ∈ Q. Note
that the infimum defining φ(x, t) in (26) is actually attained. Hence, there exists y ∈ Rn with |x− y| ≤ t
such that φ(x, t) = φ0(y). When we define h = (x − y)/t, this direction satisfies |h| ≤ 1 and is thus
admissible in the infimum in (28). In addition, this choice yields

φh(x, t) = φ0(x− th) = φ0(y) = φ(x, t).

This implies φ(x, t) ≤ φ(x, t), since the infimum is at most the value for this particular h.
The other way round, also the infimum in (28) is attained. So pick h0 with |h0| ≤ 1 such that

φ(x, t) = φh0
(x, t) = φ0(x− th0). Then y = x− th0 satisfies |x− y| ≤ t and is admissible in (26). Hence,

φ(x, t) ≤ φ0(y) = φ(x, t). This finishes the proof.

3.2 Shortest Paths

In the special situation described in Section 3.1, the signed distance function sdΩ0
played an important

role for the Hopf-Lax formula (26). Let us now consider more general speed fields F , where we still
assume F ≥ 0 throughout this section. For this, we have to define a generalised metric instead of the
Euclidean distance. It will turn out that we need the shortest path length between two points when the
speed of movement is non-uniform and given by F . The current section is devoted to the discussion of
this generalised distance function. Its analysis is a classical topic in the theory of optimal control, where
this specific problem is termed time-optimal control :

min
{
t
∣∣ ξ ∈W 1,∞([0, t],Rn), ξ(0) = x, ξ(t) = y and |ξ′(τ)| ≤ F (ξ(τ)) for almost all τ ∈ [0, t]

}
, (29)

where x and y are some fixed points between which we are looking for the F -induced distance. Note
that this is not the form of the distance as we will use it below, which is formulated in Definition 7.
Both approaches can be related to each other with arguments similar to those we present in Section 3.3.
Following the classical arguments, one can see that the minimal time from some source y ∈ Rn to other
points x is the viscosity solution of the Eikonal equation

F (x) |∇dy(x)| = 1, dy(y) = 0. (30)

30



(Where the notion of a viscosity solution in the stationary case is defined similarly to Definition 4 for the
parabolic situation.) This equation is the Hamilton-Jacobi-Bellman equation of the time-optimal control
problem (29). See, for instance, Section IV.2 of [6] for a thorough discussion of these matters. We will,
instead, focus here on a fundamental analysis of the shortest paths ξ themselves. The results derived
will turn out to be useful later on. A presentation of optimal-control theory, dynamic programming and
viscosity solutions of Hamilton-Jacobi-Bellman equations will be given later for the level-set equation
itself in Section 3.3.

Note that there exists a vast literature about this problem, specifically for the case that F ≥ F > 0
throughout Rn. See, for instance, [6], [17] and [62]. If the speed is bounded away from zero, the
Hamiltonian H(x, p) = F (x) |p| of the corresponding optimal-control problem is strictly convex. This is
a frequently assumed property. See, for instance, Theorem 5.3 on page 132 of [62] for an early result. In
our case, since we only have F ≥ 0, the Hamiltonian is convex but not necessarily strictly so. As done
in Theorem 5, we set Ω+ = F−1 ((0,∞)). Since nothing interesting happens for the time evolution on
Rn \ Ω+ according to the theorem, let us focus our attention on Ω+ throughout this section. However,
even on this set, F > 0 does still not imply the existence of a uniform and positive lower bound on F .
With the help of Lemma 17, we will, nevertheless, still be able to reduce our situation to the classical
one, so that we can apply Lions’ result: Lipschitz continuity of F implies that every path going near the
boundary of Ω+ becomes “very long” (by travel time, since the speed is almost zero there). Thus, we will
see that those paths can not contribute as shortest paths and can be ignored. This allows us to effectively
assume a lower bound on F when considering the problem locally, which is enough to characterise the
viscosity solution of (30).

As a first step, let us clearly define what we mean by the “paths” (and their lengths) that we already
mentioned above in an informal way:

Definition 6. Let C ⊂ Ω+ be a connected component and x, y ∈ C. A path connecting x and y is a
function ξ ∈ W 1,∞([0, 1],Rn) with ξ(0) = x, ξ(1) = y and ξ(t) ∈ C for all t ∈ [0, 1]. We write Xad (x, y)
for the set of all such paths from x to y.

For ξ ∈ Xad (x, y), the Euclidean arc length is defined as

|ξ| =
∫ 1

0

|ξ′(t)| dt

in the usual way. We can also define the corresponding F -induced length of ξ as

l(ξ) =

∫ 1

0

|ξ′(t)|
F (ξ(t))

dt. (31)

By the Sobolev embedding theorem (see, for instance, Theorem 6 on page 270 of [36]), each path
ξ ∈ Xad (x, y) is continuous. Furthermore, by the continuity of F also F ◦ ξ is continuous, and thus this
function attains a minimum on the compact interval [0, 1]. Since ξ maps into C, this minimum must
actually be strictly positive. Thus, (31) is well-defined with 0 ≤ l(ξ) < ∞. Also note that using the
fundamental theorem of calculus, one can easily show that the straight line

Sxy(t) = x+ t(y − x)

between x and y has the shortest possible Euclidean arc length: Let ξ ∈ Xad (x, y), then

|ξ| =
∫ 1

0

|ξ′(t)| dt ≥
∣∣∣∣∫ 1

0

ξ′(t) dt

∣∣∣∣ = |ξ(1)− ξ(0)| = |x− y| = |Sxy| .

Another key observation is that one can always reparametrise a given path ξ such that |ξ′(t)| = |ξ|
is constant for all t ∈ [0, 1]. This corresponds to a parametrisation by arc length followed by a rescaling
of the time interval from [0, |ξ|] back to [0, 1]. It is easy to see that this operation does not change any
geometrical properties and leaves, in particular, |ξ| and l(ξ) invariant. In the following, we will most
of the time assume, without loss of generality, that this is done for the considered paths. With this
assumption, the path length (31) becomes

l(ξ) =

∫ 1

0

|ξ|
F (ξ(t))

dt. (32)
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Finally, note that paths ξ ∈W 1,∞([0, 1],Rn) are Lipschitz continuous. We denote the optimal Lipschitz
constant by

Lip (ξ) = sup
t6=s∈[0,1]

∣∣∣∣ξ(t)− ξ(s)t− s

∣∣∣∣ .
For paths reparametrised by arc length in the way described above, it follows easily that Lip (ξ) = |ξ|.

Definition 7. For x ∈ Rn, we set d (x, x) = 0. For y 6= x, if there exists a connected component C ⊂ Ω+

with x, y ∈ C, we define
d (x, y) = inf

ξ∈Xad(x,y)
l(ξ).

Otherwise, we set d (x, y) =∞.

This defines a generalised distance d (x, y) ∈ [0,∞] between any two points x and y. This distance
corresponds to the “shortest travel time” between the points under the speed field F . If the points are
not in the same connected component of Ω+, then each path between them must necessarily pass through
intermediate points z with F (z) = 0, which justifies the definition of d (x, y) =∞ in this case. This will
be further clarified by the following result:

Lemma 17. Let C ⊂ Ω+ be a connected component, X ⊂ C be compact, and choose M > 0. Then there
exists F > 0 such that for all x ∈ X, y ∈ C and ξ ∈ Xad (x, y), the condition F (ξ(t)) ≤ F for some
t ∈ [0, 1] necessarily implies l(ξ) ≥M .

Proof. Let ξ ∈ Xad (x, y) and assume that F (ξ(t0)) ≤ F for some F > 0 and t0 ∈ [0, 1]. From Lipschitz
continuity, we get

F (ξ(t)) ≤ F + |ξ|LF |t− t0| .

But this also implies
|ξ|

F (ξ(t))
≥ |ξ|
F + |ξ|LF (t0 − t)

for all t ∈ [0, t0]. Hence

l(ξ) ≥
∫ t0

0

|ξ|
F (ξ(t))

dt ≥ |ξ|
∫ t0

0

1

F + |ξ|LF (t0 − t)
dt =

log(|ξ|LF t0 + F )− log(F )

LF
.

Now assume F (z) ≥ F0 > 0 for all z ∈ X, which is possible by compactness of X. This implies, in
particular, F (x) ≥ F0. Again by Lipschitz continuity, we have

F0 ≤ F (x) = F (ξ(0)) ≤ F + |ξ|LF t0 ⇒ |ξ|LF t0 ≥ F0 − F ≥
F0

2

if only F is chosen at most F0/2. In particular, |ξ|LF t0 is bounded away from zero with a constant
depending only on X. But this gives further

l(ξ) ≥ log(|ξ|LF t0)− log(F )

LF
≥ log(F0/2)− log(F )

LF
,

which can be made arbitrarily large by choosing F small enough. The proof is now finished if we note
that the choice of F for the claim to be satisfied only depends on X and F but not the particular x, y
or ξ under consideration.

Lemma 17 can be interpreted as a coercivity result: Since path lengths become infinite when ap-
proaching the boundary of Ω+, such paths can never be relevant for the determination of shortest paths
and, consequently, the distance d (·, ·). This allows us to restrict ourselves to compact subsets of Ω+ in
these situations. As a first application of this feature, let us show the existence of a path with minimal
length if x and y are in the same connected component (i. e., d (x, y) < ∞). For this, we make use of
the theorem of Arzelà-Ascoli (see Appendix C.7 of [36]) to get compactness, and use Lipschitz estimates
to show lower semi-continuity. To be precise:
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Lemma 18. Let x, y ∈ Rn with d (x, y) < ∞. Let ξ ∈ Xad (x, y), (ξk)k∈N ⊂ Xad (x, y) and L > 0 be a
uniform Lipschitz constant for all ξk. Assume ξk → ξ uniformly and that all ξk are parametrised by arc
length. (We do not assume this to be true for ξ.) Then also ξ is Lipschitz continuous and we have

|ξ| =
∫ 1

0

|ξ′(t)| dt ≤ Lip (ξ) ≤ lim inf
k→∞

Lip (ξk) ≤ L.

Proof. For simplicity, assume that limk→∞ Lip (ξk) exists. (If that is not the case, choose a subsequence
that converges to the limit inferior.) Fix t 6= s and note that∣∣∣∣ξ(t)− ξ(s)t− s

∣∣∣∣ = lim
k→∞

∣∣∣∣ξk(t)− ξk(s)

t− s

∣∣∣∣ ≤ lim
k→∞

Lip (ξk) .

Since this is true for arbitrary t and s, it also holds in the supremum to give Lip (ξ) ≤ limk→∞ Lip (ξk).
The remaining estimates follow immediately.

Lemma 19. Let x, y ∈ Rn and d (x, y) <∞. Then there exists ξ ∈ Xad (x, y) such that d (x, y) = l(ξ).

Proof. By definition of d (x, y), we can find a minimising sequence (ξk)k∈N with l(ξk)→ d (x, y). Assume
that each ξk is parametrised by arc length. This implies that there exists a uniform Lipschitz constant
L for all ξk, since each has Lipschitz constant Lip (ξk) = |ξk|. The arc lengths |ξk|, in turn, are bounded
uniformly because the sequence minimises l(ξk) and

Lip (ξk)

F
≤
∫ 1

0

|ξk|
F (ξk(t))

dt = l(ξk).

By the theorem of Arzelà-Ascoli, there exists a continuous path ξ that is the uniform limit of a
subsequence of (ξk)k∈N. Without loss of generality, assume that the subsequence is (ξk)k∈N itself, so that
ξk → ξ uniformly. Furthermore, also ξ is Lipschitz continuous with Lipschitz constant L by Lemma 18.
Thus ξ ∈ Xad (x, y). Note that, in particular, the image of ξ has to lie inside of C ⊂ Ω+. If this were
not the case, then Lemma 17 would imply that the sequence (ξk)k∈N has unbounded path lengths. This
would contradict the assumption that it is a minimising sequence. By definition of d (x, y), it is clear
that l(ξ) ≥ d (x, y). It remains to show that also l(ξ) ≤ d (x, y) = limk→∞ l(ξk) holds.

For this, define g(τ) = 1/F (ξ(τ)). Since the image of ξ lies inside of Ω+, we know that F ◦ ξ is
bounded away from zero. Hence, g is Lipschitz continuous with some constant Lg. Assume that we
have some partition I of [0, 1] into intervals Ii = [ti, ti+1] and that I has fineness h = supi(ti+1 − ti).
Choose ε > 0 arbitrary and pick K ∈ N such that Lip (ξ; Ii) ≤ Lip (ξk; Ii) + ε for all intervals Ii ∈ I and
k ≥ K. This is possible due to Lemma 18 (applied to the intervals Ii instead of [0, 1]). Finally, since
ξk → ξ uniformly, we also have the uniform convergence gk = 1/(F ◦ ξk) → g. Hence, we may assume
g(τ) ≤ gk(τ) + ε for all τ ∈ [0, 1] and k ≥ K.

Now, using again the estimates in Lemma 18, we get:∫ 1

0

g(τ) |ξ′(τ)| dτ ≤
∑
Ii∈I

sup
τ∈Ii

g(τ) · (ti+1 − ti) · Lip (ξ; Ii) ≤
∑
Ii∈I

sup
τ∈Ii

g(τ) ·
(∫

Ii

|ξ′k(τ)| dτ + (ti+1 − ti)ε
)

Since g is Lipschitz continuous, we also know that

sup
τ∈Ii

g(τ) ≤ inf
τ∈Ii

g(τ) + hLg.

Furthermore, clearly

inf
τ∈Ii

g(τ)

∫
Ii

|ξ′k(τ)| dτ ≤
∫
Ii

g(τ) |ξ′k(τ)| dτ ≤
∫
Ii

(gk(τ) + ε) |ξ′k(τ)| dτ.

All that taken together yields∫ 1

0

g(τ) |ξ′(τ)| dτ ≤
∑
Ii∈I

(∫
Ii

(gk(τ) + ε) |ξ′k(τ)| dτ + hLg

∫
Ii

|ξ′k(τ)| dτ + (ti+1 − ti)ε ‖g‖∞

)

=

∫ 1

0

gk(τ) |ξ′k(τ)| dτ + (ε+ hLg) |ξk|+ ε ‖g‖∞ .
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Recall that ε and I were arbitrary. Thus, also h can be made small. Note that |ξk| is bounded for
k →∞. This now implies the claim, since

l(ξ) =

∫ 1

0

g(τ) |ξ′(τ)| dτ ≤ lim inf
k→∞

∫ 1

0

gk(τ) |ξ′k(τ)| dτ = lim
k→∞

l(ξk) = d (x, y) .

We continue by deriving some fundamental properties of and estimates for the path lengths and the
distance function d (·, ·):

Lemma 20. Let x, y ∈ Rn be arbitrary. Then

|x− y| ≤ F · d (x, y) .

Proof. For d (x, y) =∞ and for x = y, the claim is obvious. Thus, assume that x and y are in the same
connected component of Ω+ and let ξ ∈ Xad (x, y). Then

l(ξ) =

∫ 1

0

|ξ|
F (ξ(x))

dt ≥ |ξ|
F
≥ |x− y|

F
,

where we have used the assumption of a reparametrised ξ and (32).

This result gives an important estimate relating d (x, y) and |x− y|. If we use Lipschitz continuity
of F in addition, also more precise estimates are possible especially for points close to each other. In
particular, we get the following localised version of Lemma 20:

Lemma 21. Let x ∈ Ω+ and y ∈ Rn. Then,

|x− y| ≤ F (x)

LF

(
eLF d(x,y) − 1

)
.

If, furthermore, LF |x− y| < F (x), then also

d (x, y) ≤ l(Sxy) ≤ 1

LF
log

F (x)

F (x)− LF |x− y|
,

|x− y| ≥ F (x)

LF

(
1− e−LF d(x,y)

)
.

As before, Sxy ∈ Xad (x, y) denotes the straight line between x and y.

Proof. If d (x, y) =∞, the first claim is clear. For the remaining case, we choose ξ ∈ Xad (x, y) arbitrarily.
Let ξ be parametrised by its arc length |ξ|. Then |ξ| ≥ |x− y| and Lipschitz continuity of F implies

F (ξ(t)) ≤ F (x) + LF |ξ(t)− x| = F (x) + LF

∣∣∣∣∫ t

0

ξ′(τ) dτ

∣∣∣∣ ≤ F (x) + LF t |ξ|

for all t ∈ [0, 1]. This yields

l(ξ) =

∫ 1

0

|ξ|
F (ξ(t))

dt ≥
∫ 1

0

|ξ|
F (x) + LF t |ξ|

dt =
1

LF
log

F (x) + |ξ|LF
F (x)

≥ 1

LF
log

(
1 +
|x− y|LF
F (x)

)
,

which also holds in the infimum over all possible paths ξ. Thus

eLF d(x,y) ≥ 1 +
|x− y|LF
F (x)

,

which further implies the first estimate.
For the second estimate, note that d (x, y) ≤ l(Sxy) as well as |Sxy| = |x− y|. Lipschitz continuity

tells us that
F (Sxy(t)) ≥ F (x)− LF |Sxy(t)− x| = F (x)− LF t |x− y| ,
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and by our assumption this expression is guaranteed to be positive for all t ∈ [0, 1]. This implies also, in
particular, that Sxy lies entirely inside of Ω+. Thus we find

d (x, y) ≤ l(Sxy) =

∫ 1

0

|Sxy|
F (Sxy(t))

dt ≤
∫ 1

0

|x− y|
F (x)− LF t |x− y|

dt =
1

LF
log

F (x)

F (x)− LF |x− y|
.

The third estimate is just an equivalent reformulation of the second one.

The following is a variant of Theorem 5.1 on page 117 of [62], adapted for our problem (30):

Lemma 22. d (·, ·) defines a metric on each connected component of Ω+.

Proof. By Definition 7, d (x, x) = 0 for each x ∈ Rn. Let C ⊂ Ω+ be a connected component, x, y ∈ C
and x 6= y. For each ξ ∈ Xad (x, y), we can define ξc(t) = ξ(1 − t), which yields ξc ∈ Xad (y, x) with
l(ξ) = l(ξc). Hence d (x, y) = d (y, x) holds also in this case. Let now z ∈ C be given in addition. We
use Lemma 19 to choose ξ1 ∈ Xad (x, z) and ξ2 ∈ Xad (z, y) with

l(ξ1) + l(ξ2) = d (x, z) + d (z, y) .

Let us define ξ as the concatenation of ξ1 and ξ2 with subsequent reparametrisation. Consequently,
ξ ∈ Xad (x, y) and

d (x, y) ≤ l(ξ) = l(ξ1) + l(ξ1) = d (x, z) + d (z, y) .

It remains to verify that we also have non-degeneracy in the form of

d (x, y) = 0 ⇒ x = y.

This, however, follows directly from Lemma 20.

Lemma 23. Let X ⊂ Ω+ be compact and convex. Then

d (x, y) ≤ L |x− y|

for all x, y ∈ X, where L = 1/F and F > 0 is the minimum of F over X.

Proof. Let F > 0 be the minimum of F on the compact set X and choose x, y ∈ X. We consider the
straight line Sxy as particular path in Xad (x, y). Convexity ensures that Sxy(t) ∈ X for all t ∈ [0, 1].
The claim now follows with

d (x, y) ≤ l(Sxy) =

∫ 1

0

|Sxy|
F (Sxy(t))

dt ≤ |x− y|
F

.

Lemma 24. d (·, ·) is continuous in both arguments on each connected component of Ω+.

Proof. Let C ⊂ Ω+ be a connected component and x ∈ C. By symmetry according to Lemma 22 it is
sufficient to show that dx = d (·, x) is continuous on C. First, we show that dx is continuous at x itself.
For this, let (xk)k∈N ⊂ C with xk → x as k →∞ and pick δ > 0 such that Bδ (x) ⊂ C. This is possible
since C is open. Assume for simplicity and without loss of generality that |xk − x| < δ for all k ∈ N.
Since Bδ (x) is compact and convex, we can apply Lemma 23 in order to deduce

0 ≤ dx(xk) = d (xk, x) ≤ L |xk − x|

for some constant L. Since the right-hand side vanishes with xk → x, we find that also the limit
dx(xk)→ 0 = dx(x) must hold. This shows continuity of dx at x.

Now let x, y ∈ C be arbitrary. We will show that dy = d (·, y) is continuous at x. For this, choose
ε > 0. From the previous argument, we know that there exists δ > 0 such that d (x, x′) < ε if only
|x′ − x| < δ. Applying the triangle inequality and the reverse triangle inequality from Lemma 22 for
some intermediate point x′ ∈ Bδ (x), we get

d (x, y) ≤ d (x, x′) + d (x′, y) ⇒ d (x′, y) ≥ d (x, y)− d (x, x′) ≥ d (x, y)− ε

and
d (x′, y) ≤ d (x′, x) + d (x, y) ≤ d (x, y) + ε.

Hence we find |d (x′, y)− d (x, y)| < ε whenever |x′ − x| < δ, which is the claimed continuity.
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After this quite general discussion, let us get back to the task of solving (30). For the case of a strictly
positive, uniform lower bound F ≥ F > 0, this is well-understood. In order to reduce our more general
problem to the known results, we will make use of Lemma 17. As a first step, let us introduce a sequence
of cut-off speeds:

Definition 8. For given F > 0, we define F̃ (x) = max (F (x), F ). The notation lF (ξ) and dF (x, y) will
be used for path lengths and distances according to Definition 6 and Definition 7, respectively, based on
F̃ instead of the original F .

Note that F̃ has no longer compact support, but this is no problem since F̃ is still bounded as long as
the original speed field F is bounded. This guarantees that all arguments go through nevertheless. The
distance dF (x, y) is equivalent to L(x, y) given in (47) on page 116 of [62] when using n(x) = 1/F̃ (x).
Theorem 5.1 on page 117 of [62] will be the main tool on which we build our results. There, it is shown
that dF (·, y) is a viscosity solution of (30) if the speed F is replaced by F̃ . We will now work on reducing
our situation to the case where the result of [62] is applicable.

Lemma 25. Let C ⊂ Ω+ be a connected component and X ⊂ C be compact. Then there exists F > 0
such that d (x, y) = dF ′(x, y) for all F ′ ∈ (0, F ] and x, y ∈ X.

Proof. Let F̃ be the cut-off speed for some F > 0. Then clearly F (x) ≤ F̃ (x), which implies lF (ξ) ≤ l(ξ)
for every path ξ. Hence also dF (x, y) ≤ d (x, y). It remains to show that our assumptions actually imply
equality. Furthermore, if we show the result for a single F as cut-off threshold, it must also hold for all
smaller thresholds. This is the case because F ′ ≤ F implies d (x, y) = dF (x, y) ≤ dF ′(x, y) ≤ d (x, y).
Thus, it remains to show that d (x, y) ≤ dF (x, y) holds for some threshold F > 0.

Set M = maxx,y∈X d (x, y), which is well-defined and finite because of Lemma 24 and since X is
compact. We now apply Lemma 17 for this M to get a corresponding positive threshold F . We can assure
F (x) > F > 0 for all x ∈ X by decreasing F further as necessary. Now, assume that dF (x, y) < d (x, y)
for some x, y ∈ X. Choose a minimising path ξ ∈ Xad (x, y) with lF (ξ) = dF (x, y). Consequently,

lF (ξ) < d (x, y) ≤ l(ξ).

This, however, implies that there exists t ∈ [0, 1] with F (ξ(t)) < F . If that would not be the case, then
F (ξ(t)) = F̃ (ξ(t)) for all t ∈ [0, 1] and thus the lengths would have to coincide. Define now

t0 = inf {t ∈ [0, 1] | F (ξ(t)) ≤ F} = min {t ∈ [0, 1] | F (ξ(t)) ≤ F} ,

which is well-defined because the set is non-empty and F ◦ ξ is continuous. Furthermore, we have
F (ξ(t)) ≥ F for all t ∈ [0, t0] and, consequently, F (ξ(t)) = F̃ (ξ(t)). Also, t0 > 0 because x ∈ X and
thus F (ξ(0)) = F (x) > F . Define now a new path ξ1(t) = ξ(t/t0). We have ξ1 ∈ Xad (x, ξ(t0)) and
l(ξ1) = lF (ξ1) because F equals F̃ along the path. Since F (ξ1(1)) = F , we can apply Lemma 17 now to
ξ1 to deduce l(ξ1) ≥M . This is a contradiction, since

lF (ξ) ≥ lF (ξ1) = l(ξ1) ≥M

and we know lF (ξ) < d (x, y) ≤M .

Theorem 6. Let C ⊂ Ω+ be a connected component and y ∈ C be fixed. Then dy(·) = d (·, y) is a
viscosity solution of (30) in C \ {y}.

Proof. Note that dy is continuous on C by Lemma 24, and that the boundary condition is satisfied
because of dy(y) = d (y, y) = 0. It remains to show that dy satisfies F (x) |∇dy(x)| = 1 in the viscosity
sense. For this, let x ∈ C \ {y} be fixed and p ∈ D+dy(x). Now choose Y ⊂ C compact, connected,
with smooth boundary and such that x, y ∈ Y ◦. Choose F for Y according to Lemma 25 and such that
F ≤ minz∈Y F (z) in addition. Then F̃ = F on Y and dy(x′) = d (x′, y) = dF (x′, y) for all x′ ∈ Y . The
latter property holds, in particular, also in a neighbourhood of x so that p ∈ D+dF (x, y) must be true.

Since dF (·, y) solves (30) with F̃ in Y ◦ \ {y} in the viscosity sense according to Theorem 5.1 on page 117

of [62], this implies F (x) |p| = F̃ (x) |p| ≤ 0. This, however, is all we need to show that dy is a viscosity
subsolution of (30) on the whole of C \ {y}. By a symmetric argument one can also show that it is a
viscosity supersolution.
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We conclude this section with a final auxiliary result that will be useful later:

Lemma 26. Let X ⊂ Rn be closed, x ∈ X and assume that d (x, y) ≥ t for some t ≥ 0 and all y ∈ ∂X.
Then d (x, y) > t for all y 6∈ X. More precisely: If y 6∈ X and δ > 0 are such that Bδ (y) ∩X = ∅, then
d (x, y) ≥ t+ δ/F .

Proof. Let y 6∈ X, then there exists δ > 0 such that Bδ (y) ⊂ Rn \X since Rn \X is open. Consequently,
|x′ − y| ≥ δ > 0 for all x′ ∈ X. Clearly, y 6= x and if x 6∈ Ω+, y 6∈ Ω+ or they are not in the same
connected component of Ω+, then d (x, y) = ∞ > t holds. So assume that x, y ∈ Ω+ are in the same
connected component and choose ξ ∈ Xad (x, y). Since ξ is continuous, the set ξ−1 (X) ⊂ [0, 1] is closed
and since it is also bounded, it is compact. Define thus

t0 = max {t ∈ [0, 1] | ξ(t) ∈ X} and y0 = ξ(t0).

Then y0 ∈ X and, furthermore, y0 ∈ ∂X since every sequence (ξ(tk))k∈N with tk → t+0 from above
is in Rn \ X and converges to y0. Denote the two parts of ξ up to and starting at y0 by ξ1 and ξ2,
respectively. Then ξ1 ∈ Xad (x, y0), ξ2 ∈ Xad (y0, y) and l(ξ) = l(ξ1) + l(ξ2). Since y0 ∈ ∂X, we know by
our assumption that l(ξ1) ≥ d (x, y0) ≥ t. Furthermore, Lemma 20 implies that

l(ξ2) ≥ d (y0, y) ≥ |y0 − y|
F

≥ δ

F
.

Both estimates together imply l(ξ) ≥ t+ δ/F . Since ξ was arbitrary, also d (x, y) ≥ t+ δ/F > t follows
by taking the infimum over all possible paths.

Note that Lemma 26 can be interpreted as a variant of the classical minimum principle: If x ∈ Rn is
fixed and Y ⊂ Rn open with x 6∈ Y , then d (x, ·) attains its minimum over Y at ∂Y . (The complement
Rn \ Y takes the role of the closed set X in the lemma.) A corresponding maximum principle does,
however, not hold in general: If F (y) is very small or even zero, then all paths connecting x to y may
have a larger length than paths “circling around” y. In this case, d (x, y) can, indeed, have a local
maximum at y. See also [7], where a more general result is derived for viscosity solutions. The Eikonal
equation, in particular, is covered by Example 5. A discussion of the classical minimum and maximum
principles for harmonic functions can be found in Section 2.5 of [45].

3.3 Mayer’s Problem and the Hopf-Lax Formula

We are now ready to derive a general form of (26) for the case of F ≥ 0. The basic idea that is illustrated
in Figure 7 can still be applied. However, instead of shifts along straight lines (which are the shortest
paths for F = 1), we have to consider the shortest paths introduced in Section 3.2. The Hopf-Lax formula
then becomes:

φ(x, t) = inf {φ0(y) | d (x, y) ≤ t} = min {φ0(y) | d (x, y) ≤ t} (33)

Existence of a minimiser follows from continuity of φ0 and d (·, ·). The aim of this section is to prove
that the formula gives, indeed, the viscosity solution of the level-set equation (2). This will be done with
tools from the theory of optimal control. We mainly follow the arguments outlined in Section III.3 of [6].
In the literature, the considered situation is usually more general than what we need, though. Thus, the
discussion below is tailored (and simplified) specifically to our needs.

In the previous Section 3.2, we considered the paths ξ ∈ Xad (x, y) introduced in Definition 6. In
particular, among the fixed quantities were both ends x, y of the path, and we were interested in the
path lengths l(ξ). For the current considerations, this changes. The new question is: Which points y are
reachable from a given source x in a fixed time t? To accommodate for this change, we introduce a new
set of paths:

Definition 9. Let x ∈ Rn and t ≥ 0. We define

St (x) =
{
ξ ∈W 1,∞([0, t])

∣∣ ξ(0) = x and |ξ′(τ)| ≤ F (ξ(τ)) for almost all τ ∈ [0, t]
}
.

The set of all possible end points ξ(t) that can be reached with some ξ ∈ St (x) is usually called the
reachable set from x in time t,

Rt (x) = {ξ(t) | ξ ∈ St (x)} .
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If F (x) = 0, then St (x) = {ξ0}, where ξ0 is the path that is constant at x, i. e., ξ0(τ) = x for all τ .
Consequently, Rt (x) = {x}. Furthermore, for ξ ∈ St (x) the path length can be estimated by

l(ξ) =

∫ t

0

|ξ′(τ)|
F (ξ(τ))

dτ ≤
∫ t

0

1 dτ = t.

Using these paths, we can now introduce the so-called Mayer problem: Find ξ minimising

V (x, t) = inf
ξ∈St(x)

φ0(ξ(t)) = inf
y∈Rt(x)

φ0(y). (34)

This is a classical example problem in the field of optimal control. See, for instance, the introductory
discussion on page 147 of [6]. Given some fixed x ∈ Rn and t ≥ 0, the minimal value that can be
achieved is denoted by V (x, t). The function V is called the value function of the Mayer problem. One
can immediately see from the definition that V (x, t) = φ0(x) for all t ≥ 0 and all x with F (x) = 0,
and that V (x, 0) = φ0(x) for all x ∈ Rn. We will see below that the level-set equation is precisely the
Hamilton-Jacobi-Bellman equation of this Mayer problem. Its value function V solves this equation in
the viscosity sense, and we will see that V coincides with our Hopf-Lax formula (33). For this, we have
to relate St (x), Rt (x) and Xad (x, y):

Lemma 27. Let x ∈ Rn and t ≥ 0. Then

Rt (x) = {y ∈ Rn | d(x, y) ≤ t} .

Consequently, if φ is defined by the Hopf-Lax formula (33), then V = φ holds.

Proof. Let y ∈ Rt (x). Then there exists ξ ∈ St (x) with ξ(t) = y. Since l(ξ) ≤ t, this yields d(x, y) ≤ t.
(After rescaling the time to the reference interval [0, 1], we have ξ ∈ Xad (x, y).) Conversely, let y ∈ Rn
with d(x, y) ≤ t be given. According to Lemma 19 there exists ξ ∈ Xad (x, y) with l(ξ) = d(x, y) ≤ t.
As before, we can assume that |ξ′(τ)| = |ξ| for all τ ∈ [0, 1] by reparametrising ξ according to the arc
length. Consider now the initial-value problem

s(0) = 0, ṡ(τ) =
1

|ξ|
F (ξ(s(τ))).

Since F and ξ are Lipschitz continuous, the Picard-Lindelöf theorem implies that there exists a unique
solution s. Because its derivative is always non-negative, s is increasing. Thus, the solution exists at
least until time τ0, where s(τ0) = 1 holds. (For τ > τ0, the function s is not defined any more because ξ
lives only on the interval [0, 1].) We set ξ̃(τ) = ξ(s(τ)) for τ ∈ [0, τ0]. Note that this construction ensures
ξ̃ ∈ Sτ0 (x). Furthermore, since ξ̃(τ0) = ξ(1) = y, we have just rescaled time without changing the path
itself. Thus

t ≥ l(ξ) = l(ξ̃) =

∫ τ0

0

|ξ′(s(τ))ṡ(τ)|
F (ξ(s(τ)))

dτ =

∫ τ0

0

1 dτ = τ0.

Hence, we can extend ξ̃ to a path in St (x) by adding a constant piece at the beginning or end. This
finally implies y ∈ Rt (x). It remains to verify that V = φ, but this follows immediately since the already
shown statement makes (33) and (34) equivalent.

Similarly to Lemma 19, we can again show that the infimum in (34) is actually a minimum and that
an optimal path exists:

Lemma 28. Let x ∈ Rn and t ≥ 0 be given. Then Rt (x) is compact and there exists ξ ∈ St (x) with
V (x, t) = φ0(ξ(t)). In other words, the infimum in (34) is actually attained.

Proof. Closedness of Rt (x) follows from Lemma 27 and the fact that d (·, ·) is continuous. The reachable
set must also be bounded, since y ∈ Rt (x) with y = ξ(t) and ξ ∈ St (x) yields

|y − x| ≤ F · l(ξ) ≤ Ft ⇒ |y| ≤ |x|+ Ft.

(This follows by the same argument that we used to prove Lemma 20.) Furthermore, compactness implies
that there exists a minimising y ∈ Rt (x) with V (x, t) = φ0(y). By definition of Rt (x), there also exists
ξ ∈ St (x) with ξ(t) = y. Consequently, we have V (x, t) = φ0(ξ(t)), which finishes the proof.
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A very important property of the value function is the so-called dynamic programming principle:

Lemma 29. Let x ∈ Rn and t ≥ 0 be arbitrary. Then

V (x, t) = inf
ξ∈Sh(x)

V (ξ(h), t− h) (35)

for all h ∈ [0, t].

Proof. Lemma 28 allows us to choose an optimal path ξ ∈ St (x) such that V (x, t) = φ0(ξ(t)). We can
split the path at time h into a piece ξ1 ∈ Sh (x) and the remaining part ξ2 ∈ St−h

(
ξ1(h)

)
. Since ξ1 is

admissible for the infimum in (35) and ξ2 a particular path in the infimum that defines V (ξ(h), t − h),
we find that

V (x, t) = φ0(ξ(t)) ≥ inf
ξ1∈Sh(x)

inf
ξ2∈St−h(ξ1(h))

φ0(ξ2(t− h)) = inf
ξ∈Sh(x)

V (ξ(h), t− h)

must hold. For the reverse inequality, let (ξk)k∈N ⊂ Sh (x) be a minimising sequence for the infimum

in (35). For each k ∈ N, we can apply Lemma 28 to V (ξk(h), t − h) to get ξ̃k ∈ St−h (ξk(h)) with
V (ξk(h), t− h) = φ0(ξ̃k(t− h)). The concatenation of ξk and ξ̃k gives a path ξk ∈ St (x), so that

V (x, t) ≤ lim inf
k→∞

φ0(ξk(t)) = lim inf
k→∞

φ0(ξ̃k(t− h)) = lim
k→∞

V (ξk(h), t− h) = inf
ξ∈Sh(x)

V (ξ(h), t− h).

The dynamic programming principle (35) was introduced by Bellman in the seminal article [9] and
later described in his book [10]. See also [11] for a thorough discussion. The idea behind it is as follows:
To evaluate the value function for some time t, we can first calculate it throughout space at a smaller
time t − h. When this is done, we solve another optimisation problem (the infimum in (35)), but with
shorter time horizon h. This allows us to combine the solutions of both smaller problems and arrive
at the solution of the full problem we are interested in. The same idea, based on discrete optimisation
variables, is also applied in computer science. This technique makes it possible to find efficient algorithms
for a wide range of computational problems. See, for instance, Chapter 15 of [23].

In our context, however, Lemma 29 is mainly an intermediate result. The Hamilton-Jacobi-Bellman
equation (which is for us the level-set equation (2)) can be seen as a differential version of the dynamic
programming principle. Investigating this relation further will lead us to the conclusion that the value
function V is a viscosity solution of (2). Using dynamic programming, we can derive other important
properties of the value function:

Definition 10. The value function V satisfies suboptimality if s 7→ V (ξ(s), t− s) is increasing for every
ξ ∈ St (x). If a path ξ ∈ St (x) exists such that s 7→ V (ξ(s), t − s) is actually constant, it also satisfies
superoptimality.

It is easy to see that V should, indeed, have suboptimality: The larger s is, the longer is also the
fixed initial segment of the path. Since only the remainder of the path is optimised in St−s (ξ(s)) to get
V (ξ(s), t − s), the resulting optimal value can only get worse (i. e., larger). Superoptimality is a direct
consequence of the existence of an optimal path according to Lemma 28. Let us now give a formal proof
of these intuitive arguments:

Lemma 30. V satisfies sub- and superoptimality.

Proof. We show suboptimality first. For this, let t ≥ 0 and ξ ∈ St (x) be given. Choose 0 ≤ r ≤ s ≤ t.
According to the dynamic programming principle (35) applied to ξ(r) and h = s− r, we know that

V (ξ(r), t− r) = inf
ξ̃∈Ss−r(ξ(r))

V (ξ̃(s− r), t− r − (s− r)).

This is, of course, at most the value achieved with a particular choice of ξ̃. If we use the piece of ξ
restricted to the time interval [r, s] as ξ̃, we have ξ̃(s− r) = ξ(s) and thus

V (ξ(r), t− r) ≤ V (ξ(s), t− s).
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This shows suboptimality.
For superoptimality, let ξ ∈ St (x) be the optimal path from Lemma 28, such that V (x, t) = φ0(ξ(t)).

We have to show that s 7→ V (ξ(s), t− s) is constant. By suboptimality, we have for arbitrary s ∈ [0, t]:

V (x, t) = V (ξ(0), t− 0) ≤ V (ξ(s), t− s) ≤ V (ξ(t), 0) = φ0(ξ(t)) = V (x, t)

Hence, equality holds throughout, and superoptimality is shown.

Another important fact is continuity of the value function. We will see later in Theorem 11 and
Theorem 13 that φ defined by the Hopf-Lax formula is, in fact, Lipschitz continuous. Thus, let us
postpone the proof of continuity until then. For now, let us check all other requirements of Definition 2.
This can now be done based on sub- and superoptimality:

Lemma 31. V is a viscosity subsolution of (2).

Proof. Let (x, t) ∈ Q and ψ ∈ C1(Q) be such that V −ψ has a local maximum at (x, t). Consider first the
case F (x) = 0: In this situation, V (x, ·) is constant in time. Thus, based on the same argument as (5),
ψ̇(x, t) = 0 must hold as a necessary optimality condition. But then, clearly ψ̇(x, t)+F (x) |∇ψ(x, t)| = 0
is also true. So assume F (x) > 0 now. Choose 0 < h < t and ξ ∈ Sh (x) arbitrarily for a moment. Then
V (x, t) ≤ V (ξ(h), t− h) by dynamic programming (or suboptimality), and

V (ξ(h), t− h)− ψ(ξ(h), t− h) ≤ V (x, t)− ψ(x, t)

since (x, t) is a local maximum. Taking both inequalities together, we arrive at

ψ(x, t)− ψ(ξ(h), t− h) ≤ V (x, t)− V (ξ(h), t− h) ≤ 0. (36)

Let p ∈ Rn be such that p · ∇ψ(x, t) = − |∇ψ(x, t)| as well as |p| = 1. (Normalising the gradient if it
is non-zero and choosing an arbitrary vector if it is zero.) Choose ξ as the solution of

ξ(0) = x, ξ′(τ) = F (ξ(τ)) · p

for τ ∈ [0, h] and note that this implies, in particular, ξ ∈ Sh (x). Since ψ and ξ are continuously
differentiable, we can write

0 ≥ ψ(x, t)−ψ(ξ(h), t−h) = ψ̇(x, t)·h−∇ψ(x, t)·ξ′(0)·h+o (h) = h·
(
ψ̇(x, t) + F (x) |∇ψ(x, t)|+ o (h)

h

)
.

Dividing by h and taking h → 0+, this yields the necessary inequality to show that V is, indeed, a
viscosity subsolution of (2).

Lemma 32. V is a viscosity supersolution of (2).

Proof. Let this time (x, t) ∈ Q and ψ ∈ C1(Q) be such that V − ψ has a local minimum at (x, t). Using
superoptimality and proceeding similarly to the proof of Lemma 31, we can conclude as an analogue to
(36) that

0 ≤ ψ(x, t)− ψ(ξ(h), t− h)

for 0 < h < t. In this case, ξ ∈ Sh (x) is not arbitrary but instead the particular path for which
superoptimality holds.

Since ψ is continuously differentiable and ξ is absolutely continuous, ψ ◦ ξ is absolutely continuous as
well. Furthermore, we have the almost-everywhere derivative

∂

∂h
(ψ(x, t)− ψ(ξ(h), t− h)) = ψ̇(ξ(h), t− h)−∇ψ(ξ(h), t− h) · ξ′(h).

Hence, according to Theorem 7.20 on page 148 of [74],

ψ(x, t)− ψ(ξ(h), t− h) =

∫ h

0

(
ψ̇(ξ(s), t− s)−∇ψ(ξ(s), t− s) · ξ′(s)

)
ds.
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Since |ξ′(s)| ≤ F (ξ(s)), we get

0 ≤ ψ(x, t)− ψ(ξ(h), t− h) ≤
∫ h

0

(
ψ̇(ξ(s), t− s) + F (ξ(s)) |∇ψ(ξ(s), t− s)|

)
ds.

Note that the integrand is continuous. Thus dividing by h and letting h→ 0+ leads to

0 ≤ ψ̇(x, t) + F (x) |∇ψ(x, t)| ,

which shows that V is a supersolution of the level-set equation (2).

Taking Lemma 31 and Lemma 32 together, we have shown that the value function V solves the level-
set equation (2). In other words, the level-set equation is really the Hamilton-Jacobi-Bellman equation
of Mayer’s problem. But even more interesting for us is the final conclusion if we use Lemma 27 as well:

Corollary 4. Let F, φ0 : Rn → R be Lipschitz continuous and assume F ≥ 0. Then φ defined by the
Hopf-Lax formula (33) is the viscosity solution of the level-set equation (2) for initial data φ0.

This formula can also be derived for the case F ≥ F > 0 from Theorem 3.1 on page 140 of [17]. To
remove the required lower bound F and show Corollary 4, one can then proceed with cut-off arguments
as in the proof of Theorem 6. However, we believe that the derivation based directly on the Mayer
problem is the most straight-forward argument. A similar derivation based on control theory is also
given in [39], leading to Theorem 3.1 in the paper.

3.4 Representation of the Level-Set Domains

Based on the representation formula (33) shown for the level-set function φ in the previous section,
we will now proceed to derive corresponding formulas describing the evolving sets Ωt, Γt and Γt ∪ Ωt
themselves. The crucial ingredient in those formulas is the distance between a point x and the initial set
(not just a single point as given by d (x, ·)). This distance corresponds to the time it takes the evolving
front to arrive at x. Roughly speaking, we are now looking at the modified Eikonal equation

F (x) |∇d0(x)| = 1 in C \ (Γ0 ∪ Ω0), d0(x) = 0 on Γ0 ∪ Ω0. (37)

As before, C ⊂ Ω+ is a connected component. In comparison to (30), we consider no longer a single
point source y. Instead, the source is now the initial geometry Γ0 ∪ Ω0. Note, though, that we present
this equation here only as a motivation for the following considerations. We will come back to it later
in Section 4.1, where we build a formal connection between d0 as defined below and (37). In the mean
time, let us define the distance we need as follows:

Definition 11. Let F ≥ 0 and denote the distance of Definition 7 by d (·, ·). For x ∈ Rn, we set

d0(x) = inf
y∈Γ0∪Ω0

d (x, y) , d′0(x) = inf
y∈Ω0

d (x, y) .

If C is a connected component of Ω+, then d0 is finite on the whole of C if and only if C contains a
part of the initial domain Γ0 ∪Ω0. If this is not the case, then the distance is infinite on the whole of C.
For d′0, a corresponding statement is true.

Take note that it follows immediately from Definition 11 that d0(x) ≤ d′0(x) must be true for all
x ∈ Rn. We will show now that strict inequality can only hold if Γ0 has non-empty interior. This is an
unusual situation in applications, although we have not excluded it so far. Also note that the infimum is
actually a minimum if we take it over a closed set. (The range of potential minimisers y is automatically
bounded since we have |F | ≤ F , which means that points too far away can never minimise the distance.
This follows from Lemma 20.)

Lemma 33. Let 0 ≤ F ≤ F and x ∈ Rn be arbitrary. Then there exist y ∈ Γ0 ∪ Ω0 and y′ ∈ Ω0 with
d0(x) = d (x, y) and d′0(x) = d (x, y′).

Furthermore, if Ω0 = Γ0 ∪ Ω0 and either x ∈ Ω+ or x 6∈ Γ0, then d0(x) = d′0(x).
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Proof. Let x ∈ Rn be given. Consider the case x 6∈ Ω+ first. If x ∈ Γ0 ∪ Ω0, then d0(x) = d (x, x) = 0
and the claim is true. If this is not the case, then d0(x) = d (x, y) = ∞ for all y 6= x and the claim
also holds. The same argument can be used for Ω0 and d′0. For the second statement, we only have to
consider x 6∈ Γ0 since x 6∈ Ω+ by assumption. But then either d0(x) = d′0(x) = 0 if x ∈ Ω0, or otherwise
d0(x) = d′0(x) =∞ since then x 6∈ Γ0 ∪ Ω0.

Now, assume that x ∈ C where C ⊂ Ω+ is a connected component. If d0(x) = ∞, then also
C ∩ (Γ0 ∪ Ω0) = ∅ and we can choose y to be any element of Γ0 ∪ Ω0. The same applies if d′0(x) = ∞.
So assume from now on that d0(x) and d′0(x) are both finite. This together with Lemma 17 implies that
there exists a compact set X ⊂ C such that

d0(x) = inf
y∈X∩(Γ0∪Ω0)

d (x, y) , d′0(x) = inf
y∈X∩Ω0

d (x, y) . (38)

To see this, choose y ∈ C arbitrarily for a moment. Then d (x, y) < ∞. According to Lemma 17, there
exists F > 0 such that d (x, ỹ) > d (x, y) for all ỹ with F (ỹ) < F . Thus, defining X = F−1

([
F , F

])
ensures (38). If this set is not bounded, we can, furthermore, choose some radius R > 0 such that
d (x, ỹ) > d (x, y) for all ỹ with |x− ỹ| > R based on Lemma 20. This allows us to use the compact set
X ∩BR (x) instead of X itself.

Note that d (x, ·) is finite and continuous when restricted to X. By taking a minimising sequence and
using this continuity as well as compactness of the sets X ∩ (Γ0 ∪Ω0) and X ∩Ω0, we see that the infima
in (38) are actually minima. If Ω0 = Γ0 ∪ Ω0 and y ∈ Γ0 ∪ Ω0 is chosen with d0(x) = d (x, y), then

d0(x) = d (x, y) ≥ d′0(x) ≥ d0(x),

showing equality between d0(x) and d′0(x).

Theorem 7. Let F ≥ 0. Then the evolving sets can be represented as

Γt ∪ Ωt = {x ∈ Rn | d0(x) ≤ t} ,
Ωt = {x ∈ Rn | d′0(x) < t} ,
Γt = {x ∈ Rn | d0(x) ≤ t ≤ d′0(x)}

for all t > 0. If Ω0 = Γ0 ∪ Ω0, then the last relation states that

Γt = {x ∈ Rn | d0(x) = t} ∪ (Γ0 \ Ω+). (39)

Proof. We use Corollary 4 to express φ by (33). Let x ∈ Γt ∪ Ωt. By definition, this means φ(x, t) ≤ 0.
Hence (33) implies that there exists y ∈ Γ0∪Ω0 with d (x, y) ≤ t. This, in turn, yields d0(x) ≤ d (x, y) ≤ t.
The other way round, let d0(x) ≤ t. By Lemma 33, there exists y ∈ Γ0 ∪ Ω0 with d (x, y) = d0(x) ≤ t,
such that φ(x, t) ≤ φ0(y) ≤ 0 by (33) and thus x ∈ Γt ∪ Ωt.

Now assume that d′0(x) < t. Applying Lemma 33 again, we find that there exists y ∈ Ω0 with
d (x, y) = d′0(x) < t. Thus, continuity of d (x, ·) implies that there also exists y′ ∈ Ω0 with d (x, y′) < t.
Hence (33) yields φ(x, t) ≤ φ0(y′) < 0 and, consequently, x ∈ Ωt. If, on the other hand, x ∈ Ωt and thus
φ(x, t) < 0, there exists y ∈ Ω0 with d (x, y) ≤ t. This implies at least d′0(x) ≤ d (x, y) ≤ t. Let us for
a moment assume that d′0(x) = t. In this case, d (x, y) = t must hold, and also d (x, ỹ) ≥ t must be the
case for all ỹ ∈ Ω0. Since Ω0 is open, there exists a small radius δ > 0 such that Bδ (y) ⊂ Ω0. Define
X = Rn \ Bδ (y), which is closed, and note that x ∈ X because otherwise x ∈ Ω0 and this would lead
to a contradiction with 0 = d (x, x) ≥ t > 0. Since ∂X = ∂Bδ (y) ⊂ Ω0, we know that d (x, ỹ) ≥ t for
all ỹ ∈ ∂X. This, however, implies d (x, y) > t with Lemma 26, which is a contradiction. Thus we have
shown that d′0(x) < t must be the case.

For the third equality, note that Γt and Ωt are clearly disjoint, so that the relation

Γt = (Γt ∪ Ωt) \ Ωt = {x ∈ Rn | d0(x) ≤ t and not d′0(x) < t} = {x ∈ Rn | d0(x) ≤ t ≤ d′0(x)}

holds. Finally, assume that we know Ω0 = Γ0 ∪ Ω0 in addition. Consider x ∈ Rn. If x ∈ Γ0 \ Ω+, then
φ(x, t) = φ0(x) = 0 and thus x ∈ Γt by Theorem 5. This shows that Γ0 \ Ω+ is always a subset of both
sides of (39). Consider now the case x 6∈ Γ0 \ Ω+. For these x, Lemma 33 implies that d0(x) = d′0(x),
and thus (39) holds as well.
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A part of the statement of Theorem 7 can be found already in Theorem 3.2 in [39]. Note, however,
that we are not aware of any actual further conclusions derived from such a Hopf-Lax formula towards a
framework for shape-sensitivity analysis or shape optimisation in general. Drawing such conclusions to
derive new results in this direction is one of our main contributions, which we present in Chapter 4.

To conclude this section, we will now combine Theorem 7 with Theorem 5 to give formulas for the
case of arbitrary signs of F . For this, we define Ω− = F−1 ((−∞, 0)) and Ωz = F−1 ({0}). We also
introduce the notation

Ω′0 = Rn \ (Γ0 ∪ Ω0) = φ0
−1 ((0,∞))

and assume for simplicity that we are in the case Ω0 = Γ0 ∪ Ω0. Then Rn = Ω0 ∪ Γ0 ∪ Ω′0 is a disjoint
decomposition of Rn into two open sets and the interface Γ0 between them, which has empty interior.
Next, we define a modified version of d0 from Definition 11 for this extended situation:

D(x) =

{
infy∈Γ0∪Ω0 d (x, y) for x ∈ Ω+,
− infy∈Γ0∪Ω′0

d (x, y) for x ∈ Ω−
(40)

Here, d (·, ·) is defined according to the metric discussed in Section 3.2 for the speed chosen as |F | ≥ 0.
Since there is no meaningful way to define D on Ωz, we leave the distance undefined there. In the
following, we never need the values of D on this set. On Ω+, where F is positive, the front moves
outwards. In this case, D gives the time it takes the front to reach points outside the initial geometry.
For Ω− with negative F , the front moves inwards and D is negative inside the initial geometry. There,
−D is the time until an originally interior point is hit by the front and later no longer part of Ωt at
all. This convention for the sign of D gives it somewhat the characteristics of a signed distance function
of the initial geometry (although with respect to the metric d (·, ·) induced by |F | instead of the usual
Euclidean distance). The composite distance D defined in this way is depicted in Figure 8. Note that
D blows up towards Ωz (the vertical line x = 0 in the example), which is a consequence of Lemma 17.
Since this corresponds to slow movement of the evolving boundary, it does not create any numerical
difficulties. Take note that D = d0 on Ω+ by its definition in (40). On Ω−, the function D is defined in
a similar way. This implies that most of the local properties of d0 that we will derive in the following
(e. g., Lemma 34) carry over to D.

Corollary 5. Let F be Lipschitz continuous and have compact support. Assume that Ω0 = Γ0 ∪Ω0 and
use the notation above. Then

Ωt =
{
x ∈ Ω+

∣∣ D(x) < t
}
∪ (Ω0 ∩ Ωz) ∪

{
x ∈ Ω−

∣∣ D(x) < −t
}
,

Γt =
{
x ∈ Ω+

∣∣ D(x) = t
}
∪ (Γ0 ∩ Ωz) ∪

{
x ∈ Ω−

∣∣ D(x) = −t
}
,

Γt ∪ Ωt =
{
x ∈ Ω+

∣∣ D(x) ≤ t
}
∪ ((Γ0 ∪ Ω0) ∩ Ωz) ∪

{
x ∈ Ω−

∣∣ D(x) ≤ −t
}

for all t > 0. Note that we no longer require that F ≥ 0 or F ≤ 0 throughout Rn.

Proof. Since the level-set function φ(x, ·) is constant in time for each x ∈ Ωz according to Theorem 5,
it is clear that the formulas hold for those x and we only have to consider x ∈ Ω±. Let x ∈ Ω+. Then
Theorem 5 tells us that φ(x, t) = φ+(x, t), where φ+ solves (2) with F+ = max(F, 0) ≥ 0. In particular,
the evolving sets are the same as those generated by φ+ when inside of Ω+. Take note that D(x) = d0(x)
in this case, since d (x, ·) induced by |F | is the same as d (x, ·) induced by F+ using arguments based on
Lemma 17. Hence,

Ωt ∩ Ω+ =
{
x ∈ Ω+

∣∣ d0(x) < t
}

=
{
x ∈ Ω+

∣∣ D(x) < t
}

follows by Theorem 7 applied to F+. The other relations follow in the same way.
It remains to consider the case x ∈ Ω−. In this situation, Theorem 5 and Lemma 14 imply that

φ(x, t) = −φ−(x, t), where φ− solves (2) with F− = −min(F, 0) ≥ 0 and initial data −φ0. Since this
initial level-set function corresponds to the initial geometry Ω′0, the distance for applying Theorem 7 is
−D(x) in this case. This yields

x 6∈ Ωt ⇔ φ(x, t) ≥ 0 ⇔ φ−(x, t) ≤ 0 ⇔ −D(x) ≤ t ⇔ D(x) ≥ −t.

In other words,
Ωt ∩ Ω− =

{
x ∈ Ω−

∣∣ D(x) < −t
}

when taking the complement. The same can be done for the other sets as well.
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(a) The speed field, initial domain Ω0 (blue) and resulting shape evolution (black).
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(b) The composite distance D of (40).

Figure 8: Demonstration of the composite distance D of (40) and the representation formula of Corol-
lary 5 for an example with positive and negative speeds.
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The Hopf-Lax formula derived above in Corollary 5 will be used in Chapter 4 to draw some con-
clusions about the evolution of Ω0 in time. Besides these theoretical purposes, it can also be employed
directly for the numerical computation of evolved domains. This will be discussed now, particularly in
Subsection 3.5.4.

3.5 Numerical Time Evolution

In the final section of this chapter, we will discuss how the time evolution of a geometry can be numerically
calculated using our level-set framework. Subsection 3.5.1 briefly describes how explicit time stepping
can be used together with a suitable spatial discretisation to solve (2) directly. However, it is also possible
to use the Hopf-Lax formula presented before in Section 3.4 combined with the Fast Marching Method
introduced by Sethian in [76]. This yields a very efficient algorithm. We present numerical examples
computed with this approach in Subsection 3.5.4. The code written during this research, implementing
all of the aspects discussed in the following, has been released as free software. It is available as the
level-set package [59] for GNU Octave [35].

3.5.1 Explicit Time Stepping

The most straight-forward way to solve the level-set equation is to discretise (2) in space and time, after
which standard time-stepping schemes for the solution of differential equations can be applied. It is even
possible to use the simplest scheme, namely the explicit Euler method:

φk+1
i = φki −∆t · Fi

∣∣Dφki ∣∣ (41)

Here, ∆t denotes the discrete time step, φki is the discretised value of φ at time tk and some point xi of
a spatial grid, and Fi the speed F (xi) at this grid point. For two-dimensional situations, let us use the
notation xij and φkij instead. In this case, i and j correspond to row and column indices in the spatial

grid, respectively. Dφki is the spatial discretisation of ∇φ(xi, tk). Since the level-set equation propagates
a front in time, there exists an intrinsic direction for the flow of information. The discretisation scheme
for Dφki must be chosen carefully to respect this direction. This can be achieved with a so-called upwind
scheme. These are commonly used in the discretisation of hyperbolic problems (like the wave equation),
where a direction of propagation plays an important role as well.

To motivate this need further, consider the case of F = 1 and some monotonically increasing, one-
dimensional initial profile φ0. One can quickly deduce from (33) that the time evolution in this case is
just a shift of the profile to the right. The corresponding discrete situation is depicted in Figure 9. Since
the continuous behaviour leads us to expect φk+1

i = φki−1 for a time step ∆t = h, information should,
again, be propagated from left to right. In this example, we can achieve this behaviour using backward
differences, since then

φk+1
i = φki −∆t

∣∣D−φki ∣∣ = φki −∆t ·
∣∣φki − φki−1

∣∣
h

= φki−1.

Here and in the following, we use the notation

D−φi =
φi − φi−1

h
, D+φi =

φi+1 − φi
h

for backward and forward finite differences. In the two-dimensional case, D±x φij and D±y φij are used for
the differences in x and y direction, respectively. No other spatial discretisation (e. g., the commonly used
central differences) is able to reproduce the exact shift of the profile in the discrete case. Note that the
direction of the differences has to be adapted if the sign of Fi changes or if the profile is (locally) decreasing
instead of increasing. The simplest such upwind scheme, formulated now for a general situation in two
dimensions, is the following:

|Dφij | =


√(
∇+
x φij

)2
+
(
∇+
y φij

)2
if Fi ≥ 0,√(

∇−x φij
)2

+
(
∇−y φij

)2
if Fi ≤ 0, where(

∇±x φij
)2

= max(D∓x φij , 0)2 + min(D±x φij , 0)2 and
(
∇±y φij

)2
is defined similarly.

(42)
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Figure 9: Application of the upwind scheme (42) leads precisely to a shift if the initial profile is monotone.
This is what one expects for the exact solution as well.

For n 6= 2, the discretisation scheme can, of course, be generalised in the straight-forward way. This
scheme is implemented in [59] and used for the demonstration in Figure 11. It is already used in [67]
and discussed explicitly in Section 6.4 on page 65 of [77]. Let us remark that there exist also upwind
schemes of higher order, such as those described in Section III of [67]. For simplicity, we will, however,
only use the first-order scheme (42) in the following. It is sufficient for our purposes.

Figure 10 shows the numerical behaviour of the upwind scheme (42) in comparison to central dif-
ferences in two situations. For both methods, all parameters (in particular, grid size and time step)
are equal. In Figure 10a, the speed is chosen as F = 1. One can clearly see that the upwind scheme
(blue curve) leads precisely to shifts of the initial profile (black) in the proper directions (depending on
whether the profile is increasing or decreasing). The use of central differences (red line), on the other
hand, leads to large, spurious oscillations in the numerics. The same can be seen in Figure 10b: Here
F = −1 is chosen, so that the initial square shrinks over time. Again, the result with the upwind scheme
is clearly far superior to the one based on central differences.

It is also important to note that the time step ∆t must be chosen small enough to satisfy the Courant-
Friedrichs-Lewy condition

∆t ≤ c · h
Fn

, (43)

where n is the space dimension and F an upper bound for the speed. For c ≤ 1 this condition ensures
that no propagation over distances longer than a grid spacing h occurs during a single time step ∆t. This
is necessary for the finite-difference approximation to actually have a chance to converge to the exact
solution. The original discussion of this requirement can be found in Section II.2 of [24]. For a modern
reference, see Section 10.7 of [61]. The standard choice for the constant is c = 1, but different values can
be used to fine-tune the time step in special situations.

To conclude this subsection, let us give a basic numerical example: We consider a circle as the
initial domain Ω0 and let it evolve according to the speed field F = 1. This simply leads to the
circle’s radius increasing uniformly in time, so that the exact solution is known. The Hausdorff distance
(see Definition 12 below) between the exact solution and a numerical approximation obtained with the
time-stepping scheme described above is plotted in Figure 11. One can clearly see that the numerical
approximation converges to the exact solution if the time step is made sufficiently small. The minimal
error is achieved when we choose c ≈ 3. We are not fully sure why this is the case and why the error seems
to increase back to approximately h when c is decreased further. A possible explanation is that this is an
artefact from the numerical approximation of the Hausdorff distance. In particular, this approximation
relies on the signed distance functions of the two sets (see [57]). The distance function of the exact
solution is known precisely, but we have to approximate it for the numerical solution with the scheme
described below in Subsection 3.5.2. It seems very plausible that this approximation is only accurate up
to, approximately, the grid spacing h and that this leads to the observed “error” in Figure 11 for very
small time steps.
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(a) The level-set function φ for a one-dimensional situation.
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(b) The evolved domain Ωt in two dimensions.

Figure 10: Evolution of the level-set equation in time using the upwind scheme (42) (blue) as well as
central differences (red) with otherwise equal parameters.
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Figure 11: Difference between a circle evolved with time stepping and the exact solution. The x-axis
shows the time step (actually, the choice of c in (43)). The error in the resulting shape is measured via
the Hausdorff distance in units of h.

3.5.2 The Fast Marching Method

While the time stepping method described in Subsection 3.5.1 works to compute evolved geometries, we
would like to take advantage of the Hopf-Lax formula shown in Theorem 7 instead. In order to do so, the
main difficulty is the computation of the F -induced distance function d0 to the initial geometry. This
means that we have to solve the Eikonal equation (37) with boundary values prescribed on Γ0. Note
that we will assume F > 0 throughout the current subsection. Later on in Subsection 3.5.4, we make
use of Theorem 5 to discuss general speed fields. In order to arrive at a numerical approximation, we
have to define again a discretisation scheme for |∇d0(x)|. One can use (42), but it will turn out to be
more convenient to use a slightly different upwind scheme. In particular, let us use

max
(
D−x d0(xij), −D+

x d0(xij), 0
)2

+ max
(
D−y d0(xij), −D+

y d0(xij), 0
)2

=
1

F 2
ij

(44)

together with suitable conditions for boundary values as the discrete form of (37). (As before, this
equation for the two-dimensional case can be generalised to an arbitrary number of dimensions in the
straight-forward way.) This scheme is used in [72], where the following convergence result is shown: The
solution of (44) converges for h → 0+ to the viscosity solution of the Eikonal boundary-value problem
(37). It is, again, possible to define also higher-order schemes. This is discussed in Section 8.8 of [77],
but we will concentrate exclusively on the first-order scheme (44) below.

The discretisation (44) yields a quadratic equation for each grid point xij . This equation expresses
d0(xij) in terms of the values of d0 at neighbouring grid points. The resulting system of equations can
be solved iteratively by updating d0 throughout the grid, using the current values for the neighbours.
This method is applied in [72], and it turns out that no more changes are made after a finite number of
iterations. However, one can make another observation: The upwind nature of (44) ensures a specific flow
of information, similarly to the situation in Subsection 3.5.1. In particular, by construction only those
neighbouring values d0(xi±1,j), d0(xi,j±1) actually appear in (44) whose values are less than d0(xij).
Furthermore, when one uses the larger solution of the quadratic equation, the resulting value of d0(xij)
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will be not less than the neighbouring values used as inputs. Thus, if one chooses the right order of grid
points (increasing in distance to the boundary), a single iteration is enough! This observation is the
basis for the so-called Fast Marching Method introduced by Sethian in [76]. See also Chapter 8 of [77].
The implementation details used in [59] are based on the technical report [5].

Before discussing the Fast Marching Method itself, we want to introduce Dijkstra’s algorithm [32].
This is a fundamental method to find the shortest path from some initial node x0 to all other nodes of a
graph. (Actually, the algorithm computes the shortest distances to all the other nodes—corresponding
to the value function in optimal control. The shortest path itself can then be constructed easily in a
follow-up step.) The algorithm works like this:

1. Start with some set A of nodes for which the shortest distances are already known. (Initially, this
is just A = {x0} with distance zero.)

2. Try all edges that connect nodes in A to nodes not in A. Find the node y 6∈ A for which the
resulting distance to x0 is smallest.

3. Add y to A and repeat until A has grown to a connected component of the graph.

With a little consideration, one can see that this algorithm works if the graph has no edges with negative
weight. The distance calculated for y must, indeed, be the correct smallest possible value. In order to
speed up the algorithm, note that it is not necessary to start with the search for y from scratch at every
iteration: One can keep track of all points connected to A by a single edge as “candidates”. If a binary
heap (see pages 144–149 of [55]) is used to store them according to their resulting distances, it is very
efficient to find y (just use the heap’s top element). Afterwards, when y is added to A, all new nodes
that can be reached from y with a single edge are added into the heap. If some of these nodes are already
there but the path via y is shorter than the previously best one, they can be “bubbled up” in the heap
after decreasing their trial distance. Keeping this strategy in mind, it makes sense to divide all nodes
into three disjoint subsets depending on their current state in the running process:

Alive Nodes for which the shortest distance is already known definitely. This is the set A from above.

Narrow Band Nodes which are already in the heap. These are the candidates for the selection of y.
The name comes from the fact that they are connected to A with a single edge, thus forming a
“narrow band” around the alive set A.

Far Away All other nodes, for which not even a tentative distance is known yet.

But how does all this work in our situation? Unlike shortest paths on a graph, we have no explicitly
defined edges. The actual shortest path (as a continuous curve in space) connecting two arbitrary grid
points will, most of the time, not go along grid lines or through other grid points. However, in some sense
“implicit edges” can be defined: For each point that is a grid neighbour of the alive set, we can use (44)
to compute a trial distance. In other words, the narrow band is composed of all grid neighbours of the
alive set. Whenever a new point y is added to A, we add all of its neighbours in the grid (which are not
yet alive) to the narrow band and recompute their distances from (44). We follow the suggestion made
in [5] and only use distance values of neighbours that are already alive. All other points are assumed to
have a larger distance, such that the corresponding terms in (44) vanish. As before, a binary heap can
be used to keep track of all narrow-band points. An additional requirement on the used data structure
is that we must be able to recalculate the distances of neighbours of a newly-alive grid point. For this
to work out, one needs a way to quickly locate the heap entries corresponding to certain grid points.
Thus, it is necessary to add a pointer to the heap element to each grid point’s data. In the same way,
each heap element must (of course) identify the grid point it corresponds to. Hence, one needs a data
structure with a two-way mapping between heap entries and grid points.

All together, we arrive at a variant of Dijkstra’s algorithm that correctly computes the shortest
distances between grid points; this is the Fast Marching Method. With the suggested binary-heap
technique to keep track of the narrow band, its total run-time complexity is O (N logN), where N is
the total number of grid points. Considering that O (N) is the minimum requirement to even store the
distance for each grid point (let alone compute it), this is clearly a fairly efficient algorithm. See Section 4
of [76] for a proof that the distances calculated in this way actually solve our system (44) of quadratic
equations. Hence, the algorithm really results in a numerical approximation for the viscosity solution of
the Eikonal equation (37).
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3.5.3 Initialising the Narrow Band

After introducing the basic idea of the Fast Marching Method above in Subsection 3.5.2, we have yet to
discuss how the initially alive points are initialised. With them, an initial narrow band can be constructed
by updating all distances for neighbours of those initially alive points with (44). This initialisation
encodes the information about the initial geometry in a form that can be used and propagated by the
algorithm. A possible but very crude “naive” initialisation could just add all grid points inside the initial
domain Ω0 as alive with distance zero. This, however, is obviously not a very accurate method. It
is only mentioned here because we will compare it below to the more sophisticated methods that are
implemented in [59]. Let us now discuss these. We assume that all information that we have about the
initial geometry Ω0 is its level-set function φ0 on the grid points. With this knowledge, we can locate
grid cells that are intersected by the initial boundary Γ0: Whenever φ0 has not the same sign on all
vertices of a grid cell, this cell is intersected by Γ0. On such a cell, we approximate φ0 in an affine way in
each coordinate direction. In two dimensions, this corresponds to a bilinear model. From this model, we
can compute approximate intersection points between Γ0 and the grid lines. This allows us to construct
a polygonal approximation of Γ0. For instance, in the situation depicted in Figure 12a, this yields

x =
φ(c)

φ(c)− φ(b)
h, y =

φ(c)

φ(c)− φ(d)
h (45)

for the distances x and y to the grid point c. (Note that φ(c) > 0 > φ(b), φ(d) in the shown situation.)
From x and y, in turn, we may estimate d0(c): This can be done in a way similar to the distance update
of the Fast Marching Method. Except for pathological situations, it is plausible to assume that the
proper upwind discretisation of |∇d0(c)| involves differences in direction towards Γ0. Thus, (44) becomes(

d0(c)− d0(b′)

x

)2

+

(
d0(c)− d0(d′)

y

)2

=
1

F (c)2

in this case. Since b′ and d′ are, by definition, on Γ0, we know d0(b′) = d0(d′) = 0. Hence, we can solve
this equation for the unknown d0(c), which yields

d0(c)2 ·
(

1

x2
+

1

y2

)
=

1

F (c)2
⇒ d0(c) =

1

F (c)

xy√
x2 + y2

. (46)

Geometrically, this result for d0(c) corresponds to the altitude of the right triangle b′–c–d′. If we assume
that Γ0 is approximated by a straight line b′–d′, this is exactly what we expect. Furthermore, this method
of approximating d0 near Γ0 is straight-forward to apply in arbitrary dimension and fits in nicely with
the Fast Marching Method itself. Thus, it is used as the standard initialisation method in [59].

There are, however, situations when this method does not produce the desired result. For instance,
consider Figure 12b: In this case, the standard initialisation method will set b and d to be initially
alive. Let us, for the sake of simplicity in this demonstration, assume that the grid spacing is h = 1
and that the intersections with Γ0 lie precisely at the midpoints of the grid edges. Furthermore, we
assume F (b) = F (c) = F (d) = 1. In this situation, the standard initialisation method based on (44)
yields d0(b) = d0(d) = 1/2. The point c, which is “diagonally away” from the initial boundary Γ0, is not
initialised. Instead, d0(c) will be calculated from d0(b) and d0(d) during the Fast Marching procedure
itself. For our example situation, one can easily see that the final result will be

(d0(c)− d0(b))2 + (d0(c)− d0(d))2 = 1 ⇒ d0(c) =
1

2
+

√
1

2
.

On the other hand, the actual distance of c, if we assume again that Γ0 is approximated by the straight
line b′–d′, is different: Using basic geometry, one finds that this distance is 3/

√
8. This effect is also

observed in Section 4 of [5]. There, it is attributed to the fact that the Fast Marching Method as
formulated by us does not account for curvature in the front. This can be overcome by using a higher-
order discretisation instead of (44). However, we suggest the following alternative initialisation method
instead: Construct the boundary polygon and use it to initialise the distances for vertices of boundary
grid cells. Each such point is set to be initially alive, with d0 given by the Euclidean distance to the
boundary polygon weighted by the local value of the speed field. This distance can be computed exactly
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(a) Initialisation of d0(c) via (44).
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(b) The case of a “diagonally away” point.

Figure 12: Initialisation of the narrow-band values for a single grid cell. Full dots are grid points inside
of Ω0, non-filled dots are outside of the initial domain.

by looking at the edges of the boundary polygon in (at most) all four grid cells adjacent to the vertex
in question. In our situation of Figure 12b, d0(b), d0(d) and d0(c) will be initialised from the edge b′–d′.
For two space dimensions, this method is implemented in [59] and can optionally be used instead of the
standard initialisation procedure.

We will now compare both methods (as well as the “naive” method described in the beginning of this
subsection) to each other. For this, we chose a coarse grid so that introduced artefacts are larger. On this
grid, we performed various shape evolutions utilising the different initialisation schemes. The results are
shown in Figure 13 and Figure 14: The simplest situation is Figure 13a. There, the smaller black circle is
propagated to grow to the larger one. Both the standard initialisation (blue) and the initialisation using
the boundary polygon (green) perform very well, despite the coarse grid. Only the naive initialisation
is clearly not as good, which does not come as a big surprise. For Figure 13b, the black circle was
repeatedly shrunk and grown again by h/10. To achieve this effect, we solved the Eikonal equation (37)
for alternating positive and negative speed fields. Since these evolutions cancel out exactly, the expected
final result is the initial black curve itself. Note that movements of the boundary by less than a grid
spacing are, of course, already a quite difficult situation for the numerical approximation. Despite this
fact, both methods performed relatively well. The standard initialisation lies closer to the exact result
than the initialisation from the boundary polygon, but the green curve leads to less distortions of the
geometry itself. Depending on the problem, this may be a desirable property. Due to the limitations
described below, this test makes no sense for the naive initialisation method. Figure 14, finally, shows
the same growth as Figure 13a, but now performed as a series of 10 or 100 smaller steps. Here again,
each small step moves the boundary by (much) less than a grid spacing, after which the narrow band
is reinitialised for the new initial shape. Note that the naive initialisation is not able to capture any
movements smaller than a grid cell at all and repeatedly cancels out all growth during the previous
step, so that the only growth visible in the end is the one during the very last step alone. This explains
why the red curve shows no meaningful growth with respect to the initial geometry at all. Both other
methods work quite well. Figure 14b leads to a similar conclusion as Figure 13b: Initialisation from the
boundary polygon gives a more faithful representation of the geometry, while the standard initialisation
yields a result that is closer to the exact solution. Note, though, that the latter effect is not universal.
For Figure 14a, for instance, the green curve is clearly a better approximation in all aspects than the blue
one. All in all, we can conclude that both proposed initialisation methods have their merits and work
quite well. Depending on the actual situation, one or the other may be more suitable. For the shape-
optimisation problems solved later, the initialisation based on the boundary polygon usually performed
better in our numerical experiments. For these problems, it is seemingly beneficial to avoid artificial
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distortions as much as possible.
Sethian proposes an entirely different initialisation scheme in [77]: One can start from some initial

level-set function φ0 of Ω0 and perform time stepping on it as described in Subsection 3.5.1. Then, for
points near to the initial boundary, d0 can be initialised by the time at which the evolving front arrives.
Ideally, this only requires time stepping to be performed for a very short time interval. Afterwards, the
Fast Marching Method can be used to calculate the distances of points further away from Γ0. We did
not implement this, though, since it seems overly complicated. Furthermore, especially for a situation
where the magnitude of F varies greatly, one may be forced to perform a large number of time steps.
This, somehow, negates the entire purpose of Fast Marching. A further justification of our decision is the
following thought: Consider again the situation of Figure 12a for the initialisation of d0(c). As before, it
is plausible to assume that the upwind discretisation of |∇d0(c)| consists of the finite differences towards
Γ0. In this situation, the time step (41) with the upwind discretisation (42) is given by

φk+1(c) = φk(c)−∆t · F (c) ·

√(
φk(c)− φk(b)

h

)2

+

(
φk(c)− φk(d)

h

)2

.

If we express this again by x and y of (45) and require that φk+1(c) = 0, we can calculate the arrival
time of the moving front at c:

d0(c) = ∆t =
1

F (c)

xy√
x2 + y2

This result, however, is precisely what one gets also from the standard initialisation (46). We would
like to stress, though, that this is not a conclusive proof that Sethian’s method is precisely the same
as the one we propose. (Which is, depending also on the implementation details, not true in general.)
But it gives a good indication that both methods are related. Given that both time stepping and the
initialisation from the Fast Marching update equation (44) rely on a similar upwind discretisation, this
is not surprising.

3.5.4 Composite Fast Marching

Having discussed the Fast Marching Method now in detail, we know how the Eikonal equation for d0

can be solved numerically for the case F > 0. This, finally, allows us to numerically construct evolved
domains Ωt by putting all pieces of the puzzle together: Let φ0 be given as a level-set function of the initial
geometry Ω0 and F : Rn → R as a speed field with arbitrary signs. In order to handle positive as well as
negative speeds, we use Corollary 5 (based on Theorem 5) to combine results in Ω+ = F−1 ((0,∞)) with
results in Ω− = F−1 ((−∞, 0)). This leads us to a Composite Fast Marching method. In particular, we
employ Fast Marching twice: Once in Ω+ and once in Ω−, where −F is used as a second (again positive)
speed field. In this way, we are able to construct D as defined in (40) numerically on Ω+∪Ω−. Whenever
a connected component of Ω+ or Ω− does not contain parts of Γ0, it may happen that Fast Marching
is not able to calculate distances to all points in this connected component. If this is the case, it means
that no admissible paths exist to those points. We set D to ±∞ there. This method is implemented
in ls solve stationary of [59]. Let us also refer to [19], which presents a further generalisation of the
Fast Marching Method to speed fields with arbitrary signs that may even depend on time. We will,
nevertheless, stick to our method of handling sign changes in the speed field based on Theorem 5. Since
we are not interested in time-dependent speeds, this seems more natural and easier to implement. It is,
furthermore, useful for theoretical conclusions in Chapter 4 as well, not just for numerical computations.

With D computed, it is straight-forward to give a level-set function φ(·, t) for the evolved shape Ωt
at any time t > 0: Following Corollary 5, we may choose

φ(x, t) =

 D(x)− t if F (x) > 0,
φ0(x) if F (x) = 0,

D(x) + t if F (x) < 0.
(47)

This is the level-set function returned by ls extract solution of [59]. Note that φ defined in this way
may contain infinite values if D is computed as described above. Since only the sign of φ is relevant
from the geometrical perspective of encoding Ωt, this is fine. Also our code in [59] is designed to handle
infinite values in level-set functions well. If one does not want to do that, however, it is straight-forward
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(a) Growth in a single propagation step.

Standard

NB from Geom

Exact

(b) 50 repetitions of shrinking and growing, cancelling each other out.

Figure 13: Demonstration how the shape evolution depends on the method used to initialise the narrow
band. The black curve shows the exact initial and expected final shapes. Red is the numerical result using
the “naive” initialisation and blue for the generic initialisation method based on the update equation
(44). The green line shows the result if the boundary polygon is used to initialise the narrow band.
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(a) Growth in 10 small steps.
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(b) Growth in 100 small steps.

Figure 14: Continuation of Figure 13. We show the evolution of Figure 13a, but now the propagation is
done in a series of small steps. Note that each small step moves the boundary by less than a grid spacing
(especially in the bottom).
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Figure 15: Evolution of a circle (blue) in a speed field with sign changes. The speed field is indicated by
the colour map in the background. The black lines show the evolved shapes Ωt for various times t > 0.
Note the splitting of components at the last shown time. See also Figure 2.

to adapt our method in such a way that values of φ are always finite. Let us now also point out a very
nice property of this method for evolving Ω0 in time: The most expensive part of the calculation is the
construction of D. (But also that is quite efficient with Fast Marching, as discussed in Subsection 3.5.2.)
This computation does not depend on t. The explicit time is only required in the final step, when
we apply (47). This last step, though, requires nothing more than a simple evaluation of (47) and is
thus very cheap. Consequently, our method is especially efficient if Ωt must be computed at multiple
times t for a single speed field F . This is, for instance, the case when performing line searches during a
shape-optimisation procedure such as the one discussed below in Section 6.3.

Let us now, finally, present computational results for several speed fields and geometries: Figure 2,
Figure 8a, Figure 15 and Figure 16 all show geometrical evolutions calculated with our implementation
of Composite Fast Marching in [59]. These examples show very well that the method is robust and
flexible, so that it can handle various situations including sign changes in F . Even discontinuities of the
speed field pose no numerical problems in these examples. We have to point out, though, that we have
no theoretical justification for using speed fields that are not Lipschitz continuous.
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(a) Refraction from thinner to denser medium.
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(b) Diffraction around an obstacle.

Figure 16: Continuation of Figure 15. Movement of a front (shown in blue at the initial position) through
a medium with varying speed of propagation.
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4 Conclusions from the Hopf-Lax Formula

Let us now discuss some important conclusions from and applications of the Hopf-Lax representation
formula shown above in Theorem 7 and Corollary 5. Equipped with this powerful tool, we are now able
to derive new results about non-fattening, shape-sensitivity analysis, Lipschitz continuity of the evolved
level-set function φ and the effect of perturbations in the speed field or initial domain. These results are
published in [56] and will also be presented below. Particularly the shape calculus of Section 4.2 is very
important for level-set based shape optimisation. In addition to the results also given in [56], we include
considerations about the Hausdorff distance between evolved surfaces and the reachability of shapes with
our speed method at the end of this chapter. They are also of particular interest for shape optimisation.

4.1 Measure-Theoretic Non-Fattening

When the level-set approach is used to describe geometries, the set Γt as given in Definition 1 is usually
thought of as the “boundary” of the geometry one is interested in. With this interpretation, one definitely
does not want Γt to become “fat” in any way (for instance, developing interior points or having non-
zero measure). A classical result showing non-fattening in the former, topological sense under certain
conditions is presented in [8]. We are not aware of any results with respect to the latter, measure-
theoretic notion of non-fattening. Based on the representation of the evolving sets derived in Theorem 7,
the issue of non-fattening can now be investigated with relative ease.

Lemma 34. Let Ω+ = F−1 ((0,∞)) as before, C ⊂ Ω+ be a connected component and assume that d0

is finite on C. Then d0 is locally Lipschitz continuous on C and, in particular, differentiable almost
everywhere in C. The same holds for d′0.

Proof. We can assume F ≥ 0 throughout Rn without loss of generality, as we only consider Ω+ anyway.
We also restrict ourselves to d0 here; the same arguments can be applied for d′0 as well. Note that if local
Lipschitz continuity is shown, differentiability almost everywhere follows by Rademacher’s theorem (see
Theorem 2 on page 81 of [37]).

Let X ⊂ C be compact and convex. Since F is continuous, we can introduce F > 0 as the minimum
of F over X. We will show now that d0 has the Lipschitz constant L = 1/F on X. For this, let x, y ∈ X
be given. We can choose x0 ∈ Γ0 ∪ Ω0 with d0(x) = d (x, x0) by Lemma 33. Note also that d0(x) < ∞
according to our assumption, and that d (x, y) ≤ L |x− y| as shown in Lemma 23. Thus, the triangle
inequality implies

d0(y) ≤ d (y, x0) ≤ d (y, x) + d (x, x0) ≤ d0(x) + L |x− y| .

If we exchange the roles of x and y, the same argument can be applied to derive an estimate the other
way round. Taking both inequalities together, we get |d0(x)− d0(y)| ≤ L |x− y|.

As a next step, recall the Eikonal equation (37) with boundary values on Γ0 ∪ Ω0. Without any
mathematical analysis, we have used it to motivate the distance d0 from Definition 11. Now, we will see
that d0 actually solves the equation in a certain sense. This turns out to be a useful tool for the proof of
our non-fattening result Theorem 8. Of course, corresponding properties always also hold for d′0 when
the boundary values are prescribed on Ω0 instead of Γ0 ∪ Ω0.

Lemma 35. The function d0 is a viscosity supersolution of (37).

Proof. Recall that
d0 = inf

y∈Γ0∪Ω0

dy

is defined as pointwise infimum of a family of functions dy(·) = d (·, y). Each dy is a viscosity solution
of (30) according to Theorem 6. Thus their infimum is also at least a viscosity supersolution of the
equation. (See, for instance, Lemma 2.4.5 on page 101 of [41] for this well-known property of viscosity
solutions. Compare also Lemma 7 above, which was shown for the parabolic case.) Since d0(x) ≥ 0
is fulfilled for all x ∈ Rn, it holds, in particular, for x ∈ Γ0 ∪ Ω0. This shows that also the boundary
condition is satisfied.

Lemma 36. The function d0 solves (37) almost everywhere. In particular, F (x) |∇d0(x)| = 1 for all
x ∈ Ω+ \ (Γ0 ∪ Ω0) at which d0 is differentiable.
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Proof. Fix x ∈ Ω+ \ (Γ0 ∪ Ω0) such that d0(x) < ∞ and ∇d0(x) exists. Note that F (x) |∇d0(x)| ≥ 1
according to Lemma 35 and thus also, in particular, ∇d0(x) 6= 0. We have to show F (x) |∇d0(x)| ≤ 1.
Define p0 = ∇d0(x)/ |∇d0(x)| and note that |∇d0(x)| = ∇d0(x) · p0, which is the directional derivative
of d0 in direction p0. For ε > 0, consider Bε (x). If ε is small enough, this is a compact and convex
subset of Ω+, so that Lemma 34 yields that d0 is Lipschitz continuous on Bε (x). The Lipschitz constant
is Lε = 1/F ε, where F ε = min

y∈Bε(x)
F (y). By continuity of F , Lε → 1/F (x) as ε→ 0+. Hence

|∇d0(x)| = ∇d0(x) · p0 = lim
ε→0+

d0(x+ εp0)− d0(x)

ε
≤ lim
ε→0+

|d0(x+ εp0)− d0(x)|
ε

≤ lim
ε→0+

Lε =
1

F (x)
,

which completes the proof.

Lemma 36 will be strengthened below in Lemma 52, where we are also able to provide directional
information about ∇d0 along optimal paths. The advantage of Lemma 36, however, is that its statement
is true whenever ∇d0 exists. The later result only applies along the path, which is of no help for our
analysis of non-fattening as the image of the path has measure zero.

We now need a general lemma about the measure of level sets of Lipschitz continuous functions:

Lemma 37. Let Ω ⊂ Rn and f : Ω→ R be Lipschitz continuous. Then

vol
(
f−1 ({0})

)
= vol ({x ∈ Ω | f(x) = 0 and f is differentiable at x and ∇f(x) = 0}) , (48)

where vol (·) denotes the n-dimensional Lebesgue measure of the preimage sets.

Proof. This follows immediately from Lemma 7.7 on page 152 of [42].

Lemma 37 shows that if a level set of some Lipschitz continuous function “fattens” in measure, then
there must also exist a set of positive measure on which its gradient exists and vanishes. This can not
happen for our case of d0, since we know that it solves (37) almost everywhere. This is the central
argument in the proof of our main non-fattening result:

Theorem 8. Let vol (Γ0) = 0. Then vol (Γt) = 0 for all t ≥ 0.

Proof. Note first that vol (Γ0) = 0 implies, in particular, Ω0 = Γ0 ∪ Ω0. If this were not the case, then
Γ0 would have interior points and thus non-zero measure. We now apply Corollary 5 to express Γt and
calculate its measure. Note that the part Γt ∩Ωz = Γ0 ∩Ωz can be ignored, since it has zero measure by
assumption. Thus, consider Γt ∩ Ω+ = D−1 ({t}) first. Since D = d0 in Ω+, Lemma 34 and Lemma 36
apply. These results together imply that ∇D(x) 6= 0 for almost all x ∈ Γt ∩Ω+. Consequently, it follows
from Lemma 37 that vol (Γt ∩ Ω+) = 0. The same argument can also be used for vol (Γt ∩ Ω−), so that
we have finally shown vol (Γt) = 0.

We conclude this section by using our representation formula to show non-fattening also in a topo-
logical sense. This result is similar to the classical result of [8]. Note, however, that our result concerns
the sets for each instant in time separately, while the result of [8] considers the topological properties of
the evolving sets in space-time. The property that we show is strictly stronger, although [8] considers a
more general situation.

Theorem 9. Let F ≥ 0 and assume that Ω0 = Γ0 ∪ Ω0. Then Ωt = Γt ∪ Ωt for all t ≥ 0.

Proof. Note that Ωt ⊂ Γt ∪Ωt follows immediately from Definition 1 because φ is continuous. Hence, we
only have to show Γt∪Ωt ⊂ Ωt. Let us use Theorem 7 to express the evolving sets. The case F (x) = 0 is
easy: If x ∈ Γt ∪Ωt, then x ∈ Γ0 ∪Ω0 since these sets are stationary in time on Ωz. Hence x ∈ Ω0 ⊂ Ωt
by assumption. (Recall that F ≥ 0 implies monotonic growth of the domains according to Lemma 13.)

For the remaining case, let x ∈ (Γt ∪ Ωt) ∩ Ω+. Since nothing is to be shown if x ∈ Ωt, assume
that x ∈ Γt. Thus d0(x) = t by Theorem 7. Lemma 33 implies that there exists x0 ∈ Γ0 ∪ Ω0 with
d0(x) = d (x0, x) = t. Assume that x 6∈ Ωt, which means that there exists δ > 0 with Bδ (x) ⊂ Ω+ \ Ωt.
In other words, d0(y) ≥ t for all y ∈ Bδ (x). Note that this also implies d (x0, y) ≥ t for all those y,
since d0(y) ≤ d (x0, y). Consider now the closed set X = Rn \ Bδ (x), for which we know x0 ∈ X and
d (x0, y) ≥ t for all y ∈ ∂X = ∂Bδ (x). Thus Lemma 26 implies d (x0, x) > t, which is a contradiction.
Hence we have shown x ∈ Ωt.
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For the case of F ≤ 0, a similar statement can be shown by applying Lemma 14 and taking comple-
ments of all involved sets:

(Γ0 ∪ Ω0)◦ = Ω0 ⇒ (Γt ∪ Ωt)
◦ = Ωt

It is, however, not possible to get both results at the same time, and also not to get one of them for
changing sign of F . This is demonstrated by the following example:

Example 7. Let φ0(x) = |x| − 1, such that Ω0 = B1 (0) and Γ0 = ∂Ω0. Choose F ≤ 0 with compact
support and Lipschitz continuous such that F (x) = −1 for all x ∈ B1+ε (0) with some ε > 0. Then
Ωt = B1−t (0) is a shrinking circle that disappears for t ≥ 1 entirely. This implies that we have, for t = 1,
Γ1 ∪ Ω1 = {0} 6= Ω1 = ∅.

Similarly, if we choose Ω0 to be B2 (0) \ B1 (0) and F ≥ 0 with supp (F ) ⊂ B2 (0) and F (x) = 1
for all x ∈ B1+ε (0), then Ωt = B2 (0) \ B1−t (0) and the hole disappears at t = 1. In this case,
(Γ1 ∪ Ω1)◦ = B2 (0) 6= Ω1 = B2 (0) \ {0}.

4.2 Shape Sensitivity of Domain Functionals

If one considers a functional depending on the evolving sets, one is often also interested in its derivative
with respect to time in the shape propagation. This leads to shape derivatives, which form the foun-
dation for level-set based schemes for shape optimisation as investigated in this work. In the applied
literature such as [34], [75] and [80], the shape-sensitivity formulas are not always rigorously justified or
rely on smoothness assumptions on the domain which may not be fulfilled in practice. Based on our
representation formula of Corollary 5, we are able to rigorously derive such a shape derivative for an
important class of domain functionals. This result can be applied to the mentioned and other problems.
We will do so later in Chapter 6 and Chapter 8. Note specifically that our shape calculus requires no
regularity assumptions on the domain Ω besides being an open set and having a boundary with measure
zero. We are not aware of any other result that has this feature. Recall also that we use a scalar speed
field, which defines the direction of movement via the normal direction of the domain itself. Classical
shape-sensitivity analysis as discussed, for instance, in Chapter 9 of [30] usually requires a vector-valued
velocity field which is completely independent of the geometry. This is a much stronger assumption
than ours: Consider, for instance, the simple case F = 1 and some initial Ω0 that has a corner (e. g.,
a square). Our approach is perfectly able to handle this situation, since the scalar speed field is obvi-
ously completely smooth in this situation. A corresponding velocity field describing the same outward
movement, however, must necessarily be discontinuous at the corner due to the discontinuous normal
direction there. Thus, standard shape calculus is not applicable for such a propagating geometry.

In this section, we will always assume that vol (Γt) = 0 holds for all times as per Theorem 8. For
f ∈ L1

loc(Rn), we define the domain functional

j(t) =

∫
Ωt

f dx.

With the help of the co-area formula (Theorem 2 on page 117 of [37]) and Corollary 5, the functional
j(t) can be expressed in terms of the composite distance D defined in (40):

Theorem 10. If Corollary 5 holds for Ωt, then

j(t) = j(0) +

∫ t

0

∫
Ω+∩D−1({s})

Ff dσ ds+

∫ t

0

∫
Ω−∩D−1({−s})

Ff dσ ds (49)

for all t ≥ 0. Based on (40), this expression can also be written more compactly as

j(t) = j(0) +

∫ t

−t

∫
D−1({s})

Ff dσ ds.

Proof. For t = 0, the claim is clear. So assume t > 0 fixed now. We use the decomposition of Ωt that is
given in Corollary 5 as well as the representation

j(t) = j(0) +

∫
Ωt\Ω0

f dx−
∫

Ω0\Ωt
f dx. (50)
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Note further that
Ωt \ Ω0 = Ω+ ∩D−1 ((0, t))

is the part of Ωt that an outward-moving boundary has created over time, while

Ω0 \ Ωt = Ω− ∩D−1 ((−t, 0))

is the subset that an inward-moving boundary has removed from Ω0.
Consider the first of these sets now and recall thatD is locally Lipschitz continuous on Ω+∩D−1 ((0, t))

according to Lemma 34. Furthermore, |∇D(x)| = 1/F (x) holds for almost all x ∈ Ω+ ∩ D−1 ((0, t))
because of Lemma 36. Let (Ak)k∈N be a sequence of compact subsets of Ω+ ∩D−1 ((0, t)) converging in
measure to Ω+ ∩D−1 ((0, t)) as k → ∞. Such a sequence exists by regularity of the Lebesgue measure
(Theorem 2.20 on page 50 of [74]). Since these sets are compact, D is Lipschitz continuous when restricted
to each Ak. We define χk to be the characteristic function of Ak, χ that of Ω+ ∩ D−1 ((0, t)) and set
gk = χkFf . Then gk ∈ L1(Rn) for each k ∈ N since F has compact support. Also, χk → χ as k →∞ in
L1(Rn). Hence the co-area formula yields∫

Ak

f dx =

∫
Rn
|∇D| gk dx =

∫
R

∫
D−1({s})

χkFf dσ ds =

∫ t

0

∫
Ak∩D−1({s})

Ff dσ ds.

Using Lebesgue’s dominated convergence theorem, we can pass the limit k →∞ to obtain∫
Ω+∩D−1((0,t))

f dx =

∫ t

0

∫
Ω+∩D−1({s})

Ff dσ ds.

For the set Ω− ∩D−1 ((−t, 0)), basically the same argument can be applied when we take the correct
signs into account. As above, we proceed assuming that D is Lipschitz continuous by using suitable
compact cut-off sets and the dominated convergence theorem. Here, χ is the characteristic function of
Ω−∩D−1 ((−t, 0)) and we define g = χ |F | f = −χFf . Then |∇D(x)| = 1/ |F (x)| = −1/F (x) for almost
all x ∈ Ω− ∩ D−1 ((−t, 0)), since −D is the solution for speed |F | = −F in this part of the domain
according to (40). Hence, again using the co-area formula, we get:∫

Ω−∩D−1((−t,0))

f dx =

∫
Rn
|∇D| g dx =

∫
R

∫
D−1({s})

χ |F | f dσ ds

= −
∫ 0

−t

∫
Ω−∩D−1({s})

Ff dσ ds = −
∫ t

0

∫
Ω−∩D−1({−s})

Ff dσ ds

Using this now in (50) gives the correct term of (49).

As an immediate corollary of Theorem 10, the shape derivative of j can be calculated in direction of
a particular deformation described by a speed field F . This quantity is often called Eulerian derivative
in the literature (see Section 2.11 of [78]).

Corollary 6. The functional j is differentiable for almost all t ≥ 0 and the derivative is given by

j′(t) =

∫
Ω+∩D−1({t})

Ff dσ +

∫
Ω−∩D−1({−t})

Ff dσ. (51)

Proof. This follows by using the Lebesgue differentiation theorem (Theorem 13.15 on page 278 of [85])
on j in the form of (49), where the dependence on t is only in the upper bound of the one-dimensional
outer integral. The co-area formula guarantees that the integrand is really a function of L1(R) as is
required for the differentiation theorem.

Note that the argument employed by the proof of Corollary 6 unfortunately only implies differentia-
bility for almost all times and not full differentiability at every t. For this, one would have to show in
addition that the derivative given in (51) can be continuously extended to all t ≥ 0. This question will
be discussed (and partially resolved) in Chapter 5 below. See also Lemma 63. For shape optimisation
based on a gradient-descent scheme as investigated in Chapter 6, particularly j′(0) would be interesting.
It is not clear by Corollary 6 alone, though, that this derivative exists. Hence, our subsequent analysis
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will be based on Theorem 10 instead of Corollary 6, so that we can formulate results that hold without
an “almost all” qualification. These results state absolute continuity of the shape functionals. This, in
turn, allows to deduce the existence of a weak almost-everywhere derivative in the same way as done in
the proof of Corollary 6.

For the remainder of this section, we assume for simplicity that F ≥ 0 is non-negative. It is straight-
forward to apply the full statement of Theorem 10 in order to generalise the results to arbitrary signs of
F . For a fixed speed field F , let Ωt and Γt describe the evolved domain as per Theorem 7. We consider
now a more general shape functional

J(t) = J(Ωt) =

∫
Ωt

f(x,Ωt) dx. (52)

The integrand f(·,Ω) is assumed to be integrable for any fixed domain Ω. Furthermore, let us, for now,
assume that it has a weak shape derivative f ′ in the sense that

f(x,Ωt) = f(x,Ω0) +

∫ t

0

f ′(x,Ωs) ds (53)

holds for all x ∈ Rn and t ≥ 0. The function f ′(·,Ω) must also be integrable for all fixed domains Ω.
Under these assumptions, we can derive a total shape differential :

Corollary 7. Let J and f be as above. Then J is absolutely continuous, i. e.,

J(t) = J(0) +

∫ t

0

J ′(s) ds = J(0) +

∫ t

0

(∫
Γs

Ff(x,Ωs) dσ +

∫
Ωs

f ′(x,Ωs) dx

)
ds. (54)

Proof. By integrating (53) over Ωt, we find

J(Ωt) =

∫
Ωt

f(x,Ω0) dx+

∫
Ωt

∫ t

0

f ′(x,Ωs) ds dx.

Applying Theorem 10 to the first term (where Ω0 is now fixed) and Fubini’s theorem to the second, this
further yields

J(Ωt) = J(Ω0) +

∫ t

0

∫
Γs

Ff(x,Ω0) dσ ds+

∫ t

0

∫
Ωt

f ′(x,Ωs) dx ds.

Note that this result already looks almost like the claimed (54). However, it has Ω0 instead of Ωs in the
middle term and Ωt instead of Ωs in the last one. Consequently, it remains to show that∫ t

0

∫
Γs

F (f(x,Ωs)− f(x,Ω0)) dσ ds =

∫ t

0

(∫
Ωt

f ′(x,Ωs) dx−
∫

Ωs

f ′(x,Ωs) dx

)
ds.

With the corresponding shape derivatives for the differences, we can turn this equation into∫ t

0

∫
Γs

F

∫ s

0

f ′(x,Ωτ ) dτ dσ ds =

∫ t

0

∫ t

s

∫
Γτ

Ff ′(x,Ωs) dσ dτ ds. (55)

Using Fubini’s theorem again on the left-hand side and renaming s and τ on the right-hand side, this is
further equal to ∫ t

0

∫ s

0

∫
Γs

Ff ′(x,Ωτ ) dσ dτ ds =

∫ t

0

∫ t

τ

∫
Γs

Ff ′(x,Ωτ ) dσ ds dτ.

Since both sides of this equation only express different ways to integrate over the same right triangle in
the (s, τ)-plane, this shows that (55) and thus the claim are true.

Our result (54) matches the classical formulas for shape derivatives. Compare it, for instance, to
(2.168) on page 113 of [78]. Note, however, that we were able to obtain it without employing domain
transformations and without requiring regularity of the domain! To conclude this section, let us now
investigate under which conditions (53) holds for a special class of shape-dependent integrands. For this,
we first need a general-purpose chain rule for absolutely continuous functions:
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Lemma 38. Let f : Rk → R be continuously differentiable and g1, . . . , gk : R→ R be absolutely continu-
ous. We consider

h : R→ R, h(t) = f(g1(t), . . . , gk(t)).

Then h is also absolutely continuous and

h′(t) =

k∑
i=1

∂if(g1(t), . . . , gk(t)) · g′i(t). (56)

Proof. This follows from part (ii) of Theorem 4 on page 129 of [37].

In applications such as the one discussed in Chapter 6, it is common that the shape dependence of
the integrand f is due to some number of shape-dependent quantities. For instance, the integrand may
depend on the volume vol (Ω) of the current domain or other, related values. For these integrands, we
can use the results above to derive their shape derivatives as well. In particular, we are interested in
integrands of the form

f(x,Ω) = f(x,Q1(Ω), . . . , Qk(Ω)). (57)

If the Q’s have shape derivatives themselves, Lemma 38 can be used together with Corollary 7. In this
situation, J is again absolutely continuous with respect to t and we get

J(t) = J(0) +

∫ t

0

(∫
Γs

Ff dσ +

k∑
i=1

∫
Ωs

∂if ·Q′i dx

)
ds. (58)

Thus, if all the Q’s are domain functionals of the form (52), (57) themselves, we can recursively apply
(58) to find shape derivatives. As long as there are no circular dependencies among the various shape-
dependent quantities (i. e., the dependency graph is a tree), this process will work fine.

4.3 Lipschitz Continuity with Optimal Constants

It is a well-known fact that viscosity solutions of an initial-value problem (like the level-set equation (2))
often preserve Lipschitz continuity of the initial function φ0. Usually, this property is deduced from the
comparison principle. See, for instance, Theorem 3.5.1 on page 139 of [41] or the related result in [50]
for bounded domains. Following a slightly different route, we can also use our representation formula
(33) to show Lipschitz continuity of φ both in time (see Theorem 11) and spatially (in Theorem 13).
Based on the construction given in Example 8, we can even demonstrate that our results are sharp. Let
us specifically emphasise that the results of this section are only based on the explicit representation
formula (33) for φ and do not rely on the fact that φ is a viscosity solution of the level-set equation.
This closes the gap we left open so far in Section 3.3, where we did not yet show continuity of the value
function V = φ.

Before we can show Lipschitz continuity of φ in time, we have to consider how admissible points in
the minimum of (33) change if the upper bound t is modified.

Lemma 39. Let F (x) ≥ 0 for some x ∈ Rn. Assume that |F | ≤ F , xt ∈ Rn and s, t ≥ 0 with
d (x, xt) ≤ t. Then there exists xs ∈ Rn with d (x, xs) ≤ s and |xs − xt| ≤ F |t− s|.

Proof. Consider first the trivial case s = 0: We can pick xs = x and know by Lemma 20 that∣∣xs − xt∣∣ =
∣∣x− xt∣∣ ≤ F · d (x, xt) ≤ Ft = F |t− 0| .

Thus, assume now s > 0. Similarly, also the case s ≥ d (x, xt) is trivial, as one can choose xs = xt.
Consequently, we assume further s < d (x, xt) ≤ t from now on. Choose a minimising path ξ ∈ Xad (x, xt)
with l(ξ) = d (x, xt). Since ξ and d are continuous, we know that τ 7→ d (x, ξ(τ)) is continuous as well
and ranges from zero at τ = 0 to d (x, xt) > s at τ = 1. Thus, the intermediate-value theorem implies
the existence of τ0 ∈ (0, 1) and xs = ξ(τ0) with d (x, xs) = s. Denote by ξ̃ the part of ξ between xs and
xt, i. e., for times in [τ0, 1]. Then we get

d (x, xs) + l(ξ̃) = s+ l(ξ̃) ≤ l(ξ) ≤ t
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since d (x, xs) is the shortest distance between x and xs, while the initial part of ξ is just a particular
path. Hence we get also

l(ξ̃) ≤ t− s = |t− s| ,

which further implies that ∣∣xs − xt∣∣ ≤ F · l(ξ̃) ≤ F |t− s| .
Theorem 11. Let |F | ≤ F on Rn. Then

|φ(x, s)− φ(x, t)| ≤ Lφ0
F · |t− s|

for all x ∈ Rn and s, t ≥ 0.

Proof. Let x ∈ Rn and s, t ≥ 0. If F (x) = 0, then φ(x, t) = φ(x, s) = φ0(x), thus this case is trivial.
If F (x) < 0, we can use Lemma 14 to reduce the situation to the case of F (x) > 0. Thus, assume
F (x) > 0 without loss of generality now. Pick xt as minimiser of (33), such that φ(x, t) = φ0 (xt) and
d (x, xt) ≤ t. Using Lemma 39, we can define xs corresponding to s. Then, using again (33) and the
Lipschitz continuity of φ0, we get

φ(x, s) ≤ φ0 (xs) ≤ φ0

(
xt
)

+ Lφ0

∣∣xs − xt∣∣ ≤ φ(x, t) + Lφ0
F · |s− t| .

Using a symmetric argument with s and t exchanged completes the proof.

Next, we can show spatial Lipschitz continuity in terms of the distance d. This is a consequence of
(33) and Lipschitz continuity in time. Note that d is itself Lipschitz continuous where F is bounded
away from zero (recall Lemma 23). Consequently, Theorem 12 below actually gives a Lipschitz constant
that is uniform for all times in these cases. However, where F may become zero or change its sign, this
result makes no statement and the subsequent Theorem 13 must be applied instead.

Theorem 12. Let x, y ∈ Rn, t ≥ 0 and |F | ≤ F . Denote by L = Lφ0
F the temporal Lipschitz constant

of φ according to Theorem 11. Then

|φ(x, t)− φ(y, t)| ≤ L · d (x, y) .

Proof. The claim is trivial if x = y, so assume x 6= y. Moreover, if F (x) = 0, F (y) = 0 or they have
different signs, then d (x, y) = ∞ and nothing is to be shown. The case F (x), F (y) < 0 can be reduced
to F (x), F (y) > 0 with the help of Lemma 14, so assume F (x), F (y) > 0 from now on. For the trivial
case of t = 0, we get

|φ(x, 0)− φ(y, 0)| = |φ0(x)− φ0(y)| ≤ Lφ0
|x− y| ≤ Lφ0

F · d (x, y) ,

where the last estimate is due to Lemma 20.
Consider now t > 0 and note that φ is given by (33). If we choose xt and yt as minimisers for φ(x, t)

and φ(y, t), respectively, we get

φ(x, t) = φ0

(
xt
)
, φ(y, t) = φ0

(
yt
)

and max
(
d
(
x, xt

)
, d
(
y, yt

))
≤ t.

Define s = d (x, yt) and note that our assumption of Lipschitz continuity of φ in time gives

φ(x, t)− L |t− s| ≤ φ(x, s) ≤ φ0

(
yt
)

= φ(y, t),

so that further
φ(x, t) ≤ φ(y, t) + L

∣∣t− d (x, yt)∣∣ .
Consider first the case d (x, yt) ≥ t. Then∣∣t− d (x, yt)∣∣ = d

(
x, yt

)
− t ≤ d (x, y) + d

(
y, yt

)
− t ≤ d (x, y) ,

which gives
φ(x, t) ≤ φ(y, t) + L · d (x, y) .
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In the second case of d (x, yt) < t, we get

φ(x, t) ≤ φ0

(
yt
)

= φ(y, t) ≤ φ(y, t) + L · d (x, y)

since yt is admissible also for x in (33). If we repeat this argument now with x and y exchanged, the
claimed Lipschitz continuity follows.

Let us continue with the final goal of deriving a spatial Lipschitz constant with respect to the usual
Euclidean distance |x− y|. As a first step towards this result, we can show it in the case that F (x) = 0
holds at least for one of the two points involved. This is a very important piece of information, as it
complements the earlier result in Theorem 12, which handles the situation within the support of F .

Lemma 40. Let x, y ∈ Rn, t ≥ 0 and assume that F (x) = 0. If yt ∈ Rn realises the minimum in (33)
for φ(y, t), then ∣∣yt − y∣∣ ≤ (eLF t − 1

)
|x− y|

and, furthermore,
|φ(x, t)− φ(y, t)| ≤ Lφ0

eLF t · |x− y| .

Proof. If F (y) = 0, then yt = y is the minimiser of (33), which makes the first estimate trivial. The
same is true if t = 0. For F (y) < 0, we can use Lemma 14 to convert the situation to the remaining case
of F (y) > 0 as before. Note that F (y) ≤ F (x) + LF |x− y| = LF |x− y|. Combining this with the first
estimate of Lemma 21 yields∣∣y − yt∣∣ ≤ F (y)

LF

(
eLF t − 1

)
≤
(
eLF t − 1

)
|x− y| .

For the second part, we use this result in combination with (33) to get

|φ(x, t)− φ(y, t)| =
∣∣φ0(x)− φ0

(
yt
)∣∣ ≤ Lφ0

(
|x− y|+

∣∣y − yt∣∣)
≤ Lφ0

(
|x− y|+

(
eLF t − 1

)
|x− y|

)
= Lφ0

eLF t · |x− y| .

Lemma 41. Let x, y ∈ Ω+ and t > 0. Assume that φ(y, t) = φ0 (yt) with d (y, yt) ≤ t. Then there exists
x′ ∈ Rn with d (x, x′) ≤ t and |x′ − yt| ≤ eLF t |x− y|.

Proof. If d (x, yt) ≤ t, we can choose x′ = yt. Also, if F (y) ≤ LF |x− y|, we can use x′ = x. In this
situation, the first estimate in Lemma 21 gives∣∣x′ − yt∣∣ ≤ |x− y|+ ∣∣y − yt∣∣ ≤ |x− y|+ F (y)

LF

(
eLF t − 1

)
≤ |x− y| ·

(
1 + eLF t − 1

)
= eLF t |x− y| .

Thus consider now the case d (x, yt) > t and F (y) > LF |x− y|. Let s = l(Sxy) denote the path length
of the straight line Sxy from x to y. The third estimate in Lemma 21 implies

|x− y| ≥ F (y)

LF

(
1− e−sLF

)
,

which is equivalent to (
1− e−sLF

)
≤ LF |x− y|

F (y)
. (59)

Apply Lemma 19 to choose ξy ∈ Xad (y, yt) with l(ξy) = d (y, yt) ≤ t. We will construct x′ on the
path ξ that is formed by first following Sxy from x to y and then moving along ξy from y to yt. Note
that Sxy is entirely inside of Ω+ since F (y) > LF |x− y| and

F (Sxy(τ)) = F (x+ τ(y − x)) ≥ F (y)− LF (1− τ) |x− y| > 0

for arbitrary τ ∈ [0, 1]. The path ξ can be expressed explicitly as

ξ(τ) =

{
Sxy(2τ) for τ ∈ [0, 1/2],

ξy(2τ − 1) for τ ∈ [1/2, 1].
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(b) The case t > s.

Figure 17: Sketches for the situations in the proof of Lemma 41. Indicated is always the path length
according to l in Definition 6.

Denote for a moment the length of ξ restricted to [0, τ ] by λ(τ) and note that λ is continuous. Since
λ(1) = l(ξ) ≥ d (x, yt) > t and λ(0) = 0 < t, we can find τ0 ∈ (0, 1) with λ(τ0) = t. Choose x′ = ξ(τ0),
so that d (x, x′) ≤ λ(τ0) = t. It remains to show |x′ − yt| ≤ eLF t |x− y|. For this, we have to consider
two cases depending on which segment of ξ the point x′ comes to lie on. The path ξ is sketched for both
situations in Figure 17.

If τ0 ≤ 1/2, then x′ is still part of the straight initial piece of ξ as shown in Figure 17a. This means
that t ≤ s = l(Sxy) as well as |x− y| = |x− x′| + |x′ − y|. Equality holds here because x, x′ and y are
collinear. Since the path length from x′ to y on Sxy is the remaining s− t and thus also, in particular,
d (x′, y) ≤ s− t, we can again employ Lemma 21 to find

|x′ − y| ≤ F (x′)

LF

(
eLF d(x

′,y) − 1
)
≤ F (x′)

LF

(
e(s−t)LF − 1

)
.

Together with Lipschitz continuity, this yields

F (y) ≤ F (x′) + LF |x′ − y| ≤ F (x′)
(

1 + e(s−t)LF − 1
)

= F (x′)e(s−t)LF (60)

and, consequently, F (x′) ≥ F (y)e(t−s)LF . Furthermore, since

F (x′) ≥ F (y)− LF |x′ − y| > LF (|x− y| − |x′ − y|) = LF |x′ − x| ,

the third estimate of Lemma 21 is applicable again and gives

|x′ − x| ≥ F (x′)

LF

(
1− e−tLF

)
≥ F (y)

LF

(
e(t−s)LF − e−sLF

)
=
F (y)

LF

(
eLF t − 1

)
e−sLF .

All together, we have∣∣x′ − yt∣∣ ≤ |x′ − y|+ ∣∣y − yt∣∣ = |x− y|+
∣∣y − yt∣∣− |x− x′|

≤ |x− y|+ F (y)

LF

(
eLF t − 1

)
− F (y)

LF

(
eLF t − 1

)
e−sLF

= |x− y|+ F (y)

LF

(
eLF t − 1

) (
1− e−sLF

)
≤ |x− y|+ F (y)

LF

(
eLF t − 1

) LF |x− y|
F (y)

= eLF t |x− y| ,

which finishes the proof for this case. The last estimate is due to (59).
Now consider τ0 ≥ 1/2, which means that t ≥ s and that x′ lies on ξy between y and yt. Take a look

at Figure 17b. Consequently, if we consider the piece of ξy between y and x′ (for times in [1/2, τ0]), its
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path length is t− s ≥ 0. Since yt = ξy(1) and l(ξy) ≤ t, we know that the length of the remaining piece
of ξy between x′ and yt is at most s. Thus

∣∣x′ − yt∣∣ ≤ F (x′)

LF

(
eLF s − 1

)
=
F (x′)

LF
esLF

(
1− e−sLF

)
by Lemma 21. Using (59), this yields

∣∣x′ − yt∣∣ ≤ F (x′)

LF
esLF

LF |x− y|
F (y)

=
F (x′)

F (y)
esLF |x− y| . (61)

Similarly to the last case and (60), we can combine Lemma 21 and the Lipschitz continuity of F to obtain

F (x′) ≤ F (y) + LF |x′ − y| ≤ F (y)e(t−s)LF ,

which allows us to rewrite (61) to ∣∣x′ − yt∣∣ ≤ etLF |x− y| .
Now we have everything together to show spatial Lipschitz continuity:

Theorem 13. For all x, y ∈ Rn and t ≥ 0, we have the Lipschitz estimate

|φ(x, t)− φ(y, t)| ≤ Lφ0
eLF t · |x− y| .

Proof. If F (x) = 0 or F (y) = 0, the result follows from Lemma 40. If F (x) and F (y) have different signs,
we can split the straight line Sxy between x and y at some point z that has F (z) = 0, use Theorem 5
and apply Lemma 40 twice to get the claimed Lipschitz continuity. Also, if t = 0, the result follows since
φ(·, 0) = φ0 is Lipschitz continuous. Thus it remains to consider, without loss of generality, the case
F (x), F (y) > 0 and t > 0. Let yt ∈ Rn with d (y, yt) ≤ t and φ(y, t) = φ0 (yt) be a minimiser of (33).
Using Lemma 41, we get x′ ∈ Rn with d (x, x′) ≤ t and |x′ − yt| ≤ eLF t |x− y|. It follows that

φ(x, t) ≤ φ0 (x′) ≤ φ0

(
yt
)

+ Lφ0

∣∣x′ − yt∣∣ ≤ φ(y, t) + Lφ0e
LF t · |x− y| ,

which gives the claimed result when the same argument is applied again with x and y exchanged.

We will now conclude this section with an example that demonstrates that the constants given in
Theorem 11 and Theorem 13 are sharp:

Example 8. Let Lφ0 , LF , a > 0 be given. We define φ0 : R→ R by

φ0(x) =

 0 if x ≤ 0,
−Lφ0x for x ∈ [0, 2a],
−2aLφ0 if x ≥ 2a

as well as F : R→ R by

F (x) =

 LFx for x ∈ [0, a],
LF (2a− x) for x ∈ [a, 2a],

0 else.

These functions are sketched in Figure 18. Note that φ0 and F are Lipschitz continuous with Lipschitz
constants Lφ0

and LF , respectively, F has compact support on [0, 2a] and that F ≥ 0. Furthermore,

|F (x)| ≤ F = aLF

for all x ∈ R. This means that the parameter a can be used to choose the maximal value F of F inde-
pendently of the Lipschitz constants. Thus all quantities that appear in the proven Lipschitz constants
can be influenced by the parameters in this example. This situation fulfils all assumptions we have made
for the theoretical considerations above, so that our results apply here. If we denote the solution of (2)
by φ as usual, Corollary 4 holds and thus φ is given by (33).
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Figure 18: The situation of Example 8.

If x or y are not in (0, 2a), then clearly d (x, y) =∞ if x 6= y and d (x, y) = 0 for x = y. In the case
x, y ∈ (0, 2a), we have

d (x, y) =

∣∣∣∣∫ y

x

1

F (ξ)
dξ

∣∣∣∣ .
Note that there is no real choice for different paths in one dimension. The absolute value ensures that
the expression is correct even for y < x, when the integral itself is negative. Also note that d (x, y)→∞
for y → 2a− and that φ0 is strictly decreasing on [0, 2a]. This implies that for x ∈ (0, 2a) and t ≥ 0, the
minimiser of (33) is always the unique xt ∈ [x, 2a) with d (x, xt) = t. Assume x ∈ (0, a] and x′ ∈ [x, a].
Then F (ξ) = LF ξ for ξ ∈ [x, x′] and we can solve the integral to get

d (x, x′) =

∫ x′

x

1

LF ξ
dξ =

log x′ − log x

LF
. (62)

Thus, if t ≤ d (x, a), we know that xt ∈ [x, a] can be found by solving d (x, xt) = t together with (62)
for the unknown xt. It is trivial to see that the result is xt = xeLF t. Therefore, we have shown that for
every x ∈ (0, a) and t ≥ 0 small enough, the evolved level-set function is given by

φ(x, t) = φ0

(
xt
)

= φ0

(
xeLF t

)
= −Lφ0

xeLF t. (63)

We will now take derivatives of (63) in order to verify that this solution does, indeed, realise the
Lipschitz constants we have shown. Note that for arbitrarily large t, there always exists x ∈ (0, a) with
t < d (x, a) so that (63) can be applied. Taking the derivative with respect to x shows that the maximum
Lipschitz constant according to Theorem 13 is, indeed, tested with this example. For the time derivative,
we get ∣∣∣∣∂φ∂t (x, t)

∣∣∣∣ = Lφ0
LFxe

LF t

as lower bound on the Lipschitz constant, which is valid at least for every x ∈ (0, a) and 0 ≤ t ≤ d (x, a).
Clearly the largest bound is achieved if x is as large as possible, which means just so large that t = d (x, a).
By taking (62) into account, this is at x = ae−LF t. Consequently, the temporal Lipschitz constant must
be at least

Lφ0
LFae

−LF teLF t = aLFLφ0
= FLφ0

.

This matches the result from Theorem 11.

4.4 Propagation Speed of Perturbations

Since F in the level-set equation (2) describes a speed of movement, it is intuitive to assume that the
maximal speed F is also the maximal speed with which perturbations in the initial geometry and/or
the speed field itself can propagate. With the help of the representation formula (33), this result can

67



be proven easily. We will assume here that a perturbation happens on some set A ⊂ Rn and that we
consider a point x 6∈ A with Euclidean distance δ > 0 to A, i. e.,

δ = dist (x,A) = inf
y∈A
|x− y| > 0. (64)

The first result concerns perturbations in the initial geometry:

Lemma 42. Assume 0 ≤ F ≤ F . Let φ0 and φ̃0 be two initial level-set functions and φ, φ̃ be the
corresponding solutions of (2) for the same F in both cases. Assume that φ0(x) = φ̃0(x) for all x 6∈ A,
and that x ∈ Rn \A is given with δ > 0 defined according to (64). Then φ(x, t) = φ̃(x, t) for all t < δ/F .

Proof. We may assume that F (x) > 0 because φ(x, t) = φ0(x) = φ̃0(x) = φ̃(x, t) otherwise, which makes
the statement trivial. From Lemma 20 we know that |x− y| ≤ F · d (x, y) for all y ∈ Rn. In particular,
this implies for all y ∈ A:

δ ≤ |x− y| ≤ F · d (x, y) ⇒ d (x, y) ≥ δ

F

Choose now t < δ/F and z with d (x, z) ≤ t. It follows that z 6∈ A and thus φ0(z) = φ̃0(z). The claim
follows now using the form (33) for the solutions as implied by Corollary 4.

Next, we consider what happens when the same initial geometry propagates with two different speed
fields F and F̃ :

Lemma 43. Let 0 ≤ F, F̃ ≤ F be two different speed fields. Assume, furthermore, that F (x) = F̃ (x)
for all x 6∈ A and let φ0 describe some initial geometry. We denote by d and d̃ the distances induced
by F and F̃ , respectively, and by φ and φ̃ the solutions of (2) for both speed fields with the same initial
function φ0. For x ∈ Rn \A, let δ > 0 be as in (64). Then φ(x, t) = φ̃(x, t) for all t < δ/F .

Proof. The claim is clear if F (x) = 0, so assume F (x) > 0. Let t < δ/F be given. Since x 6∈ A, this also
implies F̃ (x) = F (x) > 0. We want to show that

{y ∈ Rn | d (x, y) ≤ t} =
{
y ∈ Rn

∣∣∣ d̃(x, y) ≤ t
}
, (65)

which then implies the claim via (33) and Corollary 4. Choose y ∈ Rn with d (x, y) ≤ t < δ/F .
Let ξ ∈ Xad (x, y) be some admissible path with l(ξ) < δ/F . Assume there exists t0 ∈ [0, 1] with
z = ξ(t0) ∈ A. But then l(ξ) ≥ d (x, z) + d (z, y) and

d (x, z) ≥ |x− z|
F

≥ δ

F

by Lemma 20, which is a contradiction. Thus ξ never touches A and, consequently, l(ξ) = l̃(ξ). This
implies that every (short enough) path contributing to the infimum for d (x, y) is also admissible for
d̃(x, y) with the same length. Hence d̃(x, y) ≤ d (x, y), showing inclusion from left to right in (65). The
inclusion from right to left works just the same.

As a final result, let us combine Lemma 42 and Lemma 43 into a single theorem:

Theorem 14. Let |F | ,
∣∣∣F̃ ∣∣∣ ≤ F and φ0, φ̃0 be two initial level-set functions. Denote the corresponding

solutions of (2) by φ and φ̃, respectively. Assume that F (x) = F̃ (x) and φ0(x) = φ̃0(x) for all x 6∈ A.
Then for each x ∈ Rn \A with δ > 0 defined as per (64), we have φ(x, t) = φ̃(x, t) for all t ≤ δ/F .

Proof. It is enough to consider x ∈ Rn\A and t < δ/F since φ and φ̃ are continuous. Thus, let x ∈ Rn\A
and t < δ/F . Note that F (x) = F̃ (x) and that we can reduce the general case to that of F, F̃ ≥ 0 by

using Theorem 5. We introduce an “intermediate solution” φ̂ as the solution of (2) with F and φ̃0.

Lemma 42 implies that φ̂(x, t) = φ(x, t). Furthermore, Lemma 43 implies also φ̂(x, t) = φ̃(x, t), so that
the claim is shown.
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Note also that the upper bound δ/F can be further improved if necessary: Instead of estimating F
and F̃ very roughly by F , we can define

d (x,A) = inf
y∈A

d (x, y) = inf
y∈A

d̃(x, y).

Equality between the definition with d and that with d̃ is due to Lemma 26, which implies that the
shortest paths must be outside of A. Following the proof of Theorem 14 closely, one can see that it
remains true for all t ≤ d (x,A). Since d (x,A) > δ/F in general, this leads to a stronger statement.

4.5 Distances between the Evolving Surfaces

It is, of course, intuitive that Ωt and Γt should converge to Ω0 and Γ0, respectively, for t→ 0+. Let us
now consider this question. Before we can do so, we have to actually define an appropriate notion of
distance between these sets. There exist various concepts that define such a distance in the literature.
See, specifically, [30]. Let us first consider the Hausdorff distance:

Definition 12. For A,B ⊂ Rn, we define the one-sided distance as

dH (A→ B) = sup
x∈A

dist (x,B) = sup
x∈A

inf
y∈B
|x− y| . (66)

With it, the Hausdorff distance is the symmetrised expression

dH (A,B) = max (dH (A→ B) , dH (B → A)) . (67)

There exists a vast literature about the Hausdorff distance. See, for instance, Subsection 6.2.2 of [30]
for a basic introduction. The Hausdorff distance can also be directly related to level-set and distance
functions on a grid, as we have done in [57]. Note that, in general, dH (A→ B) 6= dH (B → A). (See
Figure 19 and (68) below for such a situation.) Thus, the symmetrisation step in (67) is necessary.
Also note that both distances dH (Ω0,Ωt) and dH (Γ0,Γt) may be interesting depending on the situation.
There is no clear relation among them: Consider the situation shown in Figure 19. For these sets A and
B, it holds that

dH (∂B → ∂A) > dH (A→ B) > dH (∂A→ ∂B) > dH (B → A) = 0. (68)

It is possible to define a speed field such that B = Ω0 and A = Ωt is an evolved shape. The other way
round, however, is also possible: At least if we introduce a small enough and smooth cut at the dashed
line (which does not change the Hausdorff distances and (68) qualitatively), we can also define a speed
field such that A = Ω0 and B = Ωt for some t > 0. Choosing the negative distance function of B, i. e.,
F = −dist (·, B), leads (approximately) to this behaviour. This shows that all relative orders are possible
for the distances between Ω0, Ωt and the boundaries Γ0, Γt.

Thus, we have to consider both the distances between the open domains and the boundaries in the
following. It turns out that the results we are interested in hold for both, and can be shown with similar
arguments. For simplicity, we assume Ω0 = Γ0 ∪ Ω0 throughout this section.

4.5.1 Continuity of the Hausdorff Distance

Our first goal is to discuss under which conditions we can expect convergence of dH (Ω0,Ωt) and
dH (Γ0,Γt) to zero as t → 0+. It is relatively straight-forward to consider continuity of the distance
from the evolved set to the original shape:

Lemma 44. Let t ≥ 0 and |F | ≤ F . Then

max (dH (Ωt → Ω0) , dH (Γt → Γ0)) ≤ Ft.

Proof. Recall |x− y| ≤ F ·d (x, y) from Lemma 20. We use this in the following to estimate the Euclidean
distance in (66) by the F -induced distance. Let first x ∈ Ωt. If x ∈ Ω0 as well, then infy∈Ω0 |x− y| = 0
and nothing remains to be shown. So assume x 6∈ Ω0. By Corollary 5, this can only be the case if x ∈ Ω+

with D(x) < t. Then,

Ft > F ·D(x) = F · inf
y∈Γ0∪Ω0

d (x, y) = F · inf
y∈Ω0

d (x, y) ≥ inf
y∈Ω0

|x− y| .
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Figure 19: Possible situations for the (one-sided) Hausdorff distances between open sets A, B and their
boundaries ∂A, ∂B. Here, A is the large circle and B ⊂ A is the dark part. The set A \ B is light
grey. The outer line is ∂A, while ∂B is given by the interfaces between light and dark regions. Arrows
indicate the various one-sided distances as per (68). The colours of the arrows correspond to the coloured
expressions in (68).

Taking the supremum over all x ∈ Ωt implies the claim.
Let us consider the case x ∈ Γt now. If x ∈ Ωz, then the situation is trivial. So assume first x ∈ Ω+.

Then x 6∈ Ω0, which implies
inf

y∈Γ0∪Ω0

d (x, y) = inf
y∈Γ0

d (x, y)

with an argument based on Lemma 26. Thus,

Ft = F ·D(x) = F · inf
y∈Γ0∪Ω0

d (x, y) = F · inf
y∈Γ0

d (x, y) ≥ inf
y∈Γ0

|x− y| .

Similarly for x ∈ Ω−: If we write Ω′0 = Rn \ (Γ0 ∪ Ω0) as above, we can conclude x 6∈ Ω′0 and

Ft = −F ·D(x) = F · inf
y∈Γ0∪Ω′0

d (x, y) = F · inf
y∈Γ0

d (x, y) ≥ inf
y∈Γ0

|x− y| .

This finishes the proof if we take again the supremum over all x ∈ Γt.

Lemma 44 can be understood intuitively by considering that each point x ∈ Γt must be connected to
some x0 ∈ Γ0 by a continuous path. For the distance from the original domain to the evolved shape, no
such condition is automatically fulfilled. In this case, points on Γ0 can vanish instantaneously for t > 0
when, for instance, holes disappear or lower-dimensional structures collapse. To avoid these situations,
we need an additional condition:

Γ0 ∩ Ω+ = ∂
{
x ∈ Ω+

∣∣ D(x) > 0
}
∩ Ω+ (69)

This roughly resembles (4.4) in [8]. It ensures that each point in Γ0 is actually propagated to somewhere
and cannot simply disappear immediately. Note that inclusion from right to left is always true in (69).
The interesting direction is from left to right. Furthermore, we do not need to require the analogous
condition for Γ0∩Ω−, since it is automatically satisfied due to Ω0 = Γ0∪Ω0: Let x ∈ Γ0∩Ω−, which also
implies x ∈ Ω0. It follows that there exists a sequence (xk)k∈N ⊂ Ω0 ∩ Ω− with xk → x as k →∞. For
this sequence, D(xk) < 0 is true for all k ∈ N, while D(x) = 0. This implies x ∈ ∂{x ∈ Ω− | D(x) < 0}.
A sufficient condition for (69) can be formulated in terms of the density of Ω0:

Definition 13. Let x ∈ Γ0. We say that Ω0 has density ρ ∈ [0, 1] at x0 if

lim
r→0+

vol (Br (x) ∩ Ω0)

vol (Br (x))
= ρ.
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The density is a well-studied quantity in geometric measure theory. See, for instance, page 158 of [4].
Points with density zero and one are called the measure-theoretic exterior and interior of Ω0, respectively.
Points with density inbetween form, thus, the measure-theoretic boundary of Ω0. This yields:

Lemma 45. Assume that vol (Γ0) = 0 holds. If the density of Ω0 is strictly smaller than one at each
point of Γ0, then the condition (69) is satisfied.

Proof. Choose x0 ∈ Γ0 ∩Ω+ and r > 0 arbitrarily. We have to show that there exists some x ∈ Ω+ with
D(x) > 0 and |x0 − x| < r. Since the density of Ω0 at x0 is strictly less than one and vol (Γ0) = 0, there
exists x ∈ Br (x0) with x ∈ Rn \ (Γ0 ∪ Ω0). Hence, D(x) > 0 by definition in (40).

Note that the converse of Lemma 45 does not hold. It is very well possible to have points with density
one that are still evolving properly and do not vanish immediately. See, for instance, Example 14. With
the additional condition (69), we can now analyse convergence of the Hausdorff distances dH (Ω0 → Ωt)
and dH (Γ0 → Γt):

Lemma 46. Let Ω0 be bounded. Then dH (Ω0 → Ωt)→ 0 as t→ 0+.
Furthermore, condition (69) is equivalent to

lim
t→0+

dH (Γ0 → Γt) = 0.

Proof. Fix ε > 0 and note that the open balls Bε (x), x ∈ Ω0, define a cover of the compact set Ω0. Thus,
there exists a finite subset X ⊂ Ω0 such that Ω0 ⊂

⋃
x∈X Bε (x). Furthermore, for each x ∈ Ω0, there

exists tx > 0 such that x ∈ Ωt for all t ∈ [0, tx). This is clear for x ∈ Ω+ ∪ Ωz. It follows for x ∈ Ω−

since D(x) < 0 in this case. Thus,

dist (y,Ωt) = inf
y′∈Ωt

|y − y′| ≤ |y − x| < ε (70)

for all x ∈ Ω0, y ∈ Bε (x) and t ∈ [0, tx). Let us now define t0 = minx∈X tx > 0 and choose y ∈ Ω0

arbitrarily. Since we have a cover of Ω0, there exists x0 ∈ X such that y ∈ Bε (x0). Thus, (70) holds for
all t ∈ [0, t0). As y ∈ Ω0 was arbitrary, this shows dH (Ω0 → Ωt) < ε if t is small enough.

If (69) holds, we can repeat this argument also for dH (Γ0 → Γt): As before, let ε > 0 be given and
consider some x ∈ Γ0. If F (x) > 0, we can use (69) to conclude that there exist x′ ∈ Bε (x) and tx > 0
such that D(x′) = tx. By the intermediate-value theorem, this also means that there exists xt ∈ Bε (x)
with D(xt) = t for each t ∈ [0, tx]. Hence, Bε (x)∩Γt 6= ∅ for all t ∈ [0, tx]. In the case F (x) < 0, we can
use an argument similar to the one above to come to the same conclusion. For F (x) = 0, the situation
is even easier; then, x ∈ Γt for all t ≥ 0. Proceeding with compactness as before, there is a finite set
X ⊂ Γ0 with Γ0 ⊂

⋃
x∈X Bε (x) and t0 = minx∈X tx > 0. If we now pick x ∈ Γ0, there exists x′ ∈ X

with |x− x′| < ε. Furthermore, if t ∈ [0, t0], then there is also y ∈ Bε (x′) ∩ Γt. Thus,

dist (x,Γt) ≤ |x− x′|+ dist (x′,Γt) ≤ |x− x′|+ |x′ − y| < 2ε.

This shows dH (Γ0 → Γt)→ 0 in the limit t→ 0+.
Let, finally, dH (Γ0 → Γt) → 0 as t → 0+. Pick x0 ∈ Γ0 ∩ Ω+ and r > 0 small. Reducing r as

necessary, we may assume that Br (x0) ⊂ Ω+. Choose t > 0 small enough, such that dH (Γ0 → Γt) < r.
This means, in particular, that there exists x ∈ Γt with |x0 − x| < r. Since D(x) = t > 0, this is all that
we need in order to show (69).

Summarising the previous results, we have shown the following continuity of the Hausdorff distance:

Corollary 8. Let Ω0 be bounded, Ω0 = Γ0 ∪ Ω0 and (69) hold. Then

lim
t→0+

max (dH (Ω0,Ωt) , dH (Γ0,Γt)) = 0.
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4.5.2 Monotonicity of the Hausdorff Distance

Another interesting consideration is that of monotonicity of the Hausdorff distances t 7→ dH (Ω0,Ωt),
t 7→ dH (Γ0,Γt) and the corresponding one-sided distances. It can be easily seen from Corollary 5 that
Ωt evolves monotonically in time. Depending on the sign of F in some region, it either grows or shrinks
there. It can never change the direction of evolution. This allows us to conclude:

Lemma 47. The function t 7→ dH (Ωt → Ω0) is increasing in t.
If F ≥ 0 or F ≤ 0 throughout Rn, then also t 7→ dH (Ω0 → Ωt) is increasing.

Proof. Let us start with an auxiliary observation: Assume t > 0 and x ∈ Ωt. According to Corollary 5,
we know that x ∈ Ω0 and thus dist (x,Ω0) = 0 if F (x) ≤ 0. Hence,

dH (Ωt → Ω0) = sup
x∈Ωt

dist (x,Ω0) = sup
x∈Ωt∩Ω+

dist (x,Ω0) .

Now, let 0 ≤ s ≤ t. This implies Ωs ∩ Ω+ ⊂ Ωt ∩ Ω+ and thus

dH (Ωs → Ω0) = sup
x∈Ωs∩Ω+

dist (x,Ω0) ≤ sup
x∈Ωt∩Ω+

dist (x,Ω0) = dH (Ωt → Ω0) .

If F ≥ 0, then Ω0 ⊂ Ωt for all t ≥ 0 and dH (Ω0 → Ωt) = 0. This case is trivial. So assume F ≤ 0,
let 0 ≤ s ≤ t and x ∈ Ω0. Note that Ωt ⊂ Ωs ⊂ Ω0. Furthermore,

dist (x,Ωs) = inf
y∈Ωs

|x− y| ≤ inf
y∈Ωt

|x− y| = dist (x,Ωt) .

Thus also dH (Ω0 → Ωs) ≤ dH (Ω0 → Ωt).

Unfortunately, the requirement that F must have a fixed sign throughout the domain is necessary
for the second part of Lemma 47. As with continuity, the situation from the original to the evolved
shape is more difficult. If we drop the assumption of a unique sign for the speed field, monotonicity of
dH (Ω0 → Ωt) is no longer given:

Example 9. Consider a situation as shown in Figure 20a. In this case, dH (Ω0 → Ωt) increases initially
with t, since the part of Ω0 inside Ω− shrinks. However, over time the ring “closes”. This has the effect
that the bottom part of Ω0 ∩ Ω− is, again, close to Ωt and the distance decreases. The time evolution
of the one-sided distance dH (Ω0 → Ωt) is shown in Figure 20b. It is even possible to modify the initial
geometry slightly to see that also dH (Ω0,Ωt) may exhibit the same, non-monotonic behaviour.

The fundamental “problem” that makes this possible is the following: The sets themselves behave in
a monotone way. However, the minimiser for some distance dist (x,Ωt) with x ∈ Ω0 can jump around
as the sets evolve. This is precisely what happens in the example.

Let us now consider the distance between the boundaries Γ0 and Γt. Here again, no monotone
behaviour can be guaranteed: With a closer look at Example 9, one can see that the extremising points
are actually on the boundary. Thus, the same example shows that dH (Γ0 → Γt) is not monotone either.
For dH (Γt → Γ0), let us give two counterexamples that do not even need a sign change in the speed
field. The first is based on the same underlying issue as Example 9, namely that the closest point of the
target set can jump:

Example 10. Consider a one-dimensional situation such as Ω0 = Rn \ [0, 1]. (We may also introduce a
suitable cut off in the distance to get a bounded set, of course.) Then Γ0 = {0, 1} is the initial boundary.
Set F (x) = x on [0, 1], with some appropriate continuation and cut off on the outside. This situation
is depicted in Figure 21. Since F (x1) = F (0) = 0, this part of the boundary is fixed during the time
evolution. The other boundary point x2 = 1, on the other hand, moves towards the origin over time. The
time t to reach some point x(t) ∈ (0, 1) can be computed similarly to (62), which gives t = − log x(t).
Thus, x(t) = e−t and Γt = {0, e−t}.

Considering t 7→ dH (Γt → Γ0), we see the same effect as in Example 9: For small t, the evolved
boundary point x(t) is still closer to x2 than to x1. As t grows, however, it gets closer to x1 at one point.
Thus the one-sided distance

t 7→ dH (Γt → Γ0) = min
(
1− e−t, e−t

)
is not monotone.
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(a) The speed field F and initial geometry Ω0.
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(b) Time evolution of dH (Ω0 → Ωt).

Figure 20: Non-monotone behaviour of t 7→ dH (Ω0 → Ωt) if F is allowed to change sign. See Example 9.
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Figure 21: The situation of Example 10. The boundary point x1 = 0 is stationary, while the right
boundary x(t) is initially at x2 and moves towards the origin over time.

Ω0

Γs Γt

Figure 22: Non-monotonicity of τ 7→ dH (Γτ → Γ0) due to topology changes as described in Example 11.
The evolved contours Γs and Γt at times 0 < s < t are shown together with the corresponding longest
distances dH (Γs → Γ0) and dH (Γt → Γ0).

Another example is the following, which is based on a change in topology where one part of the
boundary vanishes at a certain time:

Example 11. Let Ω0 be a ring-shaped initial geometry and define F > 0 to be large around the hole
of the ring and small at its outer boundary. In this situation, the hole shrinks rapidly while the outer
boundary grows only slowly. If we choose 0 < s < t in such a way that the hole vanishes between the
times s and t, we get a downward jump in τ 7→ dH (Γτ → Γ0) when this happens. This is shown in
Figure 22. (Note that in this situation, the condition (69) is not fulfilled at the instant in time when the
hole vanishes. Thus, the jump is not in contradiction to Corollary 8.)

4.5.3 The Distance in Measure

Another possibility to define a distance between sets is via the volume of their symmetric set difference:

Definition 14. Let A,B ⊂ Rn be open. We define the symmetric set difference as

A∆B = (A \B) ∪ (B \A)

and the distance in measure between A and B as vol (A∆B).
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Figure 23: The smoothing effect of an evolution with F = 1. The initial set Ω0 is dark, the added part
Ωt \ Ω0 is light grey. The black line shows the resulting boundary Γt.

This concept is equivalent to the L1-distance between the characteristic functions of A and B. See
also Section 5.3 of [30]. It is much simpler than the Hausdorff measure, since it is a-priori symmetric and
it is inherently useful only for the domains and not the boundaries (as the latter usually have measure
zero anyway). Thus, there are a lot less cases and technical difficulties to consider than before:

Corollary 9. The function t 7→ vol (Ω0 ∆ Ωt) is absolutely continuous and increasing on [0,∞).

Proof. This is a direct consequence of Theorem 10 and, in particular, (49). We simply use f = 1.

4.6 Reachable Shapes

When we use the level-set method to evolve geometries as part of an optimisation procedure, the following
question is of interest: Which kind of shapes can actually be reached by propagating some given initial
geometry along any speed field? This is important, because it determines the class of shapes among
which an optimum can be found. In the current section, we will address this question in two steps: First,
in Subsection 4.6.1 we will see that all evolved shapes with a Lipschitz continuous speed field possess a
certain type of regularity. This, in turn, implies that not all open sets can be evolved shapes. Second,
we will discuss possible relaxations of our situation in Subsection 4.6.2. It is possible to reach every open
set in the limit t→∞, and it is also possible to rescale the speed field to get the same effect with a finite
end time. The rescaling, however, may result in a speed field that is no longer Lipschitz continuous. Its
regularity will be discussed in Subsection 4.6.3, where it turns out that one can reach a wide class of
additional shapes with speed fields that are not Lipschitz but at least Hölder continuous.

Note that we will always concentrate on local regularity of the desired shape. There are also certain
restrictions on which shapes are reachable based on global properties (in particular, the topology). These
are, however, an entirely different matter. Thus, let us, for simplicity, assume that F ≥ 0 is non-negative
and that the initial geometry Ω0 is a subset of the desired shape throughout this section. We can also
assume that both shapes are connected. It is possible to use Theorem 5 and other techniques to extend
the results below to more general situations. Finally, let us assume Ω0 = Γ0∪Ω0 throughout this section.

4.6.1 Density Regularity

Let us, for a moment, assume F = 1. This situation was already discussed in Section 3.1. A possible
interpretation of the solution formula (25) is the following: The evolved set Ωt for some t > 0 is formed
from Ω0 by drawing with a blunt, circular pen of radius t along the initial boundary Γ0. This obviously
implies that Ωt has a “smoothed” boundary as shown in Figure 23. Even if F is not constantly one,
Lipschitz continuity has the effect that this picture is still correct at least qualitatively. Note, in partic-
ular, that outward-pointing corners are not possible. (If the speed field is positive; for negative speed
fields, everything is turned around and outward-pointing corners are possible, while inward-pointing ones
cannot occur.) This is our main result of the current subsection, which will be proven below:

Theorem 15. Let the speed field F be Lipschitz continuous, t > 0, x ∈ Γt and F (x) > 0. Then Ωt has
density at least 1/2 at x.
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Figure 24: The notation and geometric situation of Lemma 49.

To prove Theorem 15, we need some auxiliary results first. Let us start with an extension of Lemma 19
and Lemma 33. It can also be interpreted as a variant of superoptimality as shown in Lemma 30 above.

Lemma 48. Let t > 0 and x ∈ Γt ∩ Ω+. Then there exists x0 ∈ Γ0 with t = d0(x) = d (x0, x).
Furthermore, for each s ∈ (0, t), there is xs ∈ Γs such that d0(xs) = d (x0, x

s) = t− s and d (xs, x) = s.

Proof. Existence of x0 follows from Lemma 33. (Recall that we assume Ω0 = Γ0 ∪ Ω0.) According to
Lemma 19, we can find ξ ∈ Xad (x0, x) such that l(ξ) = d (x0, x) = t. Let now s ∈ (0, t) be given. By the
intermediate-value theorem, there exists ts ∈ (0, 1) such that the restriction ξ1 of ξ to times in [0, ts] has
l(ξ1) = t − s, while the remaining part ξ2 has l(ξ2) = s. Set xs = ξ(ts). This implies ξ1 ∈ Xad (x0, x

s)
and ξ2 ∈ Xad (xs, x). Clearly also

d0(xs) ≤ d (x0, x
s) ≤ l(ξ1) = t− s and d (xs, x) ≤ l(ξ2) = s.

Since d0(x) ≤ d0(xs) + d (xs, x), we find

t = d0(x) ≤ d0(xs) + d (xs, x) ≤ (t− s) + s = t.

Thus, equality holds throughout. This implies the claim.

Next we present an argument based on geometry and the estimates of Lemma 21. For this, let
xs, y ∈ Rn and x ∈ Ω+ be given. Assume d (xs, x) = s and let us introduce the notation

σ = |xs − x| , δ = |xs − y| and ρ = |x− y| .

Denote the angle xs–x–y by φ. This situation is depicted in Figure 24. The dashed line corresponds
to Bσ (xs). This can, roughly, also be seen as {x′ ∈ Rn | d (xs, x′) < s}. Hence, it seems plausible that
d (xs, y) < s if ρ� σ and φ < π/2. A rigorous estimate is the following:

Lemma 49. Consider the situation described above. Assume φ ∈ [0, π/2) and Lσ < F (xs), where L is
the Lipschitz constant of F . Then

cosφ >
ρL

2F (xs)

(
1− e−Ls

)−1
+
F (xs)

2Lρ

(
1− e−Ls

) (
e2Ls − 1

)
(71)

is a sufficient condition for d (xs, y) < s.

Proof. With the third estimate of Lemma 21, we get σ ≥ F (xs)/L ·
(
1− e−Ls

)
. Thus, (71) implies

2σ · cosφ > ρ+
F (xs)2

L2ρ

(
1− e−Ls

)2 (
e2Ls − 1

)
,

which can be written equivalently as

ρ2 − 2σρ · cosφ <
F (xs)2

L2

(
1− e−Ls

)2 (
1− e2Ls

)
.
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According to the first estimate of Lemma 21,

σ2 = |xs − x|2 ≤ F (xs)2

L2

(
eLs − 1

)2
=
F (xs)2

L2
e2Ls

(
1− e−Ls

)2
.

Adding the last two inequalities and using the law of cosines yields:

δ2 = σ2 + ρ2 − 2σρ · cosφ <
F (xs)2

L2

(
1− e−Ls

)2 ⇔ |xs − y| < F (xs)

L

(
1− e−Ls

)
This is equivalent to

1

L
log

F (xs)

F (xs)− L |xs − y|
< s,

so that the second statement of Lemma 21 finally yields the desired

d (xs, y) ≤ 1

L
log

F (xs)

F (xs)− L |xs − y|
< s.

We have now everything together to provide the actual proof of Theorem 15. So let t > 0 and
x ∈ Γt ∩ Ω+ be given. For s ∈ (0, t), choose xs according to Lemma 48, i. e., d0(xs) = t − s and
d (xs, x) = s. If s is small enough, we can achieve

0 <
F (x)

2
≤ F (xs) ≤ 2F (x).

This implies an upper bound for the right-hand side of (71), so that also

cosφ >
ρL

F (x)

(
1− e−Ls

)−1
+
F (x)

Lρ

(
1− e−Ls

) (
e2Ls − 1

)
(72)

is sufficient for d (xs, y) < s. Since

d0(y) ≤ d0(xs) + d (xs, y) < t− s+ s = t,

this implies, in particular, also y ∈ Ωt.
For any given ρ > 0, set s = ρ3/4. Note that the right-hand side of (72) goes to zero with this

substitution if we let ρ → 0+. In other words, we have shown: For any ε > 0, there exists ρ0 > 0 such
that y ∈ Ωt for all ρ ∈ (0, ρ0) and y ∈ ∂Bρ (x) on a spherical sector with aperture π/2− ε. It remains to
estimate the volume of all those y’s. For this, let us state a basic geometric fact that will be shown later
in Lemma 54: There exists a continuous mapping r with r(π/2) = 1/2 and such that r(φ) · vol (Bρ (x))
is the volume of the spherical sector with aperture φ and radius ρ. Thus,

vol (Bρ (x) ∩ Ωt) ≥ r
(π

2
− ε
)
· vol (Bρ (x))

for all ρ ∈ (0, ρ0). Since ε was arbitrary and r is continuous, this implies

lim
ρ→0+

vol (Bρ (x) ∩ Ωt)

vol (Bρ (x))
≥ r

(π
2

)
=

1

2
.

Thus, Theorem 15 is shown.
We will now also see that Theorem 15 can be “turned around”: At least for certain x ∈ Γ0, we can

use it to conclude that the density of Ω0 can be at most 1/2 at x0. This part of the boundary will be
characterised later on as the backwards reachable set (see Definition 20). A similar result will be derived
in Lemma 59. The bound there is actually weaker, but it holds uniformly in a certain sense.

Corollary 10. Let F ≥ 0 be Lipschitz continuous and x0 ∈ Γ0 ∩ Ω+ such that there exists x ∈ Rn with
0 < d0(x) = d (x0, x). Then Ω0 has density at most 1/2 at x0.
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Proof. Let such x0 and x be given and set t = d (x0, x). With Ω′0 = Rn \ (Γt ∪ Ωt), we define

Ω′t = {y ∈ Rn | d (y0, y) < t for some y0 ∈ Ω′0} .

Roughly speaking, we use the evolved set at time t as new initial geometry and let it evolve “backwards”
according to the same speed field (compare also Lemma 14). Define Γ′0 = ∂Ω′0 = ∂(Rn \ Ωt) = Γt and
Γ′t = ∂Ω′t. Since x ∈ Γt, we know that x ∈ Γ′0 as well. This, in turn, implies x0 ∈ Γ′t. Note that
Theorem 15 applies to Ω′t, so that Ω′t has density at least 1/2 at x0. If we can show that Ω0 and Ω′t
are disjoint, this implies the claim. Thus, assume y ∈ Ω0 ∩ Ω′t. Since y ∈ Ω′t, there exists y0 ∈ Ω′0 with
d (y0, y) < t. By y ∈ Ω0, this implies y0 ∈ Ωt, which is a contradiction to the definition of Ω′0.

4.6.2 Speed Rescaling

We have just seen in Theorem 15 that time evolution along a Lipschitz continuous speed field necessarily
produces a certain regularity of the resulting domain. This also means that it is not possible to achieve
an arbitrary open set as the result of such an evolution. In this subsection, we will discuss possible
relaxations of the assumptions that allow more shapes to be reached. Note that it is trivially possible to
reach an arbitrary open shape Ωd from an initial domain Ω0 ⊂ Ωd if the speed field is not required to
be continuous. One can, for instance, simply use the characteristic function of Ωd. Discontinuous speed
fields are, however, quite an extreme situation. In the following, we will assume that the speed field
remains continuous but may no longer be Lipschitz continuous. In this case, some parts of our theory
about viscosity solutions for the level-set equation (2) break down. It is, however, still possible to use
the Hopf-Lax formula (in particular, Theorem 7) directly to define evolved shapes.

Before we can start with the actual discussion of reachable shapes, we need a technical lemma. It
allows us to approximate bounded, open sets by compact subsets in the Hausdorff distance:

Lemma 50. Let Ω ⊂ Rn be open and bounded. Then, for arbitrary ε > 0, there exists a compact subset
K ⊂ Ω with dH (Ω,K) = dH (Ω→ K) < ε.

Proof. Since we will construct K as subset of Ω, it is clear that dH (Ω,K) = dH (Ω→ K) and we only
have to consider dH (Ω→ K) in the following. Let ε > 0 be given arbitrarily. Since ∂Ω is compact, there
exists a finite subset X ⊂ ∂Ω such that we get ∂Ω ⊂

⋃
x∈X Bε/3 (x). For each x ∈ X, there further exists

cx ∈ Ω with |x− cx| < ε/3. Since Ω is open, we can, in turn, find rx > 0 with Brx (cx) ⊂ Ω. We now
define ρ′ = minx∈X rx > 0, ρ = min(ρ′/2, ε/3) and

K = Ω \
⋃
z∈∂Ω

Bρ (z) .

Then K ⊂ Ω is clearly compact. Consider y ∈ Ω\K arbitrarily. For it, there are z ∈ ∂Ω with |y − z| < ρ
and x ∈ X with |z − x| < ε/3. Let cx ∈ Ω denote the point constructed above for this x. Note that
Brx (cx) ⊂ Ω implies that cx has distance at least ρ′ to the boundary of Ω and, consequently, cx ∈ K.
This yields the estimate

dist (y,K) ≤ |y − cx| ≤ |y − z|+ |z − x|+ |x− cx| < ρ+ ε/3 + ε/3 ≤ ε.

Since y was arbitrary, the claim follows.

We are now ready to prove our first result about reachable shapes. It shows that arbitrary shapes
can be reached in the limit t→∞:

Lemma 51. Let Ωd ⊂ Rn be open, bounded and connected. Furthermore, assume that Ω0 ⊂ Ωd and that
F : Rn → R is continuous. If F > 0 on Ωd and F = 0 else, then

Ωd =
⋃
t>0

Ωt. (73)

In particular, Ωt → Ωd for t→∞ both in the Hausdorff distance and in measure.
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Proof. Note that the structure of F implies Ω0 ⊂ Ωs ⊂ Ωt ⊂ Ωd for any 0 ≤ s ≤ t. Let x ∈ Ωd. Since Ωd
is open and connected, it is, in particular, path-connected. Since Ω0 ⊂ Ωd, there definitely exist x0 ∈ Ω0

and a path ξ ∈ Xad (x0, x) connecting x to Ω0. Thus, d0(x) ≤ l(ξ) <∞. This implies that x ∈ Ωt for all
t ≥ l(ξ). Hence, (73) is shown.

Convergence in measure follows directly from Lebesgue’s dominated convergence theorem. For con-
vergence in the Hausdorff distance, observe the following: If K ⊂ Ωd is compact, there exists some t0 ≥ 0
such that K ⊂ Ωt for all t ≥ t0. This yields

dH (Ωt,Ωd) = dH (Ωd → Ωt) ≤ dH (Ωd → K) .

The claim now follows, since the last distance can be made arbitrarily small according to Lemma 50.

A particular speed field F that can be used in Lemma 51 is the distance function of Rn \ Ωd. It has
precisely the right properties. In fact, as long as the topology of Ω0 matches that of Ωd close enough,
one can also use the negative signed distance function of Ωd even without requiring Ω0 ⊂ Ωd. If the
set Ω0 \ Ωd is not empty, this speed field F = −sdΩd is negative there. Therefore, Ω0 \ Ωd vanishes for
t→∞ in the same way as Ωd \ Ω0 vanishes according to Lemma 51.

The main “feature” of Lemma 51, however, is that the statement holds in the limit of large times. It
is far more interesting to reach a target shape at a precise, finite end time. To achieve this, let us try
to rescale the time. A similar approach is also described on page 20 of [41], although it is based on a
level-set equation. Our scheme directly utilises the Hopf-Lax formula. The basic idea is the following:
Let ξ be some optimal path as per Lemma 19. Assume, without loss of generality, that ξ is parametrised
by arc length, i. e., |ξ′| = 1. This path then defines d0 for all of its points, which yields

d

dt
d0(ξ(t)) =

1

F (ξ(t))

for all t ∈ (0, 1) and points ξ(t) on the path. If we now multiply the speed field F by some factor, this
corresponds to scaling the derivative of d0. When the rescaling factor is constructed in the right way,
this allows us to rescale d0 itself (and thus the evolution time). Note that the rescaling factor must not
depend explicitly on x, since the scaling must be uniform across all minimising paths. It can, however,
depend on the arrival times (i. e., d0(x)).

This process creates, of course, technical difficulties. Let us now address them and execute the
rescaling rigorously. As a first step, we need a variant of Lemma 36 that gives us also information about
the directional derivative of d0 along a minimising path. A further difficulty when considering ∇d0 along
a path is that the image of the path has measure zero, so that the almost-everywhere derivative we get
from Lipschitz continuity and Rademacher’s theorem does not help us. For optimal paths, however, we
can still show the result using an idea similar to superoptimality:

Lemma 52. Let x ∈ Ω+ be given such that d0(x) < ∞. Assume x0 ∈ Γ0 and that ξ ∈ Xad (x0, x) is
an optimal path with d0(x) = d (x0, x) = l(ξ) as per Lemma 19 and Lemma 33. Assume that the path is
parametrised by arc length. Then d0 ◦ ξ is continuously differentiable on (0, 1) with

(d0 ◦ ξ)′(t) =
|ξ|

F (ξ(t))
.

Proof. Take a close look at the proof of Lemma 48. This argument actually proves that we can pick a
single optimal path ξ and then choose xs for every s ∈ (0, t) on the same path. In other words, we get
for arbitrary t ∈ [0, 1]:

d0(x) ≤ d0(ξ(t)) + d (ξ(t), x) ≤ d (x0, ξ(t)) + d (ξ(t), x) = l(ξ) = d0(x)

Thus, equality holds throughout and we find that d0(ξ(t)) = d (x0, ξ(t)) for all t ∈ [0, 1]. Furthermore,
this distance equals the path length of ξ restricted to times in [0, t]. With this reasoning, we can also
show the following: For t ∈ (0, 1) and h ∈ (0, 1− t), denote the part of ξ restricted to [t, t+h] by ξ̃. Then

d0(ξ(t+ h))− d0(ξ(t)) = l
(
ξ̃
)

=

∫ t+h

t

|ξ|
F (ξ(s))

ds.

The same holds also if h ∈ (−t, 0) is negative. Note that the integrand is continuous. Dividing by h and
letting h→ 0, this implies the claim.
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We can now state and prove the main rescaling theorem:

Theorem 16. Let ψ : [0, S)→ [0, T ) be continuously differentiable with ψ′ > 0 and thus strictly increas-
ing and bijective. Let F be some continuous speed field. For x ∈ Ω+, we denote the arrival time based
on this speed field by t(x) = d0(x). If we define the rescaled speed field

F̃ (x) = ψ′(ψ−1(t(x))) · F (x), (74)

then ψ(s(x)) ≤ t(x) holds for the arrival time s(x) based on the speed field F̃ and all x with d0(x) < T .

Proof. Let us define the rescaled function σ by σ = ψ−1 ◦ t. Note that (a variant of) Lemma 38 applies
to this function. Choose x arbitrarily with d0(x) < T . If d0(x) = 0, then x ∈ Ω0 and the statement
is trivial. So assume 0 < t(x) < T from now on. There exist x0 ∈ Γ0 and ξ ∈ Xad (x0, x) such that
l(ξ) = d (x0, x) = t(x). For this path, Lemma 52 yields

(σ ◦ ξ)′(τ) =
(
ψ−1

)′
(t(ξ(τ))) · (t ◦ ξ)′ =

1

ψ′(ψ−1(t(ξ(τ))))

|ξ|
F (ξ(τ))

=
|ξ|

F̃ (ξ(τ))

for all τ ∈ (0, 1). Let us denote the path length of ξ based on F̃ by l̃(ξ). Then, using the fundamental
theorem of calculus,

s(x) ≤ l̃(ξ) =

∫ 1

0

|ξ′(τ)|
F̃ (ξ(τ))

dτ =

∫ 1

0

(σ ◦ ξ)′(τ) dτ = σ(ξ(1))− σ(ξ(0)) = σ(x).

This finishes the proof, since ψ is increasing and thus ψ(s(x)) ≤ ψ(σ(x)) = t(x).

We only get the inequality ψ(s) ≤ t since it is not a-priori clear whether the path ξ which is optimal
for F is also optimal for the rescaled speed field F̃ . In the proof of Theorem 16, we have only analysed
how the scaling affects the length of this particular path. Note, though, that the rescaling is, in principle,
symmetric. We can apply it again in the other direction to show equality. The only difficulty is the fact
that the original arrival time is part of the scaling factor in (74).

Corollary 11. Consider the situation of Theorem 16 and assume, in addition, that ψ is twice differ-
entiable and either convex or concave. Then ψ(s) = t holds. Consequently also Ω̃σ = Ωψ(σ) for all

σ ∈ [0, S), where Ω̃σ denotes the evolved shape according to F̃ .

Proof. Let us assume, without loss of generality, that ψ is concave. If it is convex, we can apply everything
to ψ−1 instead. Define another rescaled speed

F̂ (x) =
(
ψ−1

)′
(ψ(s(x))) · F̃ (x) =

F̃ (x)

ψ′(s(x))
.

Since ψ is concave, ψ′ is decreasing. Hence, ψ′(s) ≥ ψ′(ψ−1(t)). This implies F̂ ≤ F . Let us denote
the arrival time for the speed field F̂ by t̂. Then, due to F̂ ≤ F , we know that t ≤ t̂. Furthermore,
if we apply Theorem 16 again for F̂ , we find ψ−1(t̂) ≤ s. Taking both inequalities together, we have
t ≤ t̂ ≤ ψ(s). This shows ψ(s) = t. For the evolved shapes, consider Theorem 7:

x ∈ Ω̃σ ⇔ s(x) < σ ⇔ t(x) = ψ(s(x)) < ψ(σ) ⇔ x ∈ Ωψ(σ)

Let us finally make use of Theorem 16 to address the question of reachable shapes. Take note that
we only need Theorem 16 for this, not the sharper statement of Corollary 11.

Corollary 12. Let Ωd and F be as in Lemma 51 and consider the situation of Theorem 16. Assume,
furthermore, that T =∞, i. e., limτ→S− ψ(τ) =∞. Then Ω̃σ = Ωd for all σ ≥ S.

Proof. Note first that F = 0 on Rn \Ωd, which carries over to F̃ and ensures that Ω̃σ ⊂ Ωd for all σ. We
have to show the reverse inclusion in case of σ ≥ S. Choose x ∈ Ωd. As in Theorem 16, let us denote the
corresponding arrival times for F and F̃ by t(x) and s(x), respectively. Due to Theorem 16, we know
that s(x) ≤ ψ−1(t(x)) < S. Hence, x ∈ Ω̃σ for all σ ≥ S. This finishes the proof.

80



0

0.5

1

1.5

Figure 25: Example of a speed field rescaled according to (75). The initial geometry is the small circle,
the target shape Ωd the square. Some intermediate evolution steps are shown as well.

4.6.3 Hölder Continuous Speed Fields

To conclude the discussion about reachability, let us check what regularity we can expect from a speed
field rescaled according to Theorem 16. Throughout this subsection, let us assume that the original speed
field F is the distance function of Rn \Ωd and choose ψ(t) = tan t. This choice fulfils all requirements of
Theorem 16, Corollary 11 and Corollary 12. In particular, it gives Ω̃π/2 = Ωd. The rescaled speed from
(74) is in this case:

F̃ (x) = tan′(arctan(t(x))) · F (x) =
(
1 + t(x)2

)
· F (x) =

(
1 + d0(x)2

)
· F (x) (75)

Note that this is easily accessible also in a numerical setting. The arrival times d0 can be calculated with
the Fast Marching Method described in Subsection 3.5.2 (as can F , which is a distance function itself).
The effect of this rescaling is illustrated in Figure 25: The plot shows a speed field constructed by (75)
with the goal to transform a circle into a square. Take note that Theorem 15 forbids such a “squaring
the circle” for Lipschitz continuous speed fields, since the square has density 1/4 at the corners. It is,
nevertheless, possible by the rescaled speed shown in the plot. The black contours indicate also some
intermediate evolution steps. One can numerically verify the statement of Corollary 11 for them.

Let us now go back to the question of regularity of a speed field F̃ rescaled according to (75). Of
course, the interesting situation here is behaviour near the boundary. According to Lemma 34, the
functions d0 and thus also F̃ are locally Lipschitz continuous in the interior of Ωd anyway. Thus, we have
to consider F̃ near ∂Ωd. We want the rescaled speed to go continuously to zero there. Furthermore,
recall that the possibility to produce (outward-pointing) corners is precisely what sets a rescaled speed
field apart from a Lipschitz continuous one. Thus, considering the decay of F̃ at corners is the most
critical thing to do. In fact, one can even see in Figure 25 that F̃ vanishes most slowly towards the
corners. Unfortunately, continuity at a corner is not true in general. If we are looking at a cusp, then a
rescaled speed field according to (75) fails to be continuous:

Example 12. Consider a cusp formed by two touching circles as shown in Figure 26. Assume that this
is part of the boundary of Ωd. The global structure of Ωd and the initial geometry Ω0 are not important
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Figure 26: The situation and notation of Example 12.

here. Let us consider, in particular, F , d0 and F̃ along the dashed line. We characterise points on this
line by their distance δ from the cusp, as shown in the figure. The initial speed field (as distance function
to the boundary of Ωd) is then

F (δ) = F (x(δ)) =
√
R2 + δ2 −R.

(Compare also Figure 28b.) Since the speed F is largest on the dashed line, we may assume that Ω0 is
such that all shortest paths to points x(δ) go along the dashed line. In this case,

d0(δ) = d0(x(δ)) = d0(x(δ0)) + d (x(δ0), x(δ)) = d0(x0) +

∫ δ0

δ

1

F (δ′)
dδ′.

This integral, however, diverges so strongly for δ → 0+ that F̃ (δ) = (1 + d0(δ)2) · F (δ) does not vanish
in the limit δ → 0+. A numerical evaluation of this rescaled speed field is shown (for some values of the
parameters) in Figure 27. While the function is continuous on (0, δ0), it does not vanish for δ → 0+ and
is thus not continuous across the boundary of Ωd.

The problem in the situation of Example 12 is this: Due to the cusp, there is no guaranteed minimal
increase of the original speed field F . Even if F is not required to be a distance function, this situation
can still not be avoided: As long as F is assumed to be Lipschitz continuous, it can always be bounded
from above by the distance function to Rn \Ωd since F = 0 on this set. This leads to the same conclusion
as in the example. Thus, we have to make an additional assumption on Ωd to avoid a discontinuity in
the rescaled speed field:

Assumption 1. Let Ωd be bounded. We assume that there exists a compact set K ⊂ Ωd and a constant
c > 0 such that: For each x ∈ Ωd, there must be xk ∈ K and a path ξ ∈ Xad (x, xk) such that

∇F (ξ(t)) · ξ′(t) ≥ c |ξ′(t)| (76)

for almost all times t ∈ [0, 1].

This assumption ensures that each point of Ωd can be connected to some compact set (on with d0

is uniformly bounded) with a path that ensures a certain minimal gradient of F . This is the case for a
wide range of shapes. In particular, it allows non-cusp outward-pointing corners as in Figure 25, while it
excludes the situation of Example 12. This is illustrated for the square Ωd = [−1, 1]2 ⊂ R2 in Figure 28a:
We can choose K = {0} to be the singleton containing only the square’s centre. For some other point
in Ωd, we can use a path as indicated in the figure. Since it follows the gradient of the distance function
until it reaches a diagonal of the square, the directional derivative is one along this initial part of the
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Figure 27: Evaluation of the rescaled speed field F̃ (δ) in Example 12 with numerical quadrature. Clearly
F̃ (δ) 6→ 0 for δ → 0+.

path. But also afterwards, following the diagonal, the derivative is still uniformly positive as well. This is
unlike a cusp, where the gradient along the “ridge” has no uniform lower bound as depicted in Figure 28b.

Based Assumption 1, we can now immediately show:

Lemma 53. Let Assumption 1 hold. Then there exist constants d,M > 0 such that

d0(x) ≤ d+
1

c
log

(
1 +

M

F (x)

)
(77)

for all x ∈ Ωd.
This implies, in particular, also the following Hölder estimate: Let α ∈ (0, 1) be given and consider

the rescaled speed field F̃ from (75). Then there exists C > 0 such that∣∣∣F̃ (x)
∣∣∣ ≤ C · sdRn\Ωd(x)α = C · F (x)α (78)

for all x ∈ Ωd.

Proof. Let x ∈ Ωd be given. Choose xk ∈ K and ξ ∈ Xad (x, xk) according to Assumption 1. Without loss
of generality, we can assume that ξ is parametrised such that |ξ′(t)| = |ξ| for all t ∈ [0, 1]. Furthermore,
due to (76), this also implies

F (ξ(t)) = F (x) +

∫ t

0

∇F (ξ(τ)) · ξ′(τ) dτ ≥ F (x) + ct |ξ| . (79)

Hence, if we set d = supy∈K d0(y), it follows that

d0(x) ≤ d0(xk) + d (xk, x) ≤ d+

∫ 1

0

|ξ|
F (ξ(t))

dt ≤ d+

∫ 1

0

|ξ|
F (x) + ct |ξ|

dt = d+
1

c
log

(
1 +

c |ξ|
F (x)

)
.

Since F is bounded on the compact set Ωd, the relation (79) also implies that |ξ| can be uniformly
bounded. If we define M accordingly, (77) follows. For (78), just note that the right-hand side of (77)
vanishes in the limit x→ ∂Ωd if multiplied by any power F (x)1−α.
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(a) For a square as Ωd, the indicated path ensures (76).
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(b) No uniform lower bound exists for the gradient along the ridge in case of a cusp.

Figure 28: Illustration of Assumption 1 for the case of a square (where the assumption is satisfied) and
a cusp (where it does not hold).
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The estimate (78) means, roughly speaking, that F̃ is Hölder continuous (with arbitrary exponent
less than one) towards the boundary. To see this, recall that F (x) = |x− x0| for some x0 ∈ ∂Ωd and
that F̃ (x0) = 0. To conclude our analysis, let us finally extend this result and show that the rescaled
speed field F̃ is, indeed, Hölder continuous:

Theorem 17. Let Assumption 1 hold. Then the rescaled speed field F̃ from (75) is Hölder-α continuous
for any α < 1/2.

Proof. Let x, y ∈ Ωd be fixed, β ∈ (0, 1) and consider the straight line Sxy connecting both points to each
other. Without loss of generality, let us assume that |x− y| < 1. This is the interesting case. Assume

first that F (Sxy(τ0)) ≤ |x− y|β for some τ0 ∈ [0, 1]. This implies that there exists x0 ∈ ∂Ωd such that
F (Sxy(τ0)) = |x0 − Sxy(τ0)| and

max (F (x), F (y)) ≤ max (|x− x0| , |y − x0|) ≤ |x− y|+ |x0 − Sxy(τ0)| ≤ 2 |x− y|β .

Using Lemma 53, this yields∣∣∣F̃ (x)− F̃ (y)
∣∣∣ ≤ ∣∣∣F̃ (x)− F̃ (x0)

∣∣∣+
∣∣∣F̃ (x0)− F̃ (y)

∣∣∣ =
∣∣∣F̃ (x)

∣∣∣+
∣∣∣F̃ (y)

∣∣∣ ≤ 21+αC · |x− y|αβ (80)

for any α < 1 and some corresponding constant C.
Now, assume that F (Sxy(τ)) ≥ |x− y|β for all τ ∈ [0, 1]. This implies

d0(y) ≤ d0(x) +
|Sxy|
|x− y|β

= d0(x) + |x− y|1−β .

Doing the same calculation the other way round, we get the Hölder estimate |d0(x)− d0(y)| ≤ |x− y|1−β .
This implies for (75):

F̃ (y) = (1 + d0(y)2) · F (y) ≤
(

1 +
(
d0(x) + |x− y|1−β

)2
)
· (F (x) + |x− y|)

= F̃ (x) +

(
1 +

(
d0(x) + |x− y|1−β

)2
)
· |x− y|+

(
|x− y|1−β + 2d0(x)

)
F (x) · |x− y|1−β

(81)

Recall (77), which implies that d0(x) and with it the corresponding terms on the right-hand side of (81)
are bounded when multiplied with any power of F (x). Since

|x− y|α ≤ |x− y|αβ ≤ F (x)α,

this is also true for any power of |x− y|. Again using this argument also the other way round, this
implies a Hölder estimate of F̃ .

Let us now summarise the results we have: In the first case, (80) implies that F̃ is Hölder continuous
with any exponent less than β. In the second, (81) gives Hölder continuity with exponents up to 1− β.
Thus, if we choose β = 1/2, we have shown the claim.
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5 Perimeter of the Evolving Sets for Constant Speed

Unfortunately, the shape calculus presented in Section 4.2 still has a small gap: We have only derived weak
shape derivatives in the sense of absolutely continuous functions. Based on Lebesgue’s differentiation
theorem, this allows us to conclude the existence of a classical derivative for almost all times in the
shape evolution as in the proof of Corollary 6. While this may be a good justification in practice, it is
still very interesting to investigate whether or not the derivative actually exists everywhere. This is the
case if the weak shape derivative (51) can be extended continuously to all times t. If we assume that the
integrand Ff in this expression is continuous, the crucial question is whether or not the surface measure
of Γt depends continuously on t. We believe that this is true under reasonable assumptions, but are,
unfortunately, not able to give a full proof.

More generally, the regularity of level sets is a classical research topic. This can be seen already in
the context of Sard’s theorem and the co-area formula (see page 112 of [37]). For recent work in this
direction, let us refer to [1]. Our situation is similar: By Corollary 5, the evolving boundary Γt can be
written precisely in terms of the level sets of the distance function D. There already exists literature
about the measure of level sets of distance functions, see, for instance, [18]. Research of this subject can
be motivated directly by the famous paper [3] of Almgren, Taylor and Wang. Note carefully, though,
that all of these results share the property that they are, more or less, based on the co-area formula.
Consequently, they hold only for almost all level sets. This is of no use in our case, since we need
statements about all times t of the shape evolution in order to derive continuity.

Our own paper [60] discusses an alternative approach in this direction, which is directly based on
fundamental geometric and measure-theoretic arguments. The resulting statements are true for all level
sets. In this chapter, we present these results. For this, let us concentrate on the effect of the initial
geometry and not the speed field. Thus, we assume constant outward motion (i. e., F = 1) throughout
most of this chapter. For simplicity, let us also study only the case of a non-fat initial boundary, which
means Ω0 = Γ0 ∪ Ω0. This situation was already discussed in Section 3.1. Recall that the evolved sets
Ωt and Γt are given by the level sets of the distance function sdΩ0 to the initial geometry as per (25).
While this was not fully proven in Section 3.1 itself, it follows easily from the general Hopf-Lax theory
presented later on and, in particular, Theorem 7.

To motivate the following considerations, we start with an example in Section 5.1. It shows that
blow-up of the perimeter of Ωt can happen for t → 0+ even if Ω0 is a smooth Caccioppoli set. After
investigating some auxiliary properties of spherical sectors in Section 5.2, we are able to show that all
evolved sets Ωt have finite perimeter if Ω0 is bounded. This will be done in Subsection 5.3.1 with the
help of an inverse isoperimetric inequality that we can prove for a special situation. The upper bound for
the perimeter, however, diverges like 1/t for t→ 0+. This matches our observations from the motivating
example formulated in Theorem 18. Under an additional uniform-density assumption, we will improve
the result in Subsection 5.3.2 to arrive at a uniform bound for t→ 0+. Note, however, that these results
do not yet yield a full proof for continuity of the perimeter. We develop, however, useful tools for further
steps in this direction. At the end of this chapter, we will briefly discuss in Section 5.4 how these tools
may be used in the future to prove continuity of t 7→ P (Ωt). We also give some ideas on how to generalise
the results to the case of non-constant speed fields.

5.1 Motivating Example for Perimeter Blow-Up

Before we start working towards the main results of this chapter, let us give a motivating example. It
shows why it is necessary to introduce the notion of uniform lower density in Subsection 5.3.2 together
with the complexities it creates.

There is a classical textbook example for elementary geometry: Let a rope be put tightly around the
Earth’s equator. If the rope is now prolonged by a single metre, how far will it be above the surface?
With a trivial calculation, one arrives at the surprising result that the distance is not negligible. In fact,
the relationship between the changes in a circle’s radius and its perimeter is independent of the circle’s
size. We can exploit this fact not just for huge but also for tiny circles. This allows us to show that the
perimeter of Ωt can blow up for t→ 0+ even if Ω0 has finite perimeter and is bounded:
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Figure 29: The notation and initial set Ω0 used in Example 13. Ω0 consists of the union of all grey balls.

Example 13. Consider D = [0, 2]× [0, 1] ⊂ R2 as hold-all domain. For k = 0, 1, . . ., define

lk = 4−k, rk =
(lk)2

4
=

1

4
· 16−k and Nk =

2−k

(lk)2
= 8k.

Based on these definitions, we choose Ω0 as an infinite union of balls as depicted in Figure 29. Specifically,
Ω0 is constructed by splitting D first into a sequence of vertical strips with widths 2−k. Each strip is
then further divided into squares of size lk × lk. Into each such square, we put a ball with radius rk. For
each k, there is a total of Nk such squares and balls.

Each ball at level k has perimeter 2πrk, so that the total perimeter of Ω0 is given as

P (Ω0) =

∞∑
k=0

Nk · 2πrk =
π

2

∞∑
k=0

(
8

16

)k
= π.

Thus, Ω0 is a bounded set of finite perimeter. It is also clear that it has a smooth boundary, since it
consists entirely of balls. However, since the radii of the balls become arbitrarily small, the curvature
of Γ0 is not bounded. For the time evolution of Ω0, note that each circle grows outwards and is a circle
of radius rk + t at time t. This works as long as t is small enough, so that the circle does not yet hit
another growing circle. If we let tk be the time at which the circles of level k hit their enclosing squares,
we find that

tk =
lk
2
− rk =

1

2
· 4−k − 1

4
· 16−k =

1

2
· 4−k

(
1− 1

2
· 4−k

)
≥ 1

4
· 4−k. (82)

The other way round, this means that for times t < tk, all circles up to (and including) level k have
certainly not touched any others. Let t > 0 be given and m such that tm+1 ≤ t < tm. If we use only
circles up to level m to estimate the perimeter of Ωt, this yields

P (Ωt) ≥
m∑
k=0

Nk · 2π(rk + t) ≥ 2π
m∑
k=0

Nkt ≥ 2πtm+1

m∑
k=0

8k ≥ π

2

1

4m+1

8m+1 − 1

7
≥ π

14

(
2m+1 − 1

)
. (83)

Note that we can see already here that this expression is unbounded for t → 0+, since this limit corre-
sponds to m→∞. To get a more precise estimate, we can rewrite (82) to get

4m ≥ 1

4tm
⇔ 2m ≥ 1

2
√
tm

⇒ 2m+1 ≥ 1

2
√
tm+1

≥ 1

2
√
t
.

Combining this result with (83) finally gives

P (Ωt) ≥
π

14

(
1

2
√
t
− 1

)
,

which diverges like 1/
√
t as t→ 0+ and certainly becomes unbounded.
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If one considers the calculations in Example 13 carefully, one can see that the base number in the
definition of lk (four in the example) influences only the constant in front of the final estimate as long as
it is larger than two. The exponent 1/2 determining the rate to be 1/

√
t comes from the fact that each

level of balls gets assigned only half the area that was assigned to the previous level. We can increase
this fraction as long as it is less than one if we still want to get a bounded set as result. This line of
thought can be extended to the following result:

Theorem 18. Let n ≥ 2 and 0 < s < 1 be given. Then there exists a Caccioppoli set Ω0 ⊂ Rn bounded
and with smooth boundary, such that

P (Ωt) ≥
C

ts

for some constant C and t > 0 small enough. This gives, in particular, a rate of divergence for t→ 0+.

Proof. We replicate the construction of Example 13: For the desired result, choose some α > 1 and set

f = αs−1 ∈ (0, 1).

Note that fαn > fα = αs > 1. We define

lk = α−k, rk =
(lk)n

4
=
α−kn

4
and Nk =

⌈
fkαnk

⌉
.

This leads to a total volume of all (lk)n-cubes of

∞∑
k=0

Nk(lk)n ≤
∞∑
k=0

(
fkαnk + 1

)
α−nk =

∞∑
k=0

fk +

∞∑
k=0

(
α−n

)k
=

1

1− f
+

1

1− α−n
<∞.

Hence, since f < 1, we can fit everything into a bounded set as before. Clearly, Ω0 has again a smooth
boundary. Its perimeter is also finite since

P (Ω0) = C

∞∑
k=0

Nk(rk)n−1 ≤ C
∞∑
k=0

(
fkαnk + 1

)
rk

=
C

4

( ∞∑
k=0

fk +

∞∑
k=0

(
α−n

)k)
=
C

4

(
1

1− f
+

1

1− α−n

)
.

On the other hand, we still find that balls at level k have not yet hit anything else until time

tk =
lk
2
− rk =

α−k

2
− α−kn

4
≥ α−k

2
− α−k

4
=
α−k

4
. (84)

Thus, for t > 0 with tm+1 ≤ t < tm, we know that

P (Ωt) ≥ C
m∑
k=0

Nk(rk + t)n−1 ≥ C(tm+1)n−1 ·
m∑
k=0

Nk ≥ C
(
α−(m+1)

4

)n−1

·
m∑
k=0

(fαn)
k

=
C

4n−1

(
αn−1

)−(m+1) fm+1 (αn)
m+1 − 1

fαn − 1
≥ C

4n−1 (fαn − 1)

(
(fα)m+1 − 1

)
= C ′

(
(αs)

m+1 − 1
)
,

where we have defined the constant C ′ suitably. From (84), it follows that

αm+1 ≥ 1

4tm+1
≥ 1

4t
⇔ (αs)

m+1 ≥ 4−s

ts
.

Combining this with the estimate for P (Ωt) above shows the claim.
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(b) Defined via the ball Bδ (x) and (85).

Figure 30: Definitions of the sector Sφ(x0, x).

5.2 Auxiliary Geometric Results

In order to show our main results in Section 5.3 (in particular, Theorem 20), we need some auxiliary
results. They are only based on elementary geometry and will be prepared in this section. The basic
object studied is what we will call a sector below:

Definition 15. Let x0, x ∈ Rn, x0 6= x and φ ∈ [0, π/2]. We define

Sφ(x0, x) = {y ∈ Rn | 0 < |x0 − y| < |x0 − x| and (y − x0) · (x− x0) > |x0 − y| |x0 − x| · cosφ} .

We will often set t = |x0 − x| to be the sector’s radius. The set Sφ(x0, x) is an open sector of the ball
with centre x0 and radius t. The value of φ, which corresponds to the maximum allowed angle x–x0–y,
defines the sector’s aperture.

Besides using the angle φ directly, we will also need to define such a sector via an auxiliary ball Bδ (x)
for δ < t. The idea is depicted in Figure 30b: In this case, the sector’s aperture is defined indirectly via
δ. It is chosen as the angle at which the ball around x intersects the larger sphere with centre x0. With
basic trigonometry, one can derive

φ(δ) = arccos

(
1− δ2

2t2

)
(85)

for the corresponding aperture angle. In the following, we will only need two basic properties of this
explicit function: δ < tφ(δ) holds for all δ and tφ(δ)/δ → 1 in the limit δ → 0+. In other words, tφ(δ) ≈ δ
asymptotically for small δ.

The first part of our geometric analysis of sectors is concerned with determining their volume, i. e.,
n-dimensional Lebesgue measure. For this, let us state the following fundamental geometric facts:

Lemma 54. Let n ≥ 2. The volume of a ball with radius ρ > 0 is given by

vol (Bρ (x)) = ωnρ
n, where ωn =

πn/2

Γ(n/2 + 1)
.

This holds obviously for arbitrary x ∈ Rn.
Furthermore, there exists a mapping r : [0, π/2] → [0, 1/2] which is continuous, bijective, strictly

increasing and satisfies
vol (Sφ(x0, x)) = r(φ) · vol (Bt (0)) = r(φ) · ωntn (86)

for all x0, x ∈ Rn and φ ∈ [0, π/2]. Here, we have set t = |x0 − x| as before. In addition,

lim
φ→0+

r(φ)

φn−1
> 0 (87)

exists and is strictly positive.
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Proof. The volume of n-dimensional balls is a well-known result. See, for instance, Theorem 26.13 on
page 666 of [85]. In order to compute the volume of Sφ(x0, x), we use spherical coordinates:

y1 = r · cosφ1,

yk = r ·
k−1∏
i=1

sinφi · cosφk for k = 2, . . . , n− 2,

yn−1 = r ·
n−2∏
i=1

sinφi · sinφn−1,

yn = r ·
n−2∏
i=1

sinφi · cosφn−1

For a derivation of spherical coordinates particularly suited to our purposes, see [12]. Based on the
derivation given there, it is easy to see that

Sφ(x0, x) = {x0 + y ∈ Rn | y = y(r, φ1, . . . , φn−1), r ∈ (0, t), φ1 ∈ [0, φ)} .

The other angles are drawn from their full range, i. e., φk ∈ [0, π] for k = 2, . . . , n−2 and φn−1 ∈ [0, 2π).
Since the Jacobian determinant of this transformation to spherical coordinates is

det J(r, φ1, . . . , φn−1) = rn−1 ·
n−2∏
i=1

(sinφi)
n−i−1,

we find by simple integration that

vol (Sφ(x0, x)) =

∫ t

0

rn−1 dr ·
∫ φ

0

(sinφ1)n−2 dφ1 ·
n−2∏
i=2

∫ π

0

(sinφi)
n−i−1 dφi ·

∫ 2π

0

dφn−1.

Note that the integral over r is trivial to compute. The integrals over φ2, . . . φn−1 result in a dimensional
constant. If φ is chosen as π, we recover the full volume of Bt (x0). Thus,

r(φ) =

∫ φ
0

(sinφ′)n−2 dφ′∫ π
0

(sinφ′)n−2 dφ′

fulfils (86). All other claimed properties of the function r follow from this expression.

We can also relate the surface area of a sector’s base to its volume. This result will be used later
when we prove Theorem 20. It follows immediately from Lemma 54 and, in particular, (87):

Lemma 55. For fixed t > 0, there exist δ0 > 0 and a dimensional constant C such that

δn−1ωn−1 ≤ C
vol
(
Sφ(δ)(x0, x)

)
t

for all δ ∈ (0, δ0) and arbitrary x0, x ∈ Rn with |x0 − x| = t.

Proof. By (87), there exist φ0 > 0 and C ′ such that φn−1 ≤ C ′r(φ) holds for all φ ∈ (0, φ0). Since
δ < tφ(δ) according to (85), it follows that

δn−1ωn−1 < tn−1φ(δ)n−1ωn−1 ≤ C ′
ωn−1

ωn
· r(φ(δ)) · ωntn−1 = C ′

ωn−1

ωn
·

vol
(
Sφ(δ)(x0, x)

)
t

.

This estimate holds as long as φ(δ) ∈ (0, φ0). Since t is fixed and tφ(δ)/δ → 1, we can choose δ0 > 0
suitably such that this condition is satisfied for all δ ∈ (0, δ0).
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H

Figure 31: The hyperplane H separates both the balls and the full sectors from each other when (88)
holds. This is the main idea in the proof of Lemma 56.

Finally, let us consider two sectors Sφ(x0, x) and Sφ(y0, y). The angle is the same for both, and we
assume that φ = φ(δ) for some δ > 0. Let also t = |x0 − x| = |y0 − y|. We are particularly interested in
the situation

Bδ (x) ∩Bδ (y) = ∅ and t ≤ min(|x0 − y| , |y0 − x|). (88)

A main ingredient for the proof of Theorem 20 is the fact that this condition is sufficient for both sectors
to be disjoint. This is illustrated in Figure 31: If the balls are disjoint, we can construct the hyperplane
H that divides the line x–y at its midpoint and is perpendicular to it. This plane has the property that
all points “above” it are closer to x than to y, and vice-versa for points on the other side. Thus, (88)
implies that x0 is on the same side as x, while y0 must be on the other side together with y. Hence, the
plane separates the convex sets Sφ(x0, x) and Sφ(y0, y) from each other, which means that the sectors
must be disjoint. This is the main idea behind the following result:

Lemma 56. Let δ > 0 and x0, y0, x, y ∈ Rn with t = |x0 − x| = |y0 − y| such that (88) holds. Then

Sφ(δ)(x0, x) ∩ Sφ(δ)(y0, y) = ∅.

Proof. With a proper translation, we can assume, without loss of generality, that y = −x. Because
Bδ (x) and Bδ (y) are disjoint, the hyperplane

H = {p ∈ Rn | x · p = 0}

separates both balls (see Figure 31). Furthermore, by (88) we know

|x0 − x|2 = t2 ≤ |x0 − y|2 = |x0 + x|2 .

Multiplying this inequality out, we find 0 ≤ x · x0. This means that x and x0 are on the same side of H.
Similarly, we also find that y and y0 are on one side of H. Since y = −x, this means

0 ≤ y · y0 ⇔ x · y0 ≤ 0.

Hence, x0 and y0 are on different sides of the hyperplane H. Thus, H separates also the convex hulls
of Bδ (x) ∪ {x0} and Bδ (y) ∪ {y0}, which contain Sφ(x0, x) and Sφ(y0, y), respectively. This shows that
the sectors are, indeed, disjoint.
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5.3 Estimates of the Perimeter

With all the preparations of Section 5.2 in place, we can now proceed to show the main estimates. As
before, let us assume that Ω0 ⊂ Rn is an open set. We denote its boundary by Γ0 = ∂Ω0 and introduce
d0 = sdΩ0 as the distance function of Ω0. Recall also the definitions of Ωt and Γt from (25). An immediate
consequence of the definition of the signed distance function in (1) is the following property of d0:

Lemma 57. For each x ∈ Rn \ Ω0,
d0(x) = inf

y∈Γ0

|x− y| . (89)

Furthermore, there exists x0 ∈ Γ0 with d0(x) = |x− x0|.

In the following, we are interested in estimating the “surface area” of Ωt for t > 0. Before we can do
that, let us briefly recall the applicable concepts for defining such a surface area in the first place:

Definition 16. Let Ω ⊂ Rn be open. We define its perimeter as the quantity

P (Ω) = sup

{∫
Rn

div (ψ) dx

∣∣∣∣ ψ ∈ C1(Ω) has compact support and ‖ψ‖∞ ≤ 1

}
.

The set Ω is said to have finite perimeter or to be a Caccioppoli set if P (Ω) <∞.

See, for instance, Definition 3.35 on page 143 of [4] and Section 3.3 of this book in general for more
details about sets of finite perimeter. Furthermore, let us also introduce the Hausdorff measure following
Definition 2.46 on page 72 of [4]:

Definition 17. Let k ∈ N and Ω ⊂ Rn. For δ > 0, we define

Hkδ (Ω) = inf

{ ∞∑
i=1

(
di
2

)k
ωk

∣∣∣∣∣ Ω ⊂
∞⋃
i=1

Ui, di = sup
x,y∈Ui

|x− y| , di ≤ 2δ

}
.

Here, ωk denotes the volume of the k-dimensional unit ball as in Lemma 54. The value di is the diameter
of the set Ui, and it is allowed to be at most 2δ in order for (Ui)i∈N to be an admissible δ-covering of Ω.

Furthermore, the k-dimensional Hausdorff measure of Ω is then given by

Hk(Ω) = sup
δ>0
Hkδ (Ω) = lim

δ→0+
Hkδ (Ω).

Note that we define the Hausdorff measure in such a way that Hn corresponds to the n-dimensional
Lebesgue measure. (For a proof, see Theorem 2.53 on page 76 of [4].) This is the reason for including
ωk in the definition. Other authors (e. g., [85]) do not add this normalisation constant, which results in
a notion of Hk that is different from Definition 17 by a constant.

For the case of only one dimension, the situation is simple since sets of finite perimeter in one
dimension can be represented (up to a set of measure zero) as the union of a finite number of intervals:

Theorem 19. Let n = 1 and Ω0 ⊂ R be open and bounded. Then Γt is a finite set for each t > 0 and
its cardinality is non-increasing with respect to t. Furthermore,

H0(Γt) ≤ P (Ω0) . (90)

If Ω0 has finite perimeter and t is sufficiently small, then both values are actually equal.

Proof. Let t > 0 and x ∈ Γt. Lemma 57 implies that there exists x0 ∈ Γ0 with |x− x0| = t. Assume,
without loss of generality, that x0 < x. It follows that Ix = (x0, x) ⊂ d0

−1 ((0, t)). Furthermore, if y ∈ Γt
and x 6= y, then Ix ∩ Iy = ∅. Since vol (Ix) = t > 0 for each x ∈ Γt and Ωt is bounded, the cardinality of
Γt is bounded as H0(Γt) ≤ vol (Ωt) /t and thus finite. If we have 0 < s < t, the estimate (90) implies

H0(Γt) ≤ P (Ωs) ≤ H0(Γs).

Hence it follows that the cardinality is non-increasing when we have established (90).
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For (90), assume that Ω0 has finite perimeter (the situation is trivial otherwise). According to
Proposition 3.52 on page 153 of [4], there exist p ∈ N and p disjoint intervals Ji = [ai, bi] such that
Ω0 ⊂

⋃p
i=1 Ji. The two sets can only differ by a set of measure zero. Furthermore, P (Ω0) = 2p. As

before, we can associate an interval Ix ⊂ d0
−1 ((0, t)) to each x ∈ Γt and all Ix are disjoint. If we assume

that Ix = (x0, x), then x0 = bi for some 1 ≤ i ≤ p. Similarly, x0 = ai if Ix = (x, x0). Because of

H0(Γt) ≤ 2p = P (Ω0) ,

the relation (90) follows. If we assume an ordering such as

a1 < b1 < a2 < b2 < · · · < ap < bp

and denote by
L = inf

i=1,...,p−1
(ai+1 − bi) > 0

the minimal distance between the intervals Ji, then equality holds with H0(Γt) = 2p for t < L/2.

5.3.1 A Bound on the Hausdorff Measure

Intuitively, Ωt is constructed from Ω0 by adding a “layer” of thickness t onto Γ0. Following this picture,
one can imagine that the volume of this layer should roughly equal t times the surface area (i. e.,
perimeter) of either Ω0 or Ωt. This argument can be made rigorous by estimating the volume in terms
of P (Ω0) and then Hn−1(Γt) in terms of the volume. The former will be done in Subsection 5.3.2. We
will show the latter as our first main result in this subsection. This is, somehow, an inverse isoperimetric
inequality. Of course, in the general situation no inverse to the classical isoperimetric inequality (see
Subsection 5.6.2 of [37]) holds. In our case, however, it works because the considered volume is not
allowed to be “arbitrarily thin”.

Definition 18. For a fixed initial set Ω0 and t > 0, we define the newly created volume to be

Ut =

( ⋃
x0∈Γ0

Bt (x0)

)
\ Ω0 = {x ∈ Rn | 0 < d0(x) < t} .

We can now state and prove the first main result of this chapter:

Theorem 20. There exists a dimensional constant C such that

P (Ωt) ≤ Hn−1(Γt) ≤ C ·
vol (Ut)

t

holds for all t > 0.

Proof. The first inequality is a well-known fact about the relation between perimeter and the Hausdorff
measure. See, for instance, Proposition 3.62 on page 159 of [4]. We will now show the second inequality.
For this, let δ > 0 be given. Then clearly Γt ⊂

⋃
x∈Γt

Bδ (x). According to Vitali’s covering theorem
(see Theorem 1 on page 27 of [37]), there exists a countable subset X ⊂ Γt such that

Γt ⊂
⋃
x∈X

B5δ (x) (91)

and all Bδ (x) are disjoint for x ∈ X. Note that X is, in fact, finite if Ω0 and thus also Γt are bounded.
For each x ∈ Γt, there exists a corresponding point x0 ∈ Γ0 with |x− x0| = t according to Lemma 57.

Furthermore, note that t ≤ |y − y0| for all y ∈ Γt and y0 ∈ Γ0. For x ∈ X and its associated point
x0 ∈ Γ0, let us define

Sx = Sφ(δ)(x0, x).

Note that the condition (88) is satisfied for each pair (Sx, Sy) with x, y ∈ X, so that all Sx and Sy with
x 6= y are disjoint by Lemma 56. Also note that a basic geometric argument implies Sx ∩ Ω0 = ∅ for
small enough δ. Thus, we find that each Sx is contained in the newly created volume and get∑

x∈X
vol (Sx) = vol

( ⋃
x∈X

Sx

)
≤ vol (Ut) . (92)

93



Since the enlarged balls in (91) provide a particular 5δ-covering of Γt, we know that

Hn−1
5δ (Γt) ≤

∑
x∈X

(5δ)n−1ωn−1 ≤ 5n−1C
′

t

∑
x∈X

vol (Sx) .

The last estimate and the constant C ′ come from Lemma 55. Together with (92), this yields

Hn−1
5δ (Γt) ≤ 5n−1C ′ · vol (Ut)

t
.

The bound on the right-hand side does not depend on δ any more, so that we can take the limit δ → 0+

to finish the proof.

Having this first result, we can already show that all evolved sets Ωt must be Caccioppoli sets:

Corollary 13. Let Ω0 be bounded. Then Ωt has finite perimeter for all t > 0.

Proof. From the boundedness of Ω0, we can directly conclude that also Ωt and Ut are bounded sets for
any fixed t. Thus, vol (Ut) < ∞ and Theorem 20 implies that Hn−1(Γt) is finite for each t. It follows
now again from Proposition 3.62 on page 159 of [4] that Ωt is a set of finite perimeter.

Take note that the actual bound we get from Corollary 13 diverges like 1/t for t→ 0+. It will be the
focus of the next subsection (in particular, Corollary 14) to show a uniform bound in the limit t → 0+

under additional assumptions. Without these assumptions, however, we can not hope for any strong
improvement of Corollary 13: As we have seen in Theorem 18, the optimal upper bound must diverge
stronger than 1/ts for any s ∈ (0, 1).

5.3.2 Uniform Bounds

As we have seen above in Theorem 20, the quantity vol (Ut) /t is crucial as it gives an upper bound on
the evolved sets’ perimeters. Particularly interesting is the limit t → 0+. As our second main result of
this chapter, we show in this subsection that there exists a uniform upper bound for t→ 0+ as long as a
uniform-density condition holds for the initial set Ω0. This condition prevents arbitrarily sharp corners
and cusps. To be precise:

Definition 19. Let A ⊂ Γ0, c ∈ (0, 1) and t0 > 0. We say that Ω0 has (t0, c)-uniform lower density on
A if the estimate

0 < c ≤ vol (Bt (x) ∩ Ω0)

vol (Bt (x))
(93)

holds for all t ∈ (0, t0) and x ∈ A. Similarly, Ω0 is said to have (t0, c)-uniform upper density on A if

vol (Bt (x) ∩ Ω0)

vol (Bt (x))
≤ 1− c < 1. (94)

When both conditions are satisfied together, Ω0 simply has (t0, c)-uniform density on A.

For fixed x and in the limit t→ 0+, the quotient in (93) and (94) gives the density of Ω0 at x that was
introduced in Definition 13. A related concept that is important for us is the so-called reduced boundary
FΩ of an open set Ω. (Roughly speaking, this is the set of all boundary points where a measure-theoretic
variant of the normal vector to the boundary can be defined. See Definition 3.54 on page 154 of [4].) This
set has the property that Ω has density 1/2 at all points in FΩ, as shown in Theorem 3.61 on page 158
of [4]. Note, however, that this is also true in the example constructed in Section 5.1. Hence, uniformity
of the estimates is really crucial for our purposes in the following. Note that we are not the first to
introduce the concept of uniform lower density. It has been used already by others in a similar context.
See, for instance, Proposition 4.2 in [3] and Theorem 6 in [18]. The relation between uniform density
and other, more established geometric properties will be discussed in more detail in Subsection 5.3.3.

For our estimate of vol (Ut), we need to somehow get an upper bound on t in terms of the perimeter
of Ω0. For a classical result in this direction, see (3.54) on page 156 of [4]. Unfortunately, this estimate
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(a) The set Rbt of Definition 20.
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(b) The main argument in the proof of Lemma 59.

Figure 32: The backwards reachable set and its regularity with respect to uniform upper density. The
dark grey region is Ω0. The point x0 is on Rbt ⊂ Γ0, with x ∈ Γt such that (96) holds.

is local in nature and not uniform over the whole boundary of Ω0. Note, however, that (93) and (94)
together are equivalent to

c ≤ min (vol (Bt (x) ∩ Ω0) , vol (Bt (x) \ Ω0))

vol (Bt (x))
. (95)

This relation can be combined with the relative isoperimetric inequality (see, for instance, Theorem 2 on
page 190 of [37]) to get the uniform estimate that we need:

Lemma 58. Let Ω0 have (t0, c)-uniform density on A. Then there exists a dimensional constant C with

tn−1 ≤ C
(

1

c

)n−1
n

Hn−1 (Bt (x) ∩ FΩ0)

for all x ∈ A and t ∈ (0, t0).

Proof. Since we assume uniform density, (95) implies that

c · vol (Bt (x)) = c · ωntn ≤ min (vol (Bt (x) ∩ Ω0) , vol (Bt (x) \ Ω0))

for all t ∈ (0, t0). If we also apply the relative isoperimetric inequality, we get

tn−1 ≤ C
(

1

c

)n−1
n

P (Ω0;Bt (x))

for some dimensional constant C. This implies the result together with the well-known relation between
perimeter and Hn−1 that can be found in Theorem 3.59 on page 157 of [4].

So far, we have assumed uniform density of Ω0. It will turn out, however, that it is enough to require
only uniform lower density. Uniform upper density is provided automatically if we choose the subset
A ⊂ Γ0 in the right way:

Definition 20. We say that x0 ∈ Γ0 is backwards reachable for time t > 0 if there exists x ∈ Rn with

t ≤ |x0 − x| = d0(x). (96)

The set of all backwards reachable points for time t is denoted by Rbt .
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See Figure 32a for an illustration of the set Rbt : The point x0 ∈ Rbt is shown together with a possible
x ∈ Γt that fulfils (96). Note that only the red part of Γ0 is backwards reachable. Thus, we see that Rbt
is actually more regular than Γ0 itself. In particular, Ω0 has always uniform upper density on Rbt . To
understand why this must be the case, take a look at Figure 32b: Whenever x0 and x are as indicated,
the ball Bt (x) must be disjoint to Ω0 since otherwise d0(x) < t would be the case. Thus, the volume of
Bt (x)∩Bt (x0) can never be part of Ω0, which implies an upper bound for the density of Ω0 at x0. (For
the shown situation, the density is actually 1/2. The maximal possible density would be achieved if also
the light grey area were part of Ω0.) Let us formalise this argument now:

Lemma 59. Let t > 0 and Rbt be the backwards reachable set for time t. Then Ω0 has (t, c)-uniform
upper density on Rbt , where c is a dimensional constant.

Proof. Let e ∈ Rn be arbitrary with |e| = 1. We define

0 < c =
vol (B1 (0) ∩B1 (e))

vol (B1 (0))
< 1.

Now choose x0 ∈ Rbt and τ ≤ t. We have to show that (94) holds for Bτ (x0) with the defined c. By
Definition 20, there exists x ∈ Rn such that τ ≤ t ≤ |x0 − x| = d0(x). We can assume, without loss of
generality, that |x0 − x| = τ . Considering Figure 32b, this implies Bτ (x) ∩ Ω0 = ∅. Hence:

vol (Bτ (x0) ∩ Ω0)

vol (Bτ (x0))
= 1− vol (Bτ (x0) \ Ω0)

vol (Bτ (x0))
≤ 1− vol (Bτ (x0) ∩Bτ (x))

vol (Bτ (x0))
= 1− c

Another important observation is that the backwards reachable set is already sufficient for the con-
struction of the newly created volume Ut. This allows us to restrict our considerations to the more
regular Rbt instead of Γ0 itself later on.

Lemma 60. For 0 < s < t, Rbt ⊂ Rbs. Furthermore,

Ut \ Us ⊂
⋃

x0∈Rbs

Bt (x0) .

Proof. The inclusion Rbt ⊂ Rbs is immediately clear from Definition 20. Pick x ∈ Ut \ Us arbitrarily. By
Lemma 57 we can find x0 ∈ Γ0 with d0(x) = |x0 − x|. Moreover, x 6∈ Us implies that d0(x) ≥ s, so that
x0 ∈ Rbs. Similarly, x ∈ Ut yields d0(x) < t and thus x ∈ Bt (x0).

With this result, all preparations are in place and we can proceed to the actual estimate of vol (Ut).
This is done in two steps: First, we estimate vol (U2t \ Ut). The regularity of the backwards reachable
set with respect to uniform upper density of Ω0 can be used for this situation. Afterwards, we build the
union of a sequence of such strips in order to get vol (Ut) itself.

Lemma 61. Assume that Ω0 has (t0, c)-uniform lower density on Γ0. Then there exists a dimensional
constant C such that

vol (U2t \ Ut) ≤ C
(

1 +
1

c

)n−1
n

t · P (Ω0)

holds for all t ∈ (0, t0).

Proof. According to Lemma 59, we know that Ω0 has (t, c′)-uniform upper density on Rbt with some
dimensional c′. Since it has uniform lower density per assumption, it has (t, c′′)-uniform density (both
upper and lower) with c′′ = min(c, c′). Furthermore, note that

1

c′′
=

1

min(c, c′)
≤ 1

c
+

1

c′
.

Thus Lemma 58 implies that

tn ≤ C ′
(

1

c
+

1

c′

)n−1
n

t · Hn−1(Bt (x0) ∩ FΩ0)
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for all x0 ∈ Rbt with some dimensional C ′. Taking it even further, this yields also

vol
(
B10t (x0)

)
= 10n · vol

(
Bt (x0)

)
≤ C

(
1 +

1

c

)n−1
n

t · Hn−1(Bt (x0) ∩ FΩ0) (97)

for yet another dimensional constant C.
Making use of Lemma 60, we know that

U2t \ Ut ⊂
⋃

x0∈Rbt

B2t (x0) .

With Vitali’s covering theorem (see, again, Theorem 1 on page 27 of [37]), we can construct X ⊂ Rbt at
most countable such that the sets B2t (x0) are disjoint for x0 ∈ X, but still

U2t \ Ut ⊂
⋃
x0∈X

B10t (x0).

Taking the measure on both sides of this inclusion and using (97), we finally find

vol (U2t \ Ut) ≤
∑
x0∈X

vol
(
B10t (x0)

)
≤ C

(
1 +

1

c

)n−1
n

t ·
∑
x0∈X

Hn−1(Bt (x0) ∩ FΩ0)

≤ C
(

1 +
1

c

)n−1
n

t · Hn−1(FΩ0) = C

(
1 +

1

c

)n−1
n

t · P (Ω0) .

The simplification of the sum is justified because all sets Bt (x0) are disjoint.

Theorem 21. Let Ω0 have (t0, c)-uniform lower density on Γ0. Then

vol (Ut)

t
≤ C

(
1 +

1

c

)n−1
n

P (Ω0)

for all t ∈ (0, t0) and a dimensional constant C.

Proof. Let t ∈ (0, t0) be given. Then the disjoint telescopic decomposition

Ut =
(
Ut \ Ut/2

)
∪
(
Ut/2 \ Ut/4

)
∪ · · · =

∞⋃
k=1

(
U2t/2k \ Ut/2k

)
holds. Together with Lemma 61 this yields

vol (Ut) =

∞∑
k=1

vol
(
U2t/2k \ Ut/2k

)
≤ C

(
1 +

1

c

)n−1
n

P (Ω0) ·
∞∑
k=1

t

2k
= C

(
1 +

1

c

)n−1
n

t · P (Ω0) .

This finishes the proof.

When we combine Theorem 21 with Theorem 20, we finally get a uniform bound for Hn−1(Γt). This
result is very similar to Theorem 6 in [18], but note that it holds for all t ≥ 0 and not just for almost all:

Corollary 14. Assume that Ω0 has (t0, c)-uniform lower density on Γ0 and that Ω0 is bounded. In
particular, let Ω0 ⊂ BR (0) for some R > 0. Then

Hn−1(Γt) ≤ C ·
(
1 + P (Ω0) + tn−1

)
(98)

for all t ≥ 0. The constant C depends only on n, t0, c and R but no other properties of Ω0.

Proof. Note that the situation is clear for t = 0 as long as we choose C ≥ 1. From Theorem 21, we know
that vol (Ut) /t ≤ C ′P (Ω0) for all t ∈ (0, t0). Furthermore, since Ω0 ⊂ BR (0), note that Ωt ⊂ BR+t (0).
Thus, for t ≥ t0,

vol (Ut) ≤ ωn(R+ t)n ≤ C ′′(1 + tn) ⇒ vol (Ut)

t
≤ C ′′

(
1

t
+ tn−1

)
≤ C ′′′

(
1 + tn−1

)
.

The claim now follows from Theorem 20, if we combine both estimates for vol (Ut) /t.
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5.3.3 Geometric Regularity Properties in the Literature

The main ingredient for the results in the previous Subsection 5.3.2 is a particular geometric property of
the initial set Ω0, namely uniform density from Definition 19. As pointed out above, this notion has been
used already by others to achieve similar results (see [3] and [18]). We are not aware of any applications
in a broader context, though. Thus, it makes sense to put it into perspective with similar geometric
properties that are more established in the literature and more widely used. In particular, a variety of
so-called (uniform) segment and cone properties is often used to characterise geometric regularity of sets.
For a thorough introduction, see Section 2.6 of [30].

Since uniformity plays an important role for the results of Subsection 5.3.2, it makes only sense to
consider the uniform variants of those segment properties. (All non-uniform properties are fulfilled by
the example developed in Section 5.1, since it is constructed only from circles.) Furthermore, the uniform
(fat) segment property alone also provides very little regularity. For instance, a cusp satisfies it while
it clearly does not have uniform lower density. Thus, let us focus on the uniform cone property. For
convenience, we recall Definition 6.3 on page 115 of [30]:

Definition 21. For x0, x ∈ Rn and φ ∈ [0, π/2], define the open cone

Cφ(x0, x) =
{
y ∈ Rn

∣∣∣ |x0 − y| |x0 − x| · cosφ < (y − x0) · (x− x0) < |x0 − x|2
}
.

This is similar to the sector Sφ(x0, x) of Definition 15 studied above, but it describes a cone with flat
base, i. e., without a spherical cap.

Now, let Ω ⊂ Rn be open. We say that Ω satisfies the uniform cone property if there exist t > 0,
φ ∈ (0, π/2) and ρ > 0 such that for all x0 ∈ ∂Ω there is x ∈ Rn with |x0 − x| = t and

x+ d ∈ Ω ⇒ Cφ(x0 + d, x+ d) ⊂ Ω

for all d ∈ Bρ (0).

Since the uniform cone property ensures for each boundary point the existence of a cone that is
entirely contained in Ω, we can use this cone’s volume as a lower bound on the density of Ω. Thus, the
uniform cone property is a stronger condition than uniform lower density:

Theorem 22. Let Ω ⊂ Rn satisfy the uniform cone property with t and φ as in Definition 21. Then Ω
has (t, r(φ))-uniform lower density on ∂Ω. Similarly, if Rn \Ω has the uniform cone property with these
constants, then Ω has (t, r(φ))-uniform upper density.

Proof. Let x0 ∈ ∂Ω be given. According to Definition 21, there exists x ∈ Rn with |x0 − x| = t such
that Cφ(x0, x) ⊂ Ω. Note that Sφ(x0, x) ⊂ Cφ(x0, x) since

|x0 − y| < |x0 − x| ⇒ (y − x0) · (x− x0) ≤ |y − x0| · |x− x0| < |x0 − x|2 .

Thus, for each τ ∈ (0, t), clearly

Bτ (x0) ∩ Sφ(x0, x) ⊂ Bτ (x0) ∩ Cφ(x0, x) ⊂ Bτ (x0) ∩ Ω.

Hence, we can estimate

vol (Bτ (x0) ∩ Ω) ≥ vol (Bτ (x0) ∩ Sφ(x0, x)) = r(φ) · vol (Bτ (x0))

based on (86). This shows the claim. The proof for uniform upper density works analogously.

Another concept related to our definition of uniform lower density are sets with finite density perimeter
as defined in [13] and Subsection 3.1 of [29]:

Definition 22. Let Ω ⊂ Rn be open and h > 0. The h-density perimeter of Ω is defined as

Ph (Ω) = sup
0<ε<h

vol (Vε (∂Ω))

2ε
, (99)

where Vε (∂Ω) is the ε-envelope of ∂Ω:

Vε (∂Ω) =
⋃
x∈∂Ω

Bε (x) = {x ∈ Rn | sd∂Ω(x) < ε} (100)

If Ph (Ω) is finite, we call Ω a set of finite h-density perimeter.
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This can be interpreted as a relaxation of the (n−1)-dimensional Minkowski content (see, for instance,
3.2.37 on page 273 of [40]). To be precise, the Minkowski content results if the supremum in (99) is
replaced by the limit ε→ 0+. It is easy to see that Vε (Ω0) is related to the newly created volume Uε of
Definition 18: The set Uε is the part of Vε (Ω0) which is outside of Ω0. Hence, an argument similar to
the proof of Theorem 21 can be applied to show that uniform density implies finite density perimeter.

5.4 Outlook

In the end of this chapter, let us give a brief outlook. In particular, recall what we have shown above:
For F = 1, we were able to derive upper bounds for the perimeters P (Ωt) of evolved sets. This is
definitely a new and interesting result, but it does not fully solve the motivating problem. For this, two
more steps are necessary: First, we need to completely rule out jumps to get continuity of the perimeter;
upper bounds as we have shown so far are not enough. Second, the ultimate goal is to have this result
not just for F = 1 but for arbitrary (Lipschitz continuous) speed fields. While we do not yet have any
conclusive answers to these questions, we believe that it should be possible to resolve them positively
(at least under suitable additional assumptions). There are some preliminary arguments supporting this
claim, which we want to give below.

5.4.1 Showing Continuity

For the question of continuity of the evolved perimeters, note that we only have to deal with upper semi-
continuity. Lower semi-continuity is a direct consequence of the corresponding well-known property of
the variation measure. See, for instance, Remark 3.5 on page 119 of [4] and our later discussion in
Lemma 63. Furthermore, it is also well-known that the perimeter is even differentiable for a sufficiently
smooth initial set Ω0. In this case, the derivative can be expressed in terms of the mean curvature κ:

p(t) = P (Ωt) ⇒ p′(t) =

∫
Γt

κ dσ (101)

See Section 2.33 of [78] and the discussion in Section 8.1 (focused on the case of a general speed field).
Let us now consider what happens in 2D if the boundary is only piecewise smooth with corners

between the smooth parts. Depending on the direction of the corner (outward- or inward-pointing),
there are two possible situations to consider. They are illustrated in Figure 33. With elementary
geometry, one can deduce that the change in perimeter (highlighted in red in the figure) is given by

∆P =

{
∆ω · t for outward-pointing corners,

2(1− cos ∆ω)/ sin ∆ω · t in the inward-pointing case.

(We use the convention that ∆ω > 0 for an outward-pointing corner and ∆ω < 0 otherwise. Note that
∆P < 0 in the latter case.) This formula can also be used to define an extended curvature such that
(101) still holds for p′(0). In addition to κ for smooth parts of Γt as in (101), this extended curvature is
a measure that also has Dirac-delta components concentrated on the corners.

To see why the perimeter of such a domain with piecewise smooth boundary should behave contin-
uously during the shape evolution, it remains to make two important observations: First, let us assume
that Ω0 is convex. In this case, Γ0 is a single closed curve and the integral in (101) always results in
p′(0) = 2π. This works both for smooth parts and outward-pointing corners. As long as there are only
finitely many components of Ω0, this implies continuity of the perimeter. (For Example 13, this is not the
case. The individual components, however, actually are convex and have a smooth boundary.) Second,
note that ∆P is always negative for inward-pointing corners; furthermore, it is larger in magnitude than
the corresponding positive change for an outward-pointing corner with the same |∆ω|. Hence, even if the
boundary curve is non-convex, the total derivative cannot exceed 2π. This implies upper semi-continuity.

On the other hand, note that ∆P/t can get arbitrarily negative if ω → π−. The perimeter is still
lower semi-continuous, of course, but the derivative p′(0) is not bounded from below. This can be seen
with a simple example that exhibits a cusp:

Example 14. Let Ω0 be formed by two touching circles, such that a double cusp is produced. For
instance, let us choose

Ω0 = B1 (−1, 0) ∪B1 (1, 0) .
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(a) Outward-Pointing Corner

∆ω

t

Γ0

Γt

(b) Inward-Pointing Corner

Figure 33: Evolution of the perimeter at a corner. The change in angle at the corner is (in magnitude)
∆ω. The grey area is the newly created volume due to the time evolution, the change in perimeter is
indicated in red.

If we evolve this initial geometry along F = 1, the circles grow uniformly in time. At t ≥ 0, their radii
are r(t) = 1 + t. The intersection points of both circles lie on the y-axis (due to symmetry reasons) and
can easily be computed as (0,±y(t))> with

y(t) =
√
r(t)2 − 1 =

√
t(2 + t).

It remains to compute the perimeter of Ωt. For this, note that Γt consists of four symmetric circular
arcs. Each one of them was initially a half circle. Over time, it grows in radius but only covers the angle
π−ω(t), where ω(t) is the angle of the point y(t) seen from the centres of the circles. Basic trigonometry
gives ω(t) = arctan y(t) and thus

P (Ωt) = 4 · r(t) · (π − ω(t)) = 4(1 + t)
(
π − arctan

(√
t(2 + t)

))
.

This function is clearly not Lipschitz continuous and has, in particular, derivative −∞ at t = 0.

5.4.2 General Speed Fields

Finally, let us discuss the modifications required to extend the results of this chapter to more general
speed fields. Since one can always employ Theorem 5, it is enough to consider F ≥ 0. Lipschitz continuity
is, in general, a quite strong requirement that allows us to treat the speed field as “almost constant”
in neighbourhoods that are small enough. Such an argument is used successfully, for instance, to prove
Theorem 15 and to derive the results in Subsection 7.2.2. Thus, there is hope that a general (Lipschitz
continuous) speed field does not introduce too many additional difficulties. It is plausible that the most
difficult situations when analysing the evolution of P (Ωt) are caused by an irregular initial geometry
and not a non-constant speed field. Difficulties related to the initial geometry, however, are already
handled above. Of course, it is still by no means guaranteed that one can really carry through the proofs
above for more general speed fields. We were not yet able to do so. Nevertheless, let us, at least, give a
potential substitute for Theorem 21:

Lemma 62. Let Ω0 have (t0, c)-uniform density on Γ0. Assume that F has Lipschitz constant L and
that 0 ≤ F ≤ F . Then there exists a dimensional constant C such that

vol (Ut)

t
≤ C

(
1

c

)n−1
n

· eLt

1− Lt · eLt

∫
Γ0

F dσ

for all t > 0 with Lt · eLt < 1 and tF · eLt < t0.

Proof. The proof follows, for the most part, Lemma 61. For simplicity, we do not bother with the
strips used there. Since we assume full uniform density of Ω0 here, this is not necessary. Let us start
by analysing the newly created volume Ut for the considered situation. Based on the first estimate in
Lemma 21, we can deduce the inclusion

{y ∈ Rn | d (x, y) < t} ⊂ Brx(t) (x) , where rx(t) =
F (x)

L

(
eLt − 1

)
≤ tF (x) · eLt.
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The last inequality can be proven with a series expansion. Furthermore, note that Ut = Ωt \ Ω0 can be
covered by

Ut ⊂
⋃
x∈Γ0

Brx(t) (x) ⊂
⋃
x∈X

B5rx(t) (x).

Here, we have used Vitali’s covering theorem again to find a countable subset X ⊂ Γ0. This allows us,
in particular, to make Brx(t) (x) and Bry(t) (y) disjoint for all x, y ∈ X.

By assumption, rx(t) < t0 for all x ∈ Γ0. Thus, Lemma 58 can be used to conclude

vol
(
B5rx(t) (x)

)
≤ C

(
1

c

)n−1
n

rx(t) · Hn−1
(
Brx(t) (x) ∩ FΩ0

)
.

Lipschitz continuity of F implies that

|y − x| < rx(t) ≤ tF (x) · eLt ⇒ F (y) ≥ F (x)
(
1− Lt · eLt

)
for all x ∈ Γ0 and y ∈ Brx(t) (x). Both estimates together yield

vol (Ut) ≤
∑
x∈X

vol
(
B5rx(t) (x)

)
≤ C

(
1

c

)n−1
n ∑

x∈X
rx(t) · Hn−1

(
Brx(t) (x) ∩ FΩ0

)
≤ C

(
1

c

)n−1
n

eLt · t
∑
x∈X

F (x)

∫
Brx(t)(x)∩Γ0

dσ ≤ C
(

1

c

)n−1
n

eLt · t
∫

Γ0

F (y)

1− Lt · eLt
dσ.

This implies the claim.
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Figure 34: Our goal of the example optimisation problem considered throughout Chapter 6 is to find
a shape matching one segment of a given grey-scale image. Here, the solution is shown with the red
contour. It consists of the dark ring and disc.

6 Gradient Descent for Shape Optimisation

In the previous chapters, we have discussed how to describe and also modify shapes in the level-set
framework. Furthermore, we have seen in Section 4.2 that these results can, in particular, be used to
develop a shape calculus. We now finally turn our attention to actual shape optimisation based on this
foundation. See also [14] for a more general framework for shape optimisation with level sets and [75] for
an early work that captures already the basic ideas (although in a non-rigorous fashion). Throughout this
chapter, we will discuss and develop a gradient-descent method based on a model for image segmentation.
Our goal with this optimisation problem is shown in Figure 34: Given a grey-scale image, we want to
identify the shape of a segment, i. e., a region with approximately homogeneous intensity, of the image.
We do this by minimising the following shape functional:

J(Ω) =

∫
Ω

(u(x)− u)
2
dx− 2γ · σ · vol (Ω) (102)

Here, u : D → I ⊂ R is the grey-scale image. Typically, we consider D = [0, 1]2 and I = [0, 1]. The set
Ω ⊂ D is the shape we are looking for, which should be a part of the domain D on which the image u
attains an approximately constant intensity. The quantities u and σ in (102) are the mean intensity and
the standard deviation of the image over Ω,

u =
1

vol (Ω)

∫
Ω

u(x) dx and σ2 =
1

vol (Ω)

∫
Ω

(u(x)− u)
2
dx.

The variable γ > 0 is a constant parameter. Thus, our goal is to minimise (102) over all possible open
sets Ω ⊂ D. We call D the hold-all domain and assume it to be bounded.

Note that this approach is slightly different from the usual meaning of image segmentation. We are
only trying to identify a single segment’s shape, which is a problem suited very well for demonstrating our
general optimisation framework. In the literature, image segmentation usually means to find all segments
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of the image. In other words, one looks not just for Ω ⊂ D, but instead for a disjoint decomposition of
D into Ω1 ∪Ω2 ∪ . . .∪ΩN . One can, however, extend the model in (102) to include corresponding terms
for D \Ω as well. This leads to a so-called two-phase image segmentation. It is straight-forward to adapt
the techniques developed below to this situation. We have, in fact, implemented it as well. Furthermore,
using two sets Ω1 and Ω2 as optimisation variables, we can even characterise four different phases. With
the Four-Colour Theorem, this is enough to describe all possible (regular) image segmentations. Again,
our theory and methods can be extended to this case as well. Such multi-phase image-segmentation
approaches were introduced in [81].

We would also like to point out that our model (102) is not meant to be a state-of-the-art method for
image segmentation. Instead, it is just a convenient example problem for the discussion of the general
optimisation framework we want to present. Let us now briefly interpret the chosen cost functional J :
The first term in (102) is a data-fitting term that penalises segments which do not have a nearly uniform
intensity. This term is already present in the classical Chan-Vese model for image segmentation described
in [21]. Instead of approximating the segment with a constant intensity u, one can also use higher-order
polynomials. See, for instance, [22]. This is, again, a straight-forward extension of the method discussed
in the following. Probably more interesting (and non-standard), however, is the second term in (102):
Since it prefers Ω to become larger due to the negative sign, it creates a balloon force that prevents Ω from
collapsing to the empty set. The weight of this force is given by the parameter γ and, more importantly,
by the standard deviation σ of the image over the segment. In other words, if the constant intensity u is
a poor fit for the actual image over Ω, we increase the force. This may happen, for instance, if the image
is very noisy. In these cases, the stronger balloon force is needed to overcome the penalisation imposed
by the data-fitting term. When we have derived the shape derivative of J , we will see much better how
these two competing forces interact.

6.1 Shape Derivatives for the Example Problem

Our model (102) is covered completely by the general shape calculus derived above in Section 4.2. Thus,
we can calculate the shape derivatives (in the weak sense of absolutely continuous functions as before)
according to these rules. Let F be some fixed speed field. For simplicity, we denote the weak shape
derivative in direction F just by a prime. Recall our shape-dependent quantities:

vol (Ω) =

∫
Ω

dx, u =
1

vol (Ω)

∫
Ω

u dx, Var (u) =
1

vol (Ω)

∫
Ω

(u− u)2 dx and σ =
√

Var (u)

Thus, the shape derivatives are:

vol (Ω)
′

=

∫
Γ

F dσ,

u′ =
1

vol (Ω)

∫
Γ

uF dσ − vol (Ω)
′

vol (Ω)
2

∫
Ω

u dx =
1

vol (Ω)

∫
Γ

(u− u)F dσ,(∫
Ω

(u− u)2 dx

)′
=

∫
Γ

(u− u)2F dσ + 2u′
∫

Ω

(u− u) dx =

∫
Γ

(u− u)2F dσ,

Var (u)
′

=
1

vol (Ω)

∫
Γ

(u− u)2F dσ − vol (Ω)
′

vol (Ω)
2

∫
Ω

(u− u)2 dx

=
1

vol (Ω)

∫
Γ

(
(u− u)2 −Var (u)

)
F dσ,

σ′ =
Var (u)

′

2
√

Var (u)
=

Var (u)
′

2σ
=

1

2 · vol (Ω)

∫
Γ

(
(u− u)2

σ
− σ

)
F dσ

Using these results, we can now finally also compute the shape derivative of J in direction F:

dJ (Ω;F ) =

∫
Γ

(u− u)2F dσ − 2γσ

∫
Γ

F dσ − γ
∫

Γ

(
(u− u)2

σ
− σ

)
F dσ

=

∫
Γ

(
(u− u)2

(
1− γ

σ

)
− γσ

)
F dσ

(103)
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Note that dJ (Ω; ·), interpreted as functional operating on the speed field F , is supported on the bound-
ary Γ of our domain Ω. This corresponds to the well-known Hadamard-Zolésio structure theorem, see
Theorem 3.6 on page 479 of [30]. We will soon discuss this interpretation of the shape derivative as a
functional on speed fields in Section 6.2.

Let us give a rough interpretation of this result: Assume that x ∈ Γ and that F (x) > 0. This means
that propagation of Ω in direction F adds x to the domain. For this situation, the integrand’s value at x
tells us how J changes when a neighbourhood of x is included into the image segment. (This concept is
related to topological derivatives, which appear naturally for our example in the shape differential (103).
See the discussion later on in Section 7.5.) In particular, the sign of the integrand at x tells us whether
or not x “should” be included in the segment. This leads to the inclusion criterion

(u(x)− u)2
(

1− γ

σ

)
< γσ. (104)

In the case γ < σ, this condition is fulfilled if and only if u(x) is “close enough” to the current segment
intensity u. The right-hand side (proportional to σ) defines the threshold that tells us how close that
actually is. The larger the variance of pixels in the segment already is, the higher is also the tolerance
for adding new pixels. This corresponds to our earlier interpretation of the balloon force generated by
the second term in (102). If γ ≥ σ, the inclusion criterion (104) is always satisfied. In this case, the
balloon force is so strong that the tracking term in (102) can never counterbalance it, no matter in how
bad a way the pixel u(x) fits to the current segment.

Note that the criterion (104) really compares the standard deviation to the quadratic error term
(u(x) − u)2. Intuitively, it would make much more sense to compare the quadratic error to, say, the
variance. One can also construct cost functionals whose derivatives produce such a criterion. They are,
however, less interesting to consider as example models. Furthermore, the draft paper [51] also proposes
a pixelwise condition similar to (104) in an ad-hoc way to define a post-processing step. It was found
there empirically that the standard deviation gives, indeed, much better results than using the variance
in the threshold condition.

6.2 Shape Gradients as Steepest-Descent Directions

As we have just seen, the expression dJ (Ω;F ) from (103) above can be used to compute the directional
shape derivative of J in some direction characterised by the speed field F . Taking a closer look, we see
that it is actually a linear expression in F . If we choose the speed field from a suitable function space
H such that its trace on Γ can be defined, then dJ (Ω; ·) defines a continuous linear functional on H.
In other words, it is an element of the dual space of H. This corresponds to the Jacobian matrix in a
finite-dimensional setting. For a scalar function J , the Jacobian is a row vector. The gradient, on the
other hand, is a column vector. It lives in the same space from which also directions are chosen, not the
dual space. (Note that some authors do not make this distinction and interpret gradient and Jacobian as
the same thing. In contrast, for our discussion both of these objects will be seen as related but not equal.
We believe that this makes the underlying structure clearer. See also part (iv) of Remark 2.34 in [52].)
However, if H is a Hilbert space, we can use the Riesz representation theorem to associate dJ (Ω; ·) ∈ H′
to some element G ∈ H. The Riesz representative G is characterised by the variational equality

〈F,G〉 = dJ (Ω;F ) (105)

which must be satisfied for all F ∈ H. In the following, we will call this G the shape gradient.
Since G is an element of H itself, we can interpret it as a speed field. This allows us to define

a steepest-descent direction, namely −G. In other words, the conversion from dJ (Ω; ·) to its Riesz
representative G provides a natural extension of the derivative functional that is concentrated on Γ onto
the full domain Ω. Of course, it is also possible to extend the derivative from the boundary onto the
domain in a more ad-hoc fashion. For instance, one can use the integrand in (103) and transfer it onto
Ω such that the extension is constant along normal directions. This, roughly, means that we fix the
speed field on Γ itself and then move each point on the original boundary with a constant speed for
the entire time propagation. (Actually, the movement of boundary points depends on the speed field
itself. If it is not constant throughout D, the movement will deviate from the normal direction over time.
One could try to apply a self-consistency idea similar to Section 7.1, but this makes the situation even
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Figure 35: The input image u and current shape Ω0 used for Figure 36 and Figure 37.

worse.) Our experiments, however, show that an extension like this produces very irregular speed fields
(see Figure 37 below). It is much better and more stable to use an appropriate shape gradient to define
a descent direction. If H is a space with high regularity, this has the additional effect that solving (105)
for G is strongly smoothing and regularising. This is often beneficial, although a too smooth speed field
also carries the risk of not being flexible enough for the required shape changes. Compare Figure 39a
and Figure 57a to see the effect of this smoothing property in a practical situation.

So far, we have not specified what space H actually is. This choice is important, as it has a large
influence on the resulting speed fields. They, in turn, determine the performance of our descent method.
Canonical candidates for H are, of course, the Sobolev spaces Hk(D) = W k,2(D). (See, for instance,
Chapter 5 of [36] for a broad introduction into this classical topic of functional analysis.) If k ≥ 2+bn/2c,
the Sobolev embedding theorem (see Theorem 6 on page 270 of [36]) implies that H is continuously
embedded into C1(D). Thus, every F ∈ H is, in particular, Lipschitz continuous and fits to our theory
developed in the previous chapters. Furthermore, since those speeds are then also continuous, the trace
on Γ can clearly be defined. This works even without requiring any more regularity of Γ, in contrast to
the trace theorem for Sobolev functions. Unfortunately, choosing such a large k usually turns out to be
not very practical. It requires higher-order approximations in the numerics and, in particular, smooths
the speed fields often too strongly. (See [53] for a comparison of different spaces for the shape gradient in
a related setting.) We have seen good numerical results with H = H1

0 (D), even though this choice is not
justified in theory. Choosing H1

0 (D) instead of H1(D) has the advantage that all speed fields get drawn
to zero near the boundary of the hold-all domain. This has the desirable effect that all shape evolutions
stay well inside D. Furthermore, one can also introduce an additional weighting factor β > 0 and use

〈F,G〉β =

∫
D

(FG+ β 〈∇F,∇G〉) dx (106)

instead of the standard inner product on H1
0 (D). By choosing β � 1, one can achieve some smoothing

but also allow more variations in the speed field than for β = 1. This turns out to be beneficial in
practice, as we have demonstrated in [58]. We will also discuss the choice of β for practical computations
in Section 8.3 later on.
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(a) β = 1
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(b) β = 10−2

Figure 36: The shape gradient G for the situation of Figure 35 computed for H = H1(D). We use 〈·, ·〉β
from (106) with different values of β as the inner product.

106



0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

-0.04

-0.02

0

0.02

0.04

Figure 37: The speed field for the situation of Figure 35 resulting from an extension of the trace functional
into the domain along normal directions.

Let us now briefly discuss the effect of various methods to construct a descent speed field with an
example. We use our image-segmentation model (102) and look for a descent direction for the situation
shown in Figure 35. Since we expect the optimal shape to roughly correspond to the dark circle, the
boundary should be pushed outwards (positive speed) on the upper half and inwards (negative speed) on
the lower half. Figure 36 shows how the shape gradient G looks like if we use H = H1(D) with the inner
product defined according to (106). The upper Figure 36a uses β = 1, i. e., the standard inner product
of H1. As a result, G is smoothed very strongly. Instead of a negative speed in the lower half, it is
only slightly “less positive” there. This is clearly not an optimal direction. In the lower plot Figure 36b,
we have used β = 10−2. This gives enough smoothing to remove any effect of the noise in the original
image, but it also allows enough variation to cover the expected sign change in G. This speed field looks
like what one expects intuitively. Figure 37, finally, shows the result of extending the functional from
the boundary onto the domain along normal directions. This allows for very rapid changes along Γ,
which also capture the expected sign change nicely. The resulting speed looks reasonable in the upper
half. There, the main contribution of the trace functional is the balloon force and not the actual image
data. Since this is smooth and also the normal directions behave nicely (as Ω0 is just a circle), we get a
nice extension. However, in the lower half, where the trace functional is determined mostly by the noisy
image data, the extended speed field is quite irregular. If the original shape would be something less
smooth than a circle, this would exaggerate the irregularities even more.

6.3 The Gradient-Descent Method

With the steepest-descent directions discussed above in Section 6.2, we can now turn our attention to
an actual optimisation method. By evolving the geometry at each step into the corresponding direction
and adding a simple line-search procedure, we arrive at a basic gradient-descent method for our shape-
optimisation problem:

1. Given a current shape Ω0, calculate the corresponding shape-dependent quantities. In our case,
they are u, σ and vol (Ω). With these, compute dJ (Ω0; ·).
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2. Solve the variational problem (105) for the shape gradient G. We suggest H = H1(D) or alterna-
tively H = H1

0 (D) with the inner product 〈·, ·〉β from (106).

3. Evolve Ωt according to the speed F = −G for some time t > 0. This can be done using the methods
developed in Chapter 3. The step length t can be chosen with a suitable line-search procedure.

4. Repeat with the new shape Ωt as Ω0 until the descent converges.

Methods like this are, of course, classical. See, for instance, Chapter 3 of [65] for a general discussion
in the finite-dimensional setting. For our situation, there are some subtle issues to consider: The image
u is only given on grid points (the pixels). The level-set function of the current shape Ω0, on the other
hand, usually allows us to construct the boundary Γ0 as a polygon between the grid points. Thus, one
needs to define a suitable interpolation procedure in order to evaluate the shape derivative (103) on Γ0.
For the computation of the shape gradient with (105), one has to solve the PDE that corresponds to the
variational problem. Let us defer a description of our numerical methods to Section 8.2.

For determining the step length t, we employ the well-known Armijo rule (see also Section 3.1 of [65]).
In particular, we look for t > 0 satisfying

J(Ωt) ≤ J(Ω0) + τt · dJ (Ω0;F ) = J(Ω0)− τt · |dJ (Ω0;F )| . (107)

Roughly speaking, this condition guarantees sufficient decrease of the cost with the current step. The
number τ ∈ (0, 1) is a parameter that is usually chosen small, e. g., τ = 10−1. With τ = 1, the right-
hand side of (107) corresponds to the linearisation of t 7→ J(Ωt). Thus, since τ < 1 is a relaxation of the
steepest descent, the condition is fulfilled for small enough t. See also Figure 38a and the discussion in
Section 6.4. In order to find a suitable t, usually a backtracking strategy is employed: One starts with
some initial guess t0 > 0, which can be just a constant or some multiple of the last successful step length.
Then, t0 is repeatedly decreased by a factor σ ∈ (0, 1) until (107) is satisfied. In other words, one sets
t = σk · t0 for the smallest k ∈ N that fulfils the condition. If the shape evolution is computed with
our Hopf-Lax formula introduced in Chapter 3, note that the Eikonal equations for D only need to be
solved once. When this is done, it is very easy (and cheap) to compute Ωt for multiple trial step lengths
according to (47). Furthermore, also the computation of J(Ωt) can be carried out independently for
different values of t. This allows us to try out multiple values of t in parallel for a further speed-up and,
hence, take advantage of the multiple processing cores that are readily available with modern computers.

6.4 Line Search with Wolfe Conditions

Let us now take a closer look at the line search that is employed in a typical gradient-descent method
similar to the one described above in Section 6.3. In particular, it is, of course, interesting to consider two
questions: First, whether it can be guaranteed that a step length that satisfies the imposed conditions
can be found. Second, whether the line search provably leads to convergence of the gradient descent to
a critical point. It turns out that while it is easy to find step lengths that satisfy the Armijo rule (107)
with a backtracking strategy, this may lead to steps that are too short and do not guarantee convergence
to a critical point. Thus, we have to introduce an additional condition: For σ ∈ (τ, 1), look for a step
length t that satisfies

|dJ (Ωt;F )| ≤ σ |dJ (Ω0;F )| (108)

in addition to the Armijo rule (107). The condition (108) is called strong curvature condition. Both
conditions together are the (strong) Wolfe conditions. They are well-known and widely studied in
optimisation theory, starting with the seminal paper [84] by Wolfe. The Armijo rule (107) guarantees
sufficient decrease of the cost, while the curvature condition (108) ensures decrease in the directional
derivative. If the derivative is uniformly continuous, this implies also a certain minimum decrease of the
full gradient and leads to convergence to a critical point.

Our goal for the current section is to analyse the Wolfe conditions in the context of our shape-
optimisation framework. This creates, of course, many additional difficulties. Motivated by our shape
calculus of Section 4.2 and the image-segmentation example, let us consider a problem of the form

dJ (Ωt;F ) =

∫
Γt

Ff(x,Ωt) dσ, J(Ωt) = J(Ω0) +

∫ t

0

dJ (Ωs;F ) ds. (109)
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The integrand f is allowed to depend on the current shape Ωt. Note, however, that the line search is
applied only after a descent direction has been constructed. Thus, we can assume that a speed field F
corresponding to the considered direction is fixed. Consequently, we can write f(x, t) = f(x,Ωt) to make
the integrand time dependent instead of shape dependent. We also need the following property:

Assumption 2. Let Ω0 be bounded and P (Ω0) <∞. We assume, furthermore, that (x, t) 7→ F (x)f(x, t)
is continuous and strictly negative on Γ0 × {0}.

Note that this assumption (particularly continuity of f) is usually not satisfied for the image-
segmentation problem because the image u is not required to be continuous. Furthermore, a speed
field constructed as a negative shape gradient needs not necessarily satisfy Ff < 0 everywhere on Γ.
This can be seen, for instance, in Figure 36. Nevertheless, this assumption usually seems to be satis-
fied at least approximately in practice. Especially if the speed field is constructed based on the idea in
Chapter 7, this is not a problem at all; a self-consistent gradient flow as per Definition 24 has Ff < 0
automatically by (119). In this situation, the arguments of Subsection 7.2.3 can be used to also show
continuity, so that Assumption 2 holds.

Unfortunately, we do not know whether t 7→ dJ (Ωt;F ) is continuous. (This was discussed thoroughly
in Chapter 5.) The standard proof for the existence of step lengths that satisfy the Armijo rule relies on
continuous differentiability. On a closer look, however, it turns out that semi-continuity is enough. This
is something that we can show relatively easily for our shape derivative:

Lemma 63. Let Assumption 2 hold. Then t 7→ dJ (Ωt;F ) is upper semi-continuous in zero, i. e.,

dJ (Ω0;F ) ≥ lim sup
t→0+

dJ (Ωt;F ) .

Proof. For ease of notation, let us write g(x, t) = F (x)f(x, t). Then g is continuous and g(x, 0) < 0 for all
x ∈ Γ0. Let us first consider t 7→ P (Ωt) =

∫
Γt
dσ. Since Corollary 9 implies that Ωt → Ω0 in measure as

t→ 0+, standard results imply lower semi-continuity of this function. See, for instance, Remark 3.5 on
page 119 of [4]. We will now exploit continuity of g to generalise this result to t 7→ dJ (Ωt;F ) =

∫
Γt
g dσ.

For this, let ε > 0 be arbitrary and define

Uε = Vε (Γ0) = {x ∈ Rn | sdΓ0(x) < ε}

as the ε-envelope of Γ0 (recall (100)). Note that Γ0 and thus also Uε are compact. This implies that
g is uniformly continuous on Uε × [0, T ] for all fixed T > 0. Hence, we can choose δ > 0 such that
|g(x, t)− g(y, s)| < ε for all x, y ∈ Uε with |x− y| < δ and s, t ∈ [0, δ). By compactness of Uε, there
exists a finite set X ⊂ Uε such that

Uε ⊂
⋃
x∈X

Bδ/2 (x) .

Let us assume, furthermore, that this finite cover is made disjoint. This means that there are N ∈ N
and Ak ⊂ Uε, k = 1, . . . , N , such that all Ak are pairwise disjoint and still Uε =

⋃N
k=1Ak holds. If we

construct the Ak in such a way that their diameter remains smaller than δ, we know |g(x, t)− g(y, s)| < ε
for all x, y ∈ Ak, k = 1, . . . , N , and s, t ∈ [0, δ). Note also that Γt ⊂ Uε if t is small enough, which follows
from Lemma 44.

Define now gk = sup {g(x, t) | x ∈ Ak, t ∈ [0, δ)} and note that gk − ε ≤ g(x, t) ≤ gk holds for all
x ∈ Ak, k = 1, . . . , N , and for all t ∈ [0, δ). Since g(·, 0) < 0 on the compact set Γ0, we can assume that
ε is small enough to give 0 < ε < infx∈Γ0

|g(x, 0)| and, consequently, gk < 0. Thus, we can apply lower
semi-continuity of the variation measure to derive∫

Γ0∩Ak
g dσ =

∫
Γ0∩Ak

(g − gk) dσ + gk

∫
Γ0∩Ak

dσ ≥
∫

Γ0∩Ak
(g − gk) dσ + gk · lim inf

t→0+

∫
Γt∩Ak

dσ

=

∫
Γ0∩Ak

(g − gk) dσ + lim sup
t→0+

∫
Γt∩Ak

gk dσ ≥ −ε
∫

Γ0∩Ak
dσ + lim sup

t→0+

∫
Γt∩Ak

g dσ

for all k = 1, . . . , N . Summing up over all disjoint Ak, this means∫
Γ0

g dσ ≥ lim sup
t→0+

∫
Γt

g dσ − ε · P (Ω0) .

Since P (Ω0) is finite by assumption and ε arbitrary, this implies the claim.
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t

(a) Armijo rule (107).

t

(b) Curvature condition (108) in addition.

Figure 38: Existence of steps that satisfy the Wolfe conditions. The slope relaxed by τ is shown. Steps
that satisfy the conditions are highlighted. See Theorem 23.

Based on this continuity result, we can now show that there are, indeed, always admissible step
lengths that satisfy the Wolfe conditions. Our argument follows the standard one, as it is outlined
already in the proof of Lemma 2 in [84]. The main idea is depicted in Figure 38: Due to the parameter
τ ∈ (0, 1), the slope of J(Ωt) at t = 0 gets relaxed as shown in Figure 38a. Assuming continuity of
the derivative for a moment, this implies that all sufficiently small step lengths fulfil (107) as shown in
red. Let us now require the curvature condition (108) in addition. If J is bounded from below, we can
use the mean-value theorem to find a tangent to J(Ωt) with the relaxed slope τ · dJ (Ω0;F ). This is
illustrated in Figure 38b. Since σ > τ is a weaker relaxation, we can conclude that (108) holds at least
in a neighbourhood around this point. With the help of Lemma 63, we can now carry out this argument
rigorously for our situation:

Theorem 23. Let Assumption 2 hold. There exists t0 > 0 such that (107) is fulfilled for all t ∈ (0, t0).
If J is, furthermore, bounded from below, then there exists t ∈ (0, t0) such that (108) holds in addition.

Proof. Since Ff < 0 on Γ0 by assumption, we know, in particular, dJ (Ω0;F ) < 0. Let us define

ε = (1− τ) |dJ (Ω0;F )| = −(1− τ) · dJ (Ω0;F ) > 0.

Due to Lemma 63, there exists t0 > 0 such that

dJ (Ω0;F ) ≥ lim sup
s→0+

dJ (Ωs;F ) ≥ dJ (Ωt;F )− ε

for all t ∈ (0, t0). Integrating this inequality over the interval (0, t) yields

t · dJ (Ω0;F ) ≥
∫ t

0

dJ (Ωs;F ) ds− εt = J(Ωt)− J(Ω0)− εt.

This, in turn, implies (107) since

J(Ωt) ≤ J(Ω0) + t (dJ (Ω0;F ) + ε) = J(Ω0) + τt · dJ (Ω0;F ) .

Assume now that J is bounded. Together with dJ (Ω0;F ) < 0, this implies that there exists T > 0
such that the Armijo rule (107) does not hold for T . Also note that t 7→ J(Ωt) is absolutely continuous.
By the intermediate-value theorem, there must be some t ∈ [t0, T ] such that equality holds in (107), i. e.,

J(Ωt) = J(Ω0) + τt · dJ (Ω0;F ) .

Without loss of generality, we can choose the smallest such value. This ensures that the Armijo rule
holds for all s ∈ (0, t). Using (109) again, we can conclude

0 >
1

t

∫ t

0

dJ (Ωs;F ) ds = τ · dJ (Ω0;F ) > σ · dJ (Ω0;F ) .

Thus, there are at least some s ∈ (0, t) with dJ (Ωs;F ) ≥ σ · dJ (Ω0;F ). This finishes the proof.
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Let us now come back to the question about convergence to a critical point. As we have seen in
Theorem 23, there are always steps that satisfy the Wolfe conditions. If we assume, as before, that J is
bounded from below, the Armijo rule implies that at least one of the step length and the gradient have
to go to zero during the descent iteration. Since the gradient vanishing is exactly what we want, let us
assume, instead, that the step length t becomes small. At this point, let us recall two important facts:
First, the curvature condition (108) implies that the directional derivative in the fixed descent direction
is reduced at least by a constant factor during each step. Second, if we use the negative gradient as
direction, the directional derivative dJ (Ω0;F ) at the initial geometry corresponds directly to the norm
of the gradient. The standard argument (see, for instance, Theorem 1 in [84]) continues like this: Assume
uniform continuity of the derivative, which implies

t→ 0+ ⇒ dJ (Ωt;F )→ dJ (Ω0;F ) . (110)

Then, since dJ (Ωt;F ) ≈ dJ (Ω0;F ) and |dJ (Ωt;F )| ≤ σ |dJ (Ω0;F )|, we get convergence of dJ (Ω0;F ) to
zero as t→ 0+ during the iteration. This, in turn, implies convergence to a critical point. Unfortunately,
it is not clear whether this approach can be applied in our situation. In principle, upper semi-continuity
of the derivative as per Lemma 63 is all that we need to apply this argument. Full continuity per (110)
is not necessary. However, we need semi-continuity to be uniform for all steps. This is not guaranteed
by our proof for Lemma 63, which assumes a fixed geometry and speed field. Later on in Section 7.4, we
will discuss an alternative approach that may allow us to circumvent this issue.

6.5 Numerical Examples for the Gradient-Descent Method

A numerical example of the gradient-descent method applied to our image-segmentation model is shown
in Figure 39. Note that we use only the Armijo rule for the line search as described in Section 6.3, not
the Wolfe conditions discussed above in Section 6.4. This works well in practice. The input image is
artificially created and has noise added. It it plotted together with the initial (blue curve) and final (red)
shapes in Figure 39a. Note that a change in topology happens when the segment forms the ring. This
does not disturb the method at all. Figure 39b shows how the cost and gradient norm (blue and red)
decrease with the descent iterations. The cost is relative to an “exact” value that was computed for the
same noisy image by using the gradient descent starting from an “informed guess” for the initial shape.
In particular, the initial segment was chosen as the shape used when generating the image itself. The
gradient norm is the H1-norm of the shape gradient as discussed in Section 6.2. The green dots show
the accepted step length t satisfying the Armijo rule (107) at each iteration. We enforce a minimum step
length of tmin = 10−3. Around iteration 50, this limit becomes active since the final shape is already
attained and the cost and gradient norm no longer decrease significantly. A very similar result can also be
seen in Figure 40, where a different image is segmented. Here again, the topology is changed and a hole
forms. Note, though, that this usually does not happen when the dark centre is part of the initial shape.
In the latter situation, the full disc is returned as the segment. This, however, is mostly a characteristic
of the underlying model and the concrete problem at hand. Both configurations are local minima, with
the one found in Figure 40a having a lower cost. It is also the more plausible segmentation considering
that our model tries to identify a segment with constant intensity.

However, the same gradient-descent method does not work very well for images with sharp edges.
See, for instance, the situation shown in Figure 41. Even though many more steps have been performed
than for the previous examples, the descent gets stuck very quickly and hits the step-size limit at t = tmin

without actually reaching the final solution. The lower line of green dots in Figure 41b is tmin, as before.
The second line above it is at 2tmin, which is the first step size tried after a step with tmin has been
taken. In many iterations, the enforced step length makes the situation worse, so that the following step
is immediately accepted and “corrects” this again. This leads to these distinct two lines of green dots.
In order to understand why the gradient descent performs so poorly with sharp edges, it is useful to
consider the shape gradients that occur when the descent is stuck. The speed fields computed for two
consecutive iterations are shown in Figure 42. If one looks at even more consecutive steps, one finds that
the whole iteration sequence is a back-and-forth between situations similar to these two. In particular,
where the current shape is already at the image’s edge, the shape is repeatedly moved over the edge
and back. This can be seen clearly in the figure: The speed is negative (blue) in all these regions in
Figure 42a and positive (red) in Figure 42b. The front is only moved consistently forward where it is
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(a) Initial (blue) and resulting (red) shapes on top of the segmented image.
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(b) Evolution of the cost (blue), gradient norm (red) and line-search step length (green).

Figure 39: Gradient descent for image segmentation.
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Figure 40: Continuation of Figure 39 with a different image.
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still in the process of closing around the hole. A consequence of this behaviour is that each step is forced
to be very short by the line search, so that the descent is not able to progress any further.

In fact, this kind of zig-zag movement is a general “feature” of gradient-descent methods. A possible
solution for this problem is the use of second-order methods. In our particular situation, we would like to
weight the speed such that it is decreased accordingly at image edges. This is precisely what a Newton-
type method would do, since the Hessian would, roughly speaking, consist of the normal derivatives of
the image data. This means that the gradient would be divided by a large value where the shape is close
to an edge and by a small value elsewhere. The drawback of such a method, however, is that derivatives
of the image data are required. For a noisy image, they are not easy to evaluate in a robust way. Because
of this, we propose an alternative idea to improve the gradient descent in Chapter 7.

6.6 Geometric Constraints

Many applications for shape optimisation are based on a practical problem where the desired shape
cannot be chosen entirely freely. In such situations, it may be necessary to impose geometric constraints
on the admissible shapes. A problem with this characteristic has been tackled recently with the help of
penalisation in [54]. Our discussion of regularisation with the boundary length in Chapter 8 is related
as well, since it enforces a certain smoothness of the boundary. In this section, we want to discuss ways
to enforce constraints directly, resulting in feasible gradient-descent methods. For this, let us consider
forbidden regions, i. e., for some B ⊂ D, we require that Ω∩B = ∅. It is straight-forward to modify our
results to constraints of the form B ⊂ Ω instead. See [53] for a practical problem that gives rise to both
types of constraints in a natural way. Section 5 of the paper also briefly discusses methods to deal with
the constraints, as does Section 2.13 of [52]. Below, we want to expand this discussion and give more
details, particularly about the underlying theoretical considerations.

When dealing with constrained shape-optimisation problems, there are, in general, two basic strategies
to ensure that the gradient descent stays feasible: One can either modify the shape after each step to
satisfy the constraints, or one can adapt the speed field before a step to ensure that it only leads
to feasible evolved shapes. The former approach is usually called projected-gradient method (see, for
instance, Algorithm 2.3 on page 105 of [47]). In the context of shapes, however, there is no canonical
way to “project” them to ensure feasibility. (It is, nevertheless, possible to define a “reasonable” shape
projection. This will be done in Subsection 6.6.1.) Thus, it also makes sense to consider the second
idea: Based on Corollary 5, it is clear that requiring F = 0 on B ensures that B ∩ Ωt is stationary
throughout the time evolution. In other words, feasible initial shapes always lead to evolved shapes
that also satisfy the constraints. A similar idea of projecting the speed field was already used in [66],
although for different types of shape constraints and without any deeper analysis. In our case, we want
to ensure that the speed field vanishes on the forbidden region. To do so, there are, again, two possible
strategies we want to discuss: The most natural way is to project the speed field in the same Hilbert
space H that is also used for the computation of the shape gradient with (105). This is done in [53],
based, in particular, on Theorem 3 there. Projection in H ensures that the constraints are incorporated
into the descent method in a consistent way. It also has the feature that the speed field gets drawn to
zero continuously towards the forbidden region. While this leads to better regularity properties, it also
has a potential drawback: Due to Lemma 17, it enforces small movements of the boundary close to the
forbidden region. In particular, the boundary will never fully reach B, leading to a kind of “interior-point
method”. Once the boundary gets close to B, it also takes a relatively long time to get away again.
Thus, let us also consider cutting off the speed in a way that avoids these potential issues:

F p(x) =

{
0 if x ∈ B and F (x) > 0,

F (x) else
(111)

The speed field F p can be seen as projection in L2 instead of the Hilbert space H with higher regularity.
The particular form of (111), however, also ensures that we force the speed to zero only when growing
towards B. On the other hand, a negative speed is allowed inside of B. This ensures that the evolving
boundary of Ω is able to get away again after touching B. This projection is implemented (for more
general shape constraints) as ls enforce speed in [59].

To summarise, we have identified three methods to handle shape constraints in our descent method:

• Projection of the speed in H, resulting in a continuous speed field,
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Figure 41: Continuation of Figure 39 for an image with sharper edges. Here, much more steps would
be required to find the actual solution. Note that the number of steps shown is already five times the
number used in Figure 39 and Figure 40.
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Figure 42: Speed fields at two consecutive iteration steps in the stuck descent of Figure 41. The current
shape is plotted with the black line.
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• projection of the speed in L2 according to (111), resulting in a discontinuous speed field F p, and

• projection of the shape after evolving it.

We will see in Subsection 6.6.2 and, in particular, Theorem 24, that the last two strategies lead to very
similar results under certain regularity assumptions on B. Subsection 6.6.3 compares all three methods
to each other in numerical experiments. Let us, however, stress once again that the most consistent
method with respect to the gradient descent is the speed projection in H. It is the only strategy that
ensures that we end up with a descent in every step. The other methods tamper with the speed field
and geometry in a way that invalidates the directional derivative computed from (105), which may lead
to problems with the line search and descent in general. This effect will be seen in the numerics, but we
will also see that the other two methods have their justification as well in certain circumstances.

6.6.1 Shape Projections

Assume now that Ω ⊂ D is some open domain, but that the constraint Ω ∩ B = ∅ is not fulfilled. The
straight-forward way to fix this is, of course, to define the shape projection

π (Ω) = Ω \B. (112)

If we assume B to be closed, then π (Ω) is again an open domain. However, the usual, more systematic
approach to define projections (in general) is to consider a minimisation of the form

min
Ω′

ds (Ω,Ω′) , (113)

where ds (·, ·) is some kind of distance measure and Ω′ runs through all admissible shapes, i. e., all
open sets Ω′ ⊂ D with Ω′ ∩ B = ∅. Let us consider (113) now with respect to both metrics for shapes
introduced in Section 4.5. The distance in measure (recall Definition 14) is easy to do:

Lemma 64. The set π (Ω) from (112) is, up to changes of measure zero, the unique minimiser of (113)
if ds (·, ·) is the distance in measure. Consequently, it is also the unique minimiser among open sets.

Proof. Let Ω′ be feasible, i. e., Ω′ ∩B = ∅. Then necessarily

Ω ∩B ⊂ Ω \ Ω′ ⊂ Ω ∆ Ω′,

so that also
vol (Ω ∆ Ω′) ≥ vol (Ω ∩B) = vol (Ω ∆π (Ω)) .

Hence, π (Ω) is indeed a minimiser of (113).
To show uniqueness, assume now that Ω′ is also a minimiser of (113), which means

vol (Ω ∆ Ω′) = vol (Ω ∩B) = vol (Ω ∆π (Ω)) . (114)

Note that the disjoint decomposition

Ω ∆ Ω′ = (Ω ∩B) ∪ (Ω′ \ Ω) ∪ (Ω \ (Ω′ ∪B))

holds. Taking the measure and observing (114) implies

vol (Ω′ \ Ω) = vol (Ω \ (Ω′ ∪B)) = 0.

Since by (112) also

vol (Ω′∆π (Ω)) = vol (Ω′ \ (Ω \B)) + vol ((Ω \B) \ Ω′) = vol (Ω′ \ Ω) + vol (Ω \ (Ω′ ∪B))

holds, this implies vol (Ω′∆π (Ω)) = 0 and thus we get uniqueness up to changes of measure zero.
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Ω

π(Ω)

(a) (b)

Figure 43: Shape projection according to (113) with ds (·, ·) chosen as the Hausdorff distance. The dark
strip is the forbidden region B, the light grey area the projected shape π (Ω) of (112). The red line
indicates dH (Ω→ π (Ω)).

Let us now consider the Hausdorff distance (see Definition 12) in (113) instead. This makes things
more complicated. First, we can immediately observe that uniqueness does not hold in general for a
minimiser of (113) with respect to the Hausdorff distance. It is possible to add arbitrary disturbances
to any minimiser, as long as they are smaller in amplitude than the Hausdorff distance to Ω. This is
illustrated with the blue parts in Figure 43a. Second, the minimiser of (113) may not be a subset of Ω.
Adding the blue part in Figure 43b actually reduces the Hausdorff distance with respect to using π (Ω)
alone (the light grey area). However, it makes, of course, sense to require that the projected shape should
be a subset of Ω if we only want to forbid certain regions. Thus, let us make the following assumption:

Assumption 3. Let B be bounded. Since ∂B is compact, for arbitrary x ∈ Ω∩B there exists yx ∈ ∂B
as minimiser of the distance, i. e., such that

|x− yx| = dist (x, ∂B) = inf
y∈∂B

|x− y| . (115)

We assume that yx ∈ Ω◦ for all x ∈ Ω ∩B.

This assumption excludes a situation like Figure 43b. On the other hand, it is usually satisfied if Ω
is produced from some feasible initial shape Ω0 by slightly moving its boundary. It allows us to show
that π (Ω) is also a minimiser of (113) for the Hausdorff distance:

Lemma 65. Let Assumption 3 hold or restrict the considered Ω′ in (113) to subsets of Ω. Assume that
Ω \B is not empty. Then π (Ω) is a minimiser of (113) with respect to the Hausdorff distance dH (·, ·).

Proof. If Ω∩B = ∅ already, then π (Ω) = Ω and dH (Ω, π (Ω)) = 0. In this case, the result is clear. Thus
assume Ω ∩B 6= ∅. Since π (Ω) ⊂ Ω, we know that dH (π (Ω)→ Ω) = 0. On the other hand,

dH (Ω, π (Ω)) = dH (Ω→ π (Ω)) = sup
x∈Ω

inf
y∈Ω\B

|x− y| = sup
x∈Ω∩B

inf
y∈Ω\B

|x− y| .

Now assume that Ω′ is admissible in (113), i. e., Ω′ ∩B = ∅. Again, we get

dH (Ω,Ω′) ≥ dH (Ω→ Ω′) = sup
x∈Ω

inf
y∈Ω′
|x− y| ≥ sup

x∈Ω∩B
inf
y∈Ω′
|x− y| .

If now Ω′ ⊂ Ω, then also Ω′ ⊂ Ω \B. Thus

dH (Ω,Ω′) ≥ sup
x∈Ω∩B

inf
y∈Ω′
|x− y| ≥ sup

x∈Ω∩B
inf

y∈Ω\B
|x− y| = dH (Ω, π (Ω)) .

This finishes the proof for this case. So let Assumption 3 hold and note that

sup
x∈Ω∩B

inf
y∈Ω′
|x− y| ≥ sup

x∈Ω∩B
min
y∈∂B

|x− y|

must be true since Ω′ ⊂ Rn \ B. Let x ∈ Ω ∩ B be arbitrary. By the assumption, there exists yx ∈ ∂B
such that (115) holds. Since yx ∈ Ω◦, there exists a sequence (yk)k∈N ⊂ Ω\B converging to yx as k →∞.
This sequence also realises the minimum in the limit since the Euclidean distance is continuous. Hence

min
y∈∂B

|x− y| = |x− yx| = lim
k→∞

|x− yk| ≥ inf
y∈Ω\B

|x− y| .
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This inequality remains intact if we take the supremum over all x ∈ Ω ∩B, yielding the desired

dH (Ω,Ω′) ≥ sup
x∈Ω∩B

min
y∈∂B

|x− y| ≥ sup
x∈Ω∩B

inf
y∈Ω\B

|x− y| = dH (Ω, π (Ω)) .

Initially, we defined the projection (112) mainly based on intuition. With Lemma 64 and Lemma 65,
we are now able to justify it based on the abstract shape projection (113):

Corollary 15. Let Assumption 3 hold and let Ω \ B 6= ∅. Then the shape projection π (Ω) from (112)
is the unique open set that minimises (113) for the distance in measure. It is, at the same time, a
minimiser for the Hausdorff distance.

6.6.2 The Relation between Shape and Speed Projections

Following up on Subsection 6.6.1, let us now compare the result of a shape projection with (112) to a
projection of the speed field in L2 according to (111). Both methods are in contrast to a speed projection
in H, since they allow (and somewhat “encourage”) the constraint to become fully active. For simplicity,
let us assume F ≥ 0 here. This is the interesting case for forbidden regions. Let us denote the evolved
shape according to the projected speed F p by Ωpt , where t ≥ 0 is, as usual, the propagation time. Since
F p ≤ F , it is clear by Lemma 12 that the inclusion Ωpt ⊂ Ωt holds. Noting that π (Ωt) is the largest
admissible subset of Ωt, we can also conclude Ωpt ⊂ π (Ωt). This inclusion is, in general, strict: With a
projected speed, the forbidden region creates a kind of “shadow” for the shape evolution. This effect is
not present if the shape is allowed to propagate unhindered at first and only projected later according
to (112). See Figure 44 for an illustration.

The worst-case situation for this shadowing effect is a sharp corner, as shown in Figure 45. The
Hausdorff distance between Ωpt and π (Ωt) for this situation is indicated with the red line in Figure 45b.
A basic geometric argument quickly reveals that it is proportional to the evolution time t. If we exclude
this case, however, and assume that the boundary of B is smooth, it turns out that both approaches
yield approximately the same shapes for small step sizes, meaning that dH (Ωpt , π (Ωt)) = o (t). This will
be our main result of the current subsection, formulated and shown below in Theorem 24. The kind of
smoothness required is a well-known geometric condition, which we recall briefly for convenience (see
also, for instance, Definition 3.1 on page 68 of [30]):

Definition 23. Let Ω ⊂ Rn be open. Assume that for every point p ∈ ∂Ω there exist r > 0 and a
bijection h : Q→ Br (p) such that both h and h−1 are in C1. Furthermore, we require that

h(Q0) = ∂Ω ∩Br (p) and h(Q−) = Ω ∩Br (p) .

Here, Q = B1 (0) is the open unit ball and

Q0 = {x ∈ Q | xn = 0} , Q− = {x ∈ Q | xn < 0} .

If this is the case, then Ω is said to be a C1-domain.

The main ingredient for the estimation of dH (Ωpt , π (Ωt)) is the ability to construct paths between
points x, y 6∈ B that do not cross the forbidden region B and are not too long. This can be achieved with
a C1-domain as illustrated in Figure 46: If we “zoom in” far enough towards a piece of the boundary, it
becomes almost flat due to the required smoothness. This makes it easy to construct a path ξ ∈ Xad (x, y)
that avoids B entirely. This idea can be formalised, which yields the main technical construction for the
proof of Theorem 24:

Lemma 66. Let B be compact and such that B◦ is a C1-domain. Then for every ε > 0 there exists
a neighbourhood U of ∂B and a δ > 0 such that for every x, y ∈ U with |x− y| < δ there is a path
ξ ∈ Xad (x, y) with

|ξ| ≤ (1 + ε) |x− y| .

If x, y 6∈ B, then also ξ is entirely outside of B.
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(a) Ωpt corresponding to a speed projection in L2.

(b) Projected shape π (Ωt).

Figure 44: Comparison of the evolved domains Ωpt and π (Ωt) (in black). The initial geometry is the
front shown in blue, which evolves with F = 1 around a circular forbidden region.

120



Ω0

(a) The initial situation.

Ωpt

π(Ωt)

(b) Evolution after some time t.

Figure 45: The shadowing effect for a corner. The forbidden region is black, the evolved shape Ωpt is
dark and the additional set part of π (Ωt) is light grey. The red line indicates the Hausdorff distance
between the two evolved sets.

h
x′

y′

Q x

y

B

ξ

Figure 46: Sketch of the transformation h from Definition 23 mapping the reference domain Q (left) to a
neighbourhood of the boundary of B (right). We also show a possible path connecting x and y without
going through B.

Proof. Let us start with a standard compactness argument applied to ∂B: For every x ∈ ∂B, let rx
denote the radius of the neighbourhood Br (x) given by Definition 23. Then we can choose a finite
subset Z ⊂ ∂B such that

∂B ⊂
⋃
z∈Z

Brz/3 (z) = U.

Choose δ1 = minz∈Z rz/3. Now let x, y ∈ U and |x− y| < δ1. Then there is some z ∈ Z with
x ∈ Brz/3 (z). Since |z − y| ≤ |z − x| + |x− y| < 2/3 · rz, it follows that x, y ∈ B2/3rz (z). Also note
the following: If we denote the bijection of Definition 23 for each x ∈ ∂B by hx, then all functions hz,
hz
−1, Dhz and Dhz

−1 are uniformly bounded and uniformly continuous on their respective domains for
z ∈ Z. We can, furthermore, find bounds that are actually independent of z.

Consider now some fixed z ∈ Z and x, y ∈ Brz (z). Let us write h = hz for the bijection on Brz (z).
We define the path ξ ∈ Xad (x, y) by

ξ(t) = (h ◦ Sx′y′)(t) = h(x′ + t(y′ − x′)) = h(h−1(x) + t(h−1(y)− h−1(x))).

I. e., we use a straight line in the transformed picture (on Q), as shown also in Figure 46. Obviously, if
x, y 6∈ B, then also ξ will never be inside B. The fundamental theorem of calculus states that

y′ − x′ = h−1(y)− h−1(x) =

∫ 1

0

Dh−1(x+ s(y − x)) ds.

(Note that Brz (z) is convex, so that all intermediate values are in the domain of h−1.) This implies also
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the following estimate for the derivative of ξ:

|ξ′(t)| = |Dh(x′ + t(y′ − x′))(y′ − x′)| =
∣∣∣∣∫ 1

0

Dh(x′ + t(y′ − x′))Dh−1(x+ s(y − x))(y − x) ds

∣∣∣∣
≤ |y − x|

∫ 1

0

∥∥Dh(x′ + t(y′ − x′))Dh−1(x+ s(y − x))
∥∥ ds

= |y − x|
∫ 1

0

∥∥1 +Dh(x′ + t(y′ − x′))
(
Dh−1(x+ s(y − x))−Dh−1(h(x′ + t(y′ − x′)))

)∥∥ ds
Here we have used the well-known relation between the derivatives of a function and its inverse,

(Dh(x′ + t(y′ − x′)))−1
= Dh−1(h(x′ + t(y′ − x′))).

Further estimation yields

|ξ′(t)| ≤ |y − x|
(

1 + ‖Dh‖∞
∫ 1

0

∥∥Dh−1(x+ s(y − x))−Dh−1(h(x′ + t(y′ − x′)))
∥∥ ds) . (116)

Also note that |ξ| can be bounded by the same quantity, since |ξ| =
∫ 1

0
|ξ′(t)| dt by definition.

Thus, it remains to find a uniform bound for the norms in the right-hand side of (116). The term
‖Dhz‖∞ can be bounded uniformly in z by compactness as discussed above. Furthermore, note that for
every δ′ > 0 there is δ2 > 0 such that |x− y| < δ2 implies

|x+ s(y − x)− hz(x′ + t(y′ − x′))| < δ′

for all t, s ∈ [0, 1], z ∈ Z and x, y ∈ Brz (z). To see this, note hz(x
′) = x and that hz and hz

−1 are
uniformly continuous. Thus, uniform continuity of Dhz

−1 implies that we can have

‖Dhz‖∞
∫ 1

0

∥∥Dhz−1(x+ s(y − x))−Dhz−1(hz(x
′ + t(y′ − x′)))

∥∥ ds ≤ ε
if only |x− y| < δ = min(δ1, δ2). This finishes the proof.

We can even get rid of the neighbourhood U in Lemma 66 with a simple further construction:

Lemma 67. Lemma 66 holds also for all x, y ∈ Rn with |x− y| < δ, dropping the condition x, y ∈ U .

Proof. Choose δ for ε according to Lemma 66 and let x, y ∈ Rn be given with |x− y| < δ. We consider
the straight line Sxy. If it does not intersect B, then we can simply use ξ = Sxy with |ξ| = |x− y|. So
assume that x, y 6∈ B but that Sxy intersects B at some point. Then there exist times 0 ≤ t1 < t2 ≤ 1
such that x1, x2 ∈ U \ B, where we have introduced the notation x1 = Sxy(t1) and x2 = Sxy(t2). We
can, in addition, choose t1 and t2 such that Sxy does neither intersect B on [0, t1] nor on [t2, 1]. Apply
now Lemma 66 to get a path ξ ∈ Xad (x1, x2) that connects the two points without intersecting B. It is
clear that this is possible since we have |x1 − x2| ≤ |x− y| < δ. Then set ξc to be the concatenation of
Sxy on [0, t1], ξ and Sxy on [t2, 1]. This yields

|ξc| = |x1 − x|+ |ξ|+ |y − x2| ≤ |x1 − x|+ (1 + ε) |x2 − x1|+ |y − x2| ≤ (1 + ε) |y − x| ,

where we have used that the points x, x1, x2 and y are collinear.

Based on Lemma 67, we can now show the main estimate of dH (Ωpt , π (Ωt)). For this, it mostly
remains to handle the speed field F . Due to Lipschitz continuity, this is not a big problem.

Theorem 24. Let Ω0 be bounded and assume that B is compact and such that B◦ is a C1-domain. Let
F be Lipschitz continuous, F ≥ 0 and infx∈B F (x) > 0. Then dH (Ωpt , π (Ωt)) = o (t) as t→ 0+.
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Proof. Note that our assumptions imply that there exists an open neighbourhood U ⊃ B and F > 0
such that F ≥ F on U . Furthermore, since Ω0 is bounded and F continuous, we may assume, without
loss of generality, that F ≤ F . Since Ωpt ⊂ π (Ωt), we only have to consider dH (π (Ωt)→ Ωpt ). Let t > 0
be small and y ∈ π (Ωt) \ Ωpt . Since y ∈ Ωt, there exist x ∈ Ω0 and ξ0 ∈ Xad (x, y) with l(ξ0) < t. Note
that |x− y| ≤ F · l(ξ0) < Ft by Lemma 20, so that |x− y| gets arbitrarily small in the limit t → 0+.
Because y 6∈ Ωpt , we can conclude that the path ξ0 must intersect B. By making t and thus |x− y| small
enough, we can assume that x, y ∈ U .

For any given ε > 0, we can now apply Lemma 67 to get a corresponding δ. Assume that t is chosen
small enough to yield |x− y| < δ. By reducing δ further, we can also guarantee (1 + ε)L |x− y| < F ,
where L denotes the Lipschitz constant of F . For our x and y, Lemma 67 gives a path ξ ∈ Xad (x, y)
with |ξ| ≤ (1 + ε) |x− y| and such that ξ(τ) 6∈ B for all τ ∈ [0, 1]. Following the proof of Lemma 21 for
ξ instead of Sxy, we can derive the following estimates:

l(ξ) ≤ 1

L
log

(
F (y)

F (y)− (1 + ε)L |x− y|

)
, t > d (x, y) ≥ 1

L
log

(
F (y) + L |x− y|

F (y)

)
Setting d̃ = l(ξ)− t and λ = L |x− y| /F (y), these estimates imply further

eLd̃ − 1 ≤ F (y)

F (y)− (1 + ε)L |x− y|
· F (y)

F (y) + L |x− y|
− 1 =

ελ+ (1 + ε)λ2

1− ελ− (1 + ε)λ2
.

Because y 6∈ Ωpt , we know that l(ξ) ≥ t must hold. Hence, the intermediate-value theorem implies
that there exists some τ ∈ (0, 1] such that ξ split into ξ1 on [0, τ ] and ξ2 on [τ, 1] implies l(ξ1) = t. Set

x̃ = ξ1(1) = ξ2(0) = ξ(τ). It is clear that x̃ ∈ Ωpt since l(ξ1) = t. Because x is in the interior of the open
set Ω0, we actually also get x̃ ∈ Ωpt . Since ξ2 ∈ Xad (x̃, y) and l(ξ2) = l(ξ)− t = d̃, Lemma 21 yields

|x̃− y| ≤ F (y)

L

(
eLd̃ − 1

)
≤ F (y)

L
· ελ+ (1 + ε)λ2

1− ελ− (1 + ε)λ2
. (117)

By the same lemma, we also know

|x− y| ≤ F (y)

L

(
eLt − 1

)
⇔ λ ≤ eLt − 1.

Note that the right-hand side of (117) is increasing in λ if |x− y| and thus λ are small enough. Thus,
we can combine everything and use a series expansion to finally find

|x̃− y| ≤ F (y)

L

(
Lεt+O

(
t2
))
≤ Fε · t+O

(
t2
)
.

Taking the supremum over y in this inequality yields an estimate for dH (π (Ωt)→ Ωpt ). Since ε can be
chosen arbitrarily small for the limit t→ 0+, this implies the claim.

We require that infx∈B F (x) must be strictly positive to avoid a situation like Figure 47. If a line
with F = 0 touches B, then we may get a qualitative difference between the time evolution of Ωpt and
that of π (Ωt): In the shown situation, Ωpt = Ω0 for all t ≥ 0 since there is no possibility for the initial
region to grow anywhere with speed F p. On the other hand, Ωt will grow inside B and, at some point,
also reach the upper area outside of B. When this happens, π (Ωt) contains parts of the quarter plane in
the north west. Let us briefly analyse this effect also more explicitly. For this, choose the speed field as

F (x, y) =

{
|y| if x ≤ 0,√

x2 + y2 if x ≥ 0.

The forbidden region is the half-plane B =
{

(x, y) ∈ R2
∣∣ x ≥ 0

}
. This matches the schematic illustra-

tion of Figure 47. For Ω0 to reach the north-west region, we have to consider paths like ξ ∈ Xad (p, q)
shown in the sketch. Note that F is constant along such a path, so that

l(ξ) =
πr

F
= π,
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Ω0

F = 0

B

p

q

ξ

Figure 47: Sketch of a possible situation where Ωpt and π (Ωt) do not match qualitatively in their time
evolution. The dark grey area is the forbidden region B. We choose F = 0 on the horizontal line and
F > 0 everywhere else.

where r is the radius of the circular arc. In particular, the path length is independent of r. This implies
that it is not possible to reach the north west after arbitrarily small times, even tough p and q can be
as close together as we wish. Hence, the statement of Theorem 24 is actually still true for this situation
(since we take the limit t → 0+). We believe that it is possible to exploit Lipschitz continuity of F to
show that this must always be the case and that Theorem 24 holds generally without the strict positivity
requirement. This is, however, only a minor detail. The qualitative difference between Ωpt and π (Ωt)
that arises in a situation like Figure 47 is more important in practice than the fact that this can only
happen after some (possibly very small) time interval.

6.6.3 Numerical Experiments

To conclude this discussion, let us consider some numerical results. We have implemented all three
strategies for handling shape constraints discussed above. They are applied to the image-segmentation
problem (102) with various kinds of forbidden regions. Note that we are neither aware of any other work
about image segmentation with geometric constraints nor of an actual application of such a problem. It
is, however, a very instructive model problem for an analysis of the behaviour of the descent methods.
Furthermore, we believe that geometric constraints in a segmentation model could be used to incorpo-
rate “outside information” into the segmentation process. This additional information could either be
provided by a human operator in a semi-automatic method or it could come from a second channel of
measurement data.

All computations are done with 2% of Gaussian noise added. We perform the descent run for 50 dif-
ferent random configurations in each problem setting to make the qualitative result more representative.
The cost evolutions are averaged over all runs, for which we employ the geometric mean since it fits better
to the logarithmic scaling of the y-axis. We chose a small minimum step length of tmin = 10−6 to ensure
that no effects of the constraints (which are our main object of interest) are obscured by time-stepping
artefacts. Since we do not know the true optimal cost, we use the smallest achieved value for a particular
configuration (over all iteration steps and with all three methods) as base value.

Figure 48, Figure 49 and Figure 50 show the results for three different configurations of the forbidden
region. For each case, the top plot shows the basic situation (initial geometry Ω0, forbidden region B
and the approximate final solution). The bottom plot compares the averaged decrease of the cost value
for the three methods we consider. The first situation in Figure 48 has the “easiest” constraint. The
region B in this case is, in particular, smooth. Consequently, Theorem 24 tells us that the results of
using the speed projection in L2 and projecting the shape should be very similar. This statement is,
indeed, confirmed by Figure 48b: The blue and red dots match quite well. The green dots, corresponding
to a speed projection in H1 instead, show a different behaviour: The decrease is more slowly here in
the beginning, which can be explained by the fact that the speed field gets drawn to zero where the
constraint is almost active and thus the whole descent is done in a more cautious fashion. This, however,
also leads to a (slightly) better minimal cost in the end. In Figure 49, the forbidden region is a triangle
with sharp corners. This set B does not fulfil the requirements of Theorem 24, and we can see that also
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(a) The basic configuration in this example.
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(b) Average decrease of the cost during the iteration for all methods.

Figure 48: Comparison of the three methods for handling constraints. These are projection of the speed
in H1, in L2 with (111) and projection of the shape with (112).
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Figure 49: Continuation of Figure 48 for a different configuration of the forbidden region.
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Figure 50: Continuation of Figure 48 with a forbidden region that consists of multiple, randomly placed
triangles. Each run has not only different noise, but also a different arrangement of the triangles.
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the corresponding cost descents in Figure 49b are not as similar as before. The blue and red dots clearly
diverge from each other around iteration eight, which is when the growing domain starts to wrap around
the corners of the triangle. This is in nice correspondence to our theory discussed in Subsection 6.6.2.
The green curve shows the same behaviour as before, but much more pronounced this time. The decrease
is more slowly at the beginning, but the descent is more robust and leads to a much better result.

This effect can be seen and interpreted even better with the setting of Figure 50: Here, the forbidden
region is even more complex and difficult than before. Figure 51 shows typical speed fields as they occur
in the descent with shape projection (Figure 51a) and the speed projected in H1 (Figure 51b). In the
former case, we get very large speed values around the parts of B that are already surrounded by the
growing domain. This is the case since it would be good for decreasing the cost to include them in Ω,
and the speed field does not know anything about the constraints that forbid this. With a projection
in H1, on the other hand, the speed field does include information about the constraints. Consequently,
the speed is small (and continuous) around those regions. Note that our descent algorithm computes
the directional shape derivative according to (105) and uses it for the Armijo rule (107) as the expected
cost decrease. This, however, only works when the constraints are correctly accounted for in the shape
gradient. Consequently, the Armijo rule expects a much larger cost decrease than we can actually achieve
for the situation of Figure 51a. This leads to the effect that only the minimal step length is accepted
from this iteration onward, and the final shape looks almost the same as the black shape indicated in
Figure 51a. This is clearly suboptimal. With the speed projection in H1, on the other hand, the shape
from Figure 51b continues to evolve and results in the correct geometry shown also in Figure 50a. One
can confirm this interpretation by lowering the relaxation parameter τ in the Armijo rule (107) sharply.
This improves the performance of the shape-projection method in relation to speed projection in H1

considerably, and avoids a stuck situation as in Figure 51a. Let us, however, remark that the opposite
effect is possible as well: If the forbidden triangles are placed such that they obstruct the growth of the
domain severely, it can happen that the speed projection in H1 gets stuck (due to drawing down the
speed field) while using a shape projection converges to the optimal shape. Based on our experience
with these numerical tests, however, this seems to be a less common situation. Thus, the interpretation
given above is what causes the effect seen in the averaged plot Figure 50b.
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(a) Projection of the shape with (112).
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(b) Projection of the speed field in H1.

Figure 51: Typical speed fields during the descent for the problem from Figure 50.
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7 Self-Consistent Gradient Flow

In the previous Chapter 6, we have seen how a basic gradient-descent method for shape optimisation can
be developed. We have also seen that it is prone to inefficient zig-zag movement in certain situations.
Now, we want to mention a new and different approach to shape optimisation within our level-set
framework. The proposed method can be interpreted as a gradient flow. Particularly for images with
sharp edges (like Figure 41), this method is more efficient than a plain gradient descent. Unlike Newton-
type methods, our approach does not need derivatives of the image data. This makes it potentially more
stable for noisy images.

7.1 Self-Consistent Speed Fields

The basic idea of our method relies on two crucial observations about the shape evolution of some initial
geometry Ω0 along a given speed field F :

• Recall that the value F (x) of the speed field at some position x ∈ Rn defines the normal speed of
movement of the boundary Γ at this point x. This, however, means that the value of F (x) is only
significant at the instant t in time when x ∈ Γt.

• If F > 0, then the evolution of Ω is monotone. In particular, our domain always grows. This
implies that each point x 6∈ Ω0 is reached by the advancing front at a precisely defined, unique
arrival time. In other words, for each such point there is a unique t ≥ 0 such that x ∈ Γt. For all
τ < t, it follows that x 6∈ Γτ ∪ Ωτ . If, on the other hand, τ > t, then x ∈ Ωτ . This t is, in fact,
given by the distance d0(x) of Definition 11.

Particularly interesting is the following conclusion, which can be drawn by combining both observa-
tions: If we are given some monotone shape evolution, then a single speed field is enough to encode the
propagation for all times. This is even true if the shape evolution is defined in terms of multiple speed
fields (e. g., descent steps) or with a time-dependent speed. (The latter situation has not been treated
rigorously above. This is, however, not important for our discussion.)

As above in Section 6.4, let us assume now that we have an optimisation problem whose shape
derivative has the form

dJ (Ω;F ) =

∫
Γ

Ff(x,Ω) dσ (118)

for some shape-dependent function f . We have already seen in (103) that our image-segmentation
problem is of this type. Note, however, that we will have to make some assumptions on f later on in
Section 7.2 before we can derive theoretical results. These assumptions are usually not fulfilled for the
image-segmentation problem. Nevertheless, the method still works very well in practice. This will be
demonstrated in Section 7.4. We will, though, at least assume f < 0 already now. This ensures that
the resulting shape evolution is always monotonically growing. The idea can be adapted in a straight-
forward way for f > 0 and a monotonically shrinking domain as well. If the sign of f is not fixed (which
is usually the case in optimisation since we are looking for a zero of the gradient), the approach still
works in practice (see Section 7.4). Now, in order to solve the optimisation problem, we are interested
in a speed field that has the following property:

Definition 24. The speed field F is called a self-consistent gradient flow if

F (x) = −f(x,Ωt) (119)

for all t ≥ 0 and x ∈ Γt. Here, Ωt is the time evolution of Ω0 with respect to the speed field F itself.

Clearly, F defined in this way is a descent direction not only at Ω = Ω0 but all along the time
evolution, i. e., for all Ω = Ωt with t ≥ 0, as the shape derivative (118) is negative by definition. In fact,
we have (in some sense) chosen F to be the negative shape derivative. This is the same idea that was
already used in [75]. It motivates the claim that this speed field corresponds, somehow, to a gradient flow.
It has to be noted, however, that it does, in general, not correspond to the shape gradient introduced in
Section 6.2 as the Riesz representative of the shape derivative. For instance, the smoothing effect due
to computation of the shape gradient by solving (105) is not present in F defined according to (119).
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x

Figure 52: Computation of F = ψ(F0) at some point x. The shape Ω(x), on which the shape-dependent
quantities are based, is indicated with the dashed outline.

Another important issue is the following: In order to make sense of the condition (119), we already have
to know some shape evolution on which Ωt and Γt can be based. In other words, one already needs
a speed field in order to apply (119)! In fact, for Definition 24 to be fulfilled, this condition needs to
hold assuming the shape evolution induced by the speed field F itself. This is the reason for calling it
“self-consistent”. Thus, (119) can not be used directly to compute such a self-consistent gradient flow.
What we can do, however, is to define an iteration: Given an initial speed field F0, we can, indeed, use
(119) to define another speed field F = ψ(F0). The self-consistent gradient flow that we are looking
for is then a fixed point of ψ. With certain assumptions, we will see in Section 7.2 that such a fixed
point exists, the iteration converges to it and that all speed fields produced on the way are Lipschitz
continuous. The computation of F = ψ(F0) is depicted in Figure 52: For some fixed x 6∈ Ω0, we compute
t = d0(x). Next, the evolved shape Ω(x) = Ωt at this time is found. It corresponds to the snapshot in
the shape evolution when x lies precisely on the advancing front Γt. As discussed above, the speed field
F0 is used to compute d0 and the shape evolution. When this is done, we set

ψ(F0)(x) = F (x) = −f(x,Ω(x)) (120)

according to (119). This means that we evaluate the shape dependence of f for the domain Ω(x). (Note
that the value of F does not matter for x ∈ Ω0. Since we assumed a monotonically growing shape,
changes to the speed field in Ω0 will not influence the shape evolution at all.)

Of course, it is not possible in practice to compute all of the evolved shapes Ω(x) for x ∈ Rn. Doing
so would, roughly speaking, correspond to performing a gradient descent with infinitesimally small time
steps. Even the computation for all points of a discrete grid has a prohibitive computational cost and
cannot be done practically. One can, however, compute just a handful of snapshots together with the
corresponding shape-dependent quantities. The shape dependence at some point x can then be found
by interpolating these values for the desired time d0(x). The qualitative behaviour of the important
shape-dependent quantities in our case is plotted in Figure 53b for a sample time evolution. This shows
that they behave “nicely”, which means that it is, indeed, justified to apply some suitable interpolation
method in practice. Note that this is the case even though neither the speed field nor the image are
actually continuous for the example (due to the added noise). Later on, we will also see in Lemma 72 and
Lemma 73 that certain assumptions ensure that the shape-dependent quantities are actually Lipschitz
continuous with respect to the evolution time t. Thus, there exists also a theoretical justification for
the suggested interpolation approach. Hence, we are perfectly able not only to define ψ(F0), but also to
compute it without too much difficulty.

7.2 Local Existence of a Fixed Point

We continue now with a theoretical analysis of the mapping ψ introduced above. In particular, we are
interested in the following two questions:
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Figure 53: Behaviour of the shape-dependent quantities that appear in dJ (Ω;F ) of the image-
segmentation model (see (103)) during a sample time evolution. An affine transformation has been
applied to make the values comparable to each other.
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• Will ψ(F ) again be a Lipschitz continuous speed field if F is Lipschitz continuous?

• Is there a fixed point of ψ? If we manage to find one, we have found a self-consistent gradient flow
according to Definition 24.

It will turn out in Subsection 7.2.4 that the answer two both questions is “yes”. To show this, however,
we need some additional assumptions. Throughout this section, we will require that 0 < F ≤ F,G ≤ F ,
where F,G : Rn → R are speed fields. The strictly positive lower bound is, unfortunately, crucial.
Example 15 shows that we can not hope for Lipschitz continuity of ψ(F ) if no lower bound is present.
The initial domain Ω0 is assumed to be fixed. We further require Ω0 = Γ0 ∪ Ω0, i. e., assume that Γ0

has empty interior.
In order to show existence of a fixed point (as well as convergence of the fixed-point iteration with ψ),

we want to apply Banach’s fixed-point theorem. A natural Banach space for the speed fields is C(Rn).
Thus, besides some further technical issues, we have to find a contraction estimate on ‖ψ(F )− ψ(G)‖∞
in terms of ‖F −G‖∞. Although the space C0,1(Rn) of Lipschitz continuous functions may look like an
even better choice at the first glance, it will be convenient to only require continuity in the underlying
space. We show actual Lipschitz estimates for ψ(F ) in a separate step. Let us also introduce the set

Et = VFt (Ω0) \ Ω0 = {x /∈ Ω0 | sdΩ0
(x) ≤ Ft} = {x ∈ Rn | 0 ≤ sdΩ0

(x) ≤ Ft} .

Here, Vε (Ω0) is, as before, the ε-envelope of Ω0 introduced in (100). The set Et is a (closed) band around
Ω0 that contains all points that can be reached in time t, based on the minimal speed F . In other words,
Et ⊂ Ωt(F ) \ Ω0 for arbitrary speed fields F used in the evolution. Hence also d0(x) ≤ t for all t ≥ 0
and x ∈ Et. In the following, we present some estimates that ultimately show Lipschitz continuity of ψ
with respect to the speed field in the supremum norm. Furthermore, it will turn out that the Lipschitz
constant tends to zero with t → 0+ if we restrict ourselves to such a band Et. Consequently, we can,
indeed, ensure the contraction property on Et if only t is small enough. Thus, our results will be local
in nature. We will, however, also discuss a possible strategy to globalise them in certain cases in the
following Section 7.3.

7.2.1 Lipschitz Continuity of Arrival Times

The first step in the evaluation of ψ(F ) at some x ∈ Et is the computation of the arrival time d0(x).
This motivates us to consider how this time behaves if we change the speed field. In order to denote
arrival times for different speed fields unambiguously, we use d0(x;F ) and d0(x;G) for the arrival times
at x based on the speed fields F and G, respectively. Then, the following Lipschitz estimate holds:

Lemma 68. Let t ≥ 0 be fixed and x ∈ Et. Then

|d0(x;F )− d0(x;G)| ≤ t

F
‖F −G‖∞ .

Proof. For x ∈ Et, we can choose x0 ∈ Γ0 and a path ξ ∈ Xad (x0, x) with l(ξ;F ) = d0(x;F ). This works
due to Lemma 19 and Lemma 33. Note that∣∣∣∣ 1

F (y)
− 1

G(y)

∣∣∣∣ =

∣∣∣∣G(y)− F (y)

F (y)G(y)

∣∣∣∣ ≤ ‖F −G‖∞F 2

for all y. Thus, using the path ξ also for the speed field G, we find

d0(x;G) ≤ l(ξ;G) =

∫ 1

0

|ξ|
G(ξ(t))

dt ≤ l(ξ;F )+|ξ|
∫ 1

0

∣∣∣∣ 1

F (ξ(τ))
− 1

G(ξ(τ))

∣∣∣∣ dτ ≤ d0(ξ;F )+
|ξ|
F 2 ‖F −G‖∞ .

It remains to estimate |ξ|. For this, consider the straight line Sx′0x connecting x to some x′0 ∈ Γ0 with

sdΩ0(x) = |x− x′0|. We know that
∣∣Sx′0x∣∣ = |x− x′0| ≤ Ft by definition of Et. Hence

1

F
|ξ| ≤

∫ 1

0

|ξ|
F (ξ(τ))

dτ = l(ξ;F ) = d0(x;F ) ≤ l
(
Sx′0x;F

)
=

∫ 1

0

∣∣Sx′0x∣∣
F (Sx′0x(τ))

dτ ≤ Ft

F
= t.
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Taking the estimates together, we have shown

d0(x;G) ≤ d0(x;F ) +
t

F
‖F −G‖∞ .

If we repeat this argument with the roles of F and G exchanged, the proof is finished.

One can easily see that a lower bound F on the speed fields is necessary already for this result:
Assume that there is x0 ∈ Γ0 with F (x0) = 0 but G(x0) > 0. Then, for a sequence xk → x0, Lemma 17
implies that d0(xk;F )→∞ while d0(xk;G)→ d0(x0;G) <∞. Thus, we can not hope for any Lipschitz
constant that works uniformly for all x in some Et. On the other hand, assume that F and G are strictly
positive on Γ0. In this case, continuity implies that a lower bound F > 0 exists also on some band Et if t
is chosen small enough, so that this requirement of Lemma 68 is no real restriction. See also Example 15.

7.2.2 Uniform-Density Estimates

In the next subsection, we show that the volume vol (Ω) as shape-dependent quantity is Lipschitz con-
tinuous with respect to the employed speed field (in the sense discussed in Section 7.1). Theorem 21
from Chapter 5 can be used for this estimate. In order to do so, we need a uniform-density property not
only for Ω0 (which we can assume) but also for the evolved sets Ωt. Let us now investigate how uniform
lower density is preserved by a shape evolution. This is related to our previous result Theorem 15, but
here we focus on uniform estimates of the density.

For simplicity, we discuss the case F = 1 first in order to introduce the idea that will be used later
to prove the general case. In this situation, (t0, c)-uniform lower density of Ω0 is completely preserved
for all times of the shape propagation. This is illustrated in Figure 54a. In particular, let x ∈ Γt be
an arbitrary point of the evolved boundary and choose some radius ρ > 0. By Lemma 57, there exists
x0 ∈ Γ0 with t = |x− x0|. Whenever y0 ∈ Bρ (x0) ∩Ω0, then the shifted y = y0 + (x− x0) must be part
of Ωt: If this were not the case, then d0(y) ≥ t. However, this contradicts

d0(y) < d (y, y0) = |y − y0| = |x− x0| = t.

Intuitively speaking, y has definitely been reached by the propagating front at time t since it has, in
particular, been reached already by the elementary wave originating at y0. Thus, we have shown that

(Bρ (x0) ∩ Ω0) + (x− x0) ⊂ Bρ (x) ∩ Ωt.

This, in turn, implies the claimed preservation of uniform lower density.
We can also apply the same idea if F is not constant. In this case, however, shifting a path slightly

distorts its length. As a consequence, uniform lower density is not fully preserved. In particular, the
constant c0 is possibly reduced. This weaker result will be sufficient for our purposes, though. As a
preparation for the proof, let us estimate how the length of a path changes when it is shifted:

Lemma 69. Let F have Lipschitz constant L. Choose d ∈ Rn with |d| < F/L, points x0, x ∈ Rn and
some path ξ ∈ Xad (x0, x). Denote by ξ̃ ∈ Xad (x0 + d, x+ d) the path shifted by d, i. e., ξ̃(τ) = ξ(τ) + d
for τ ∈ [0, 1]. Then

l(ξ̃) ≤ l(ξ)

1− |d|L/F
.

Proof. Assume that ξ is parametrised by arc length and that |ξ| = v. Then clearly also
∣∣∣ξ̃∣∣∣ = v. Note

that by Lipschitz continuity

F (ξ̃(τ)) ≥ F (ξ(τ))− L
∣∣∣ξ̃(τ)− ξ(τ)

∣∣∣ = F (ξ(τ))− |d|L

= F (ξ(τ))

(
1− |d|L

F (ξ(τ))

)
≥ F (ξ(τ))

(
1− |d|L

F

)
> 0

holds for arbitrary τ ∈ [0, 1]. This now implies

l(ξ̃) =

∫ 1

0

v

F (ξ̃(τ))
dτ ≤

∫ 1

0

v

F (ξ(τ))

1

1− |d|L/F
dτ =

l(ξ)

1− |d|L/F
.
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Figure 54: Preservation of uniform lower density during the shape propagation. The grey volume is part
of Ω0 and, after an appropriate shift, still part of Ωt.

This allows us now to show that uniform lower density of Ω0 carries, indeed, over to Ωt:

Lemma 70. Let F have Lipschitz constant L. Assume that Ω0 has (ρ0, c0)-uniform lower density. Then,
for t ≥ 0, the evolved set Ωt has (ρ0, ct)-uniform lower density. Here,

ct = c0 ·
(

1 + tL · F
F

)−n
.

Proof. For t = 0, the statement is clear. Let thus t > 0, x ∈ Γt and ρ ∈ (0, ρ0). According to Lemma 19
and Lemma 33, there are x0 ∈ Γ0 and ξ ∈ Xad (x0, x) with l(ξ) = d (x0, x) = d0(x) = t. We set

δ =
ρ

1 + tLF/F
< ρ and s = t ·min

(
1,
δL

F

)
≤ t. (121)

Furthermore, split ξ at some point xs into ξ1 ∈ Xad (x0, x
s) and ξ2 ∈ Xad (xs, x) such that l(ξ1) = t− s

and l(ξ2) = s. See also the sketch in Figure 54b. Now, consider first the case δ < F/L. In this situation,

l(ξ1) = t− s = t

(
1− δ L

F

)
.

For y0 ∈ Bδ (x0) ∩ Ω0 and d = y0 − x0, note that |d| < δ. Thus, we know from Lemma 69 for
ys = xs + d = y0 + (xs − x0) and ξ̃ = ξ1 + d ∈ Xad (y0, y

s) that

l(ξ̃) ≤ l(ξ1)

1− |d|L/F
<
t(1− δL/F )

1− δL/F
= t.

Hence ys ∈ Ωt, so that we have shown the inclusion

(Bδ (x0) ∩ Ω0) + (xs − x0) ⊂ Bδ (xs) ∩ Ωt. (122)

In the case δ ≥ F/L, we have s = t and xs = x0. Since F ≥ 0 and thus Ω0 ⊂ Ωt, the inclusion (122)
holds also in this situation.

As the next step, take note that

|ys − x| ≤ |x− xs|+ |xs − ys| < Fs+ δ ≤ tδLF
F

+ δ = ρ
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for all ys ∈ Bδ (xs). This implies Bδ (xs) ⊂ Bρ (x). Thus, since the shift is a rigid transformation and
preserves volumes, we finally get

vol (Bρ (x) ∩ Ωt) ≥ vol (Bδ (xs) ∩ Ωt) ≥ vol (Bδ (x0) ∩ Ω0) ≥ c0 · vol (Bδ (x0)) = c0 ·
(
δ

ρ

)n
· vol (Bρ (x)) .

The claim now follows by expressing δ/ρ with (121).

7.2.3 Shape-Dependent Quantities

Let us now try to understand better how f in (120) depends on the shape Ω. We are particularly
interested in domain functionals. Hence, the most important step is to observe how the volume behaves
as shape-dependent quantity when the underlying speed field is varied. As we will see in Lemma 72, it
turns out that the volume is actually Lipschitz continuous with respect to F under certain assumptions.
This result can also be generalised to more complicated shape-dependent quantities of the form analysed
already in Section 4.2, i. e., (52), (57). We will do that in Lemma 73.

Our main tool in estimating volume differences is Theorem 21 combined with the uniform-density
properties shown in Subsection 7.2.2. However, we also need to get a handle on the perimeter of evolved
sets. This is the problem tackled, for the case F = 1, in Chapter 5. Unfortunately, the results there are
not general enough for our purposes here. Thus, we have to assume the necessary properties for now.
We believe that our assumption is likely true in general, but do not yet have a proof for it.

Assumption 4. Let Ω0 ⊂ Rn and L be given. We assume that there exist P and tp > 0 such that

P (Ωt(F )) ≤ P

holds for all t ∈ [0, tp] and speed fields F with Lipschitz constant L. Here, Ωt(F ) denotes the time
evolution of Ω0 at time t according to the speed field F .

Under this assumption, we can now apply Theorem 21 to estimate the volume of a band of width ρ
around an evolved set Ωt:

Lemma 71. Let F have Lipschitz constant L and Ω0 have (ρ0, c)-uniform lower density. Furthermore,
let Assumption 4 hold. Then

vol (Ωt+ρ \ Ωt) ≤ ρ · F

(
1 +

(
1

c

)n−1
n
(

1 + tL
F

F

)n−1
)
PC

for all t ∈ [0, tp], ρ ∈ (0, ρ0) and with some dimensional constant C.

Proof. According to Lemma 70, the evolved set Ωt has (ρ0, c
′)-uniform lower density with

c′ = c

(
1 + tL

F

F

)−n
. (123)

Note that 0 ≤ F ≤ F implies the inclusion

Ωt+ρ \ Ωt ⊂ UρF ,

where UρF is the newly created volume according to Definition 18 based on Ωt as the initial geometry.
Thus, Theorem 21 implies

vol (Ωt+ρ \ Ωt) ≤ ρF ·
(

1 +
1

c′

)n−1
n

P (Ωt)C
′ ≤ ρF ·

(
1 +

(
1

c′

)n−1
n

)
P (Ωt)C.

This finishes the proof if we use the explicit form of c′ in (123) and Assumption 4 for P (Ωt).

With this result, we can now show a general Lipschitz estimate for the volume of the evolved domain.
This estimate allows both the times and the speed fields for the compared evolutions to be different:
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Lemma 72. Let F ≤ F,G ≤ F be two speed fields with Lipschitz constant L. Let Ω0 have (ρ0, c)-uniform
lower density and let Assumption 4 hold. Then

|vol (Ωt(F ))− vol (Ωs(G))| ≤ vol (Ωt(F ) ∆ Ωs(G)) ≤ K
(
F

F 2 ·max(s, t) · ‖F −G‖∞ + |t− s|
)

(124)

for all s, t ∈ [0, t0), where

t0 = min

(
tp,

ρ0

1 + (F/F )2

)
, K = F

(
1 +

(
1

c

)n−1
n
(

1 + t0L
F

F

)n−1
)
PC (125)

and C is a dimensional constant.

Proof. The first half of (124) is a general property of the symmetric set difference: If A and B are two
arbitrary sets, then

|vol (A)− vol (B)| = |vol (A ∩B) + vol (A \B)− vol (B ∩A)− vol (B \A)|
≤ vol (A \B) + vol (B \A) = vol (A∆B) .

(This can be seen as a variant of the inverse triangle inequality.) Furthermore, set F̃ = min(F,G),
G̃ = max(F,G), t̃ = min(t, s) and s̃ = max(t, s). Then

Ωt̃(F̃ ) ⊂ Ωt(F ) ∩ Ωs(G) ⊂ Ωt(F ) ∪ Ωs(G) ⊂ Ωs̃(G̃).

This yields, in particular, the relation

Ωt(F ) ∆ Ωs(G) ⊂ Ωs̃(G̃) \ Ωt̃(F̃ ) = Ωs̃(G̃) ∆ Ωt̃(F̃ ).

Note that ‖F −G‖∞ =
∥∥∥F̃ − G̃∥∥∥

∞
and |t− s| =

∣∣t̃− s̃∣∣. This implies that the right-hand side of (124)

is not changed if we formulate it using F̃ , G̃ instead of F , G and with t̃, s̃ instead of t, s. Hence, we may
assume, without loss of generality, that F ≤ G and t ≤ s. It remains to estimate vol (Ωs(G) \ Ωt(F )).

For this, choose x ∈ Ωs(G) \ Ωt(F ) arbitrarily. Note that x ∈ Es′ with s′ = F/F · s and, per
assumption, s = max(s, t). Thus, Lemma 68 gives

d0(x;F ) ≤ d0(x;G) +
F

F 2 s ‖F −G‖∞ < s+
F

F 2 s ‖F −G‖∞ = t+
F

F 2 ·max(s, t) · ‖F −G‖∞ + |t− s| .

If we set

ρ =
F

F 2 ·max(s, t) · ‖F −G‖∞ + |t− s| ,

this implies x ∈ Ωt+ρ(F ). Hence, we have shown the inclusion

Ωs(G) \ Ωt(F ) ⊂ Ωt+ρ(F ) \ Ωt(F ).

Also, since ‖F −G‖∞ ≤ F and |t− s| < t0, we know

ρ < t0

(
1 +

(
F

F

)2
)
≤ ρ0.

This means that we can apply Lemma 71 to finish the proof.

So far, we have considered, in particular, the volume as a simple shape-dependent quantity. However,
note that Lemma 72 allows us to control the symmetric set difference Ωt(F ) ∆ Ωs(G) and not only the
volume difference. Based on this, we can generalise the result to other, more complex domain functionals.
Let us first define an abstract notion for the Lipschitz property (124):
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Definition 25. Let Q be a shape-dependent quantity and Ω0 ⊂ Rn be an initial domain. We say that
Q is Lipschitz regular at Ω0 if there exists a constant C such that

|Q(Ωt(F ))−Q(Ωs(G))| ≤ C (max(s, t) · ‖F −G‖∞ + |t− s|)

for all L, an upper bound t0 = t0(L), all s, t ∈ [0, t0] and all speed fields F , G with Lipschitz constant
L. In particular, note that C must be independent of L while t0 may depend on the Lipschitz constant.

The volume vol (·) is Lipschitz regular according to Lemma 72: While the constant K in (125) depends
on L, we can always choose t0 smaller in order to ensure, for instance, t0LF/F ≤ 1. With this trick,

K ≤ F

(
1 + 2n−1

(
1

c

)n−1
n

)
PC (126)

independently of L by making t0 depend on L instead. Reducing t0 a little also ensures that Lemma 72
holds for all s, t ∈ [0, t0] with the upper bound included. Similarly, also more general domain functionals
are Lipschitz regular if the integrand depends on the shape only via other Lipschitz regular quantities:

Lemma 73. Let Ω0 be bounded, have uniform lower density and let Assumption 4 hold. Assume that
Q1, . . . , Qk are Lipschitz regular at Ω0. Furthermore, let Q be a shape-dependent quantity according to
(52) and (57), i. e.,

Q(Ω) =

∫
Ω

g(x,Q1(Ω), . . . , Qk(Ω)) dx.

If the integrand g : Rn × Rk → R is Lipschitz continuous, then Q itself is Lipschitz regular at Ω0.

Proof. Let some Lipschitz constant L be fixed and choose t0 as the minimum of all time intervals for
Lipschitz regularity of the Q’s and small enough that Lemma 72 holds. Note that boundedness of Ω0

ensures that all evolved sets Ωt(F ), with t ∈ [0, t0] and F ≤ F ≤ F , are bounded themselves. Hence, we
may assume, without loss of generality, that g is bounded. For simplicity, we introduce the short-hand
notation g(x,Ω) = g(x,Q1(Ω), . . . , Qk(Ω)).

Let now s, t ∈ [0, t0] and F , G be given. By the triangle inequality, it follows that

|Q(Ωt(F ))−Q(Ωs(G))| ≤

∣∣∣∣∣
∫

Ωt(F )

g(x,Ωt(F )) dx−
∫

Ωs(G)

g(x,Ωt(F )) dx

∣∣∣∣∣
+

∫
Ωs(G)

|g(x,Ωt(F ))− g(x,Ωs(G))| dx.

The first term expresses the difference introduced by the explicit Ω-dependence of Q via the domain of
integration, while the latter shows the difference due to the shape dependence of the integrand g itself.
If we denote the Lipschitz constant of g by Lg, we can further estimate both terms to get

|Q(Ωt(F ))−Q(Ωs(G))| ≤ vol (Ωt(F ) ∆ Ωs(G)) · ‖g‖∞ + vol (Ωs(G)) · Lg
k∑
i=1

|Qi(Ωt(F ))−Qi(Ωs(G))| .

The claim now follows if we use Lemma 72 for the symmetric set difference and the assumed Lipschitz
regularity of all Q’s. (Note that vol (Ωs(G)) is bounded independently of G and s.)

Recall that the primary goal of the analysis above is to find a contraction property of the iteration
F 7→ ψ(F ). For this, we are specifically interested in the case that the times t and s are not explicit but
defined implicitly as the arrival times at some fixed x ∈ Rn \ Ω0. Let us write Q(x;F ) = Q(Ωt(F )) in
this situation, where t = d0(x;F ) and Q is some shape-dependent quantity. Using Lemma 68, we can
easily arrive at the following conclusion:

Lemma 74. Let Q be Lipschitz regular and fix the Lipschitz constant L. Choose t ∈ [0, t0]. Then

|Q(x;F )−Q(x;G)| ≤ Ct
(

1 +
1

F

)
‖F −G‖∞

for all x ∈ Et and speed fields F , G that admit the Lipschitz constant L.
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Proof. According to Lipschitz regularity, we have

|Q(x;F )−Q(x;G)| ≤ C (max(d0(x;F ), d0(x;G)) ‖F −G‖∞ + |d0(x;F )− d0(x;G)|) .

Since x ∈ Et, clearly max(d0(x;F ), d0(x;G)) ≤ t. Furthermore, Lemma 68 implies

|d0(x;F )− d0(x;G)| ≤ t

F
‖F −G‖∞ .

With this, the claim follows.

7.2.4 Convergence of the Fixed-Point Iteration

With all the technical preparations in place now, we can finally show the two important properties of ψ
that we have claimed at the beginning of this section: Namely that iteration with ψ converges to a fixed
point and that there exists a uniform Lipschitz constant for all iterated speed fields and for the limit.
Let us recall (120) and assume that the shape dependence of f is only via Lipschitz regular quantities
Q1, . . . Qk, i. e.,

f : Rn × Rk → R, f(x,Ω) = f(x,Q1(Ω), . . . , Qk(Ω)). (127)

Denote by C a constant for Lipschitz regularity that works for all Q’s and by t0 = t0(L) the minimum
time interval. Furthermore, let 0 < F ≤ −f ≤ F and f have Lipschitz constant Lf . This ensures, first
of all, that any speed field F defined via (120) is between F and F . Thus, all iterated speed fields are
automatically bounded away from zero as we have assumed it above.

Note that this is a practically quite restricting requirement: Particularly for optimisation, we would
much rather allow a convergence towards zero, which occurs at a critical point. If we do not impose this
restriction, however, we can not guarantee that iterated speed fields are Lipschitz continuous and thus
consistent with our theory developed in the previous chapters. This can be seen in Example 15. Never-
theless, the results of Section 7.4 show that the self-consistent gradient flow still works for optimisation
purposes in practice.

Example 15. Consider the initial speed field

F (x) =

 0 if x ≤ 0,
1 if x ≥ 1,
x else.

Clearly, F is Lipschitz continuous, bounded and non-negative. It does not, however, have a strictly
positive lower bound F > 0. Choose now Ω0 = (1, 2). Then d0(x) = x− 2 for all x ≥ 2, while

d0(x) =

∣∣∣∣∫ x

1

1

F (ξ)
dξ

∣∣∣∣ =

∫ 1

x

1

ξ
dξ = − log x

for x ∈ (0, 1]. When Ω0 evolves in time according to F , the set grows with a constant rate to the right.
In particular, note that vol (Ωt) ≥ 1 + t. On the other hand, it takes the left boundary of the evolving
Ωt infinitely long to move from one to zero. Thus, vol (Ω;x) defined via the arrival time at x is not
Lipschitz continuous in x: Define the sequence xk = 2−k for k ∈ N. Then clearly |xk − xk−1| = 2−k → 0
with k →∞. On the other hand, since

|d0(xk)− d0(xk−1)| = log
xk−1

xk
= log 2,

we find that
vol (Ω;xk)− vol (Ω;xk−1) ≥ log 2 6→ 0.

Thus, Lemma 72 is, indeed, not true in this situation. It is now easy to choose f(Ω) = f(vol (Ω)) in such
a way that ψ(F ) defined by (120) will not be Lipschitz continuous as well.

As a first step, let us show a generic Lipschitz estimate for ψ(F ). This works similar to Lemma 74
by combining Lipschitz regularity with an estimate for the arrival times. However, note that this time
the estimate is in space between x and y for a single speed field F , while Lemma 74 had x fixed and two
different speed fields F and G.
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Lemma 75. Let F be a speed field with Lipschitz constant L and assume that f has the form described
above. This then implies

|ψ(F )(x)− ψ(F )(y)| ≤ Lf
(

1 + k
C

F

)
· |x− y|

for all x, y ∈ Et0 .

Proof. Clearly d0(x) and d0(y) are both in [0, t0]. Hence Lipschitz regularity of all Q’s implies

|Qi(x;F )−Qi(y;F )| ≤ C |d0(x)− d0(y)|

for i = 1, . . . , k. Recall that we assume a strictly positive lower bound F on the speed field F . With this
additional information, the proof of Lemma 34 implies that d0 has the (global) Lipschitz constant 1/F .
Since f is Lipschitz continuous and ψ defined via (120), we get the claimed

|ψ(F )(x)− ψ(F )(y)| ≤ Lf |x− y|+ Lf

k∑
i=1

|Qi(x;F )−Qi(y;F )|

≤ Lf (|x− y|+ kC |d0(x)− d0(y)|) ≤ Lf
(

1 + k
C

F

)
· |x− y| .

For proving convergence of the fixed-point iteration with ψ, we want to apply Banach’s fixed-point
theorem. For that, we need two ingredients: A contraction property of the iteration mapping ψ and an
invariant, closed subset of a Banach space. Let us define the latter now:

Definition 26. We denote the Lipschitz constant of Lemma 75 by L0, i. e.,

L0 = Lf

(
1 + k

C

F

)
.

For t ≥ 0, we define

X (t) =
{
F : Et →

[
F , F

] ∣∣ F has Lipschitz constant L0

}
⊂ C(Et).

Furthermore, let us introduce

‖ψ‖X(t) = sup
F,G∈X(t)

‖ψ(F )− ψ(G)‖∞
‖F −G‖∞

for the (a-priori possibly infinite) Lipschitz constant of the fixed-point operator ψ.

It is easy to see that X (t) is a suitable set for our purposes:

Lemma 76. Let t ≥ 0. The set X (t) ⊂ C(Et) is closed. If t ≤ t0 with t0 chosen according to L0, then
X (t) is, in addition, invariant under application of ψ and

‖ψ‖X(t) ≤ t · LfCk
(

1 +
1

F

)
.

Proof. It is clear that X (t) ⊂ C(Et) and that the latter is a Banach space. Let (Fk)k∈N ⊂ X (t) be a
sequence converging towards some F ∈ C(Et). To show that F ∈ X (t), we have to show that the limit
F is Lipschitz continuous itself with the same constant L0. To see this, let x, y ∈ Et. Then

|F (x)− F (y)| ≤ |F (x)− Fk(x)|+ |Fk(x)− Fk(y)|+ |Fk(y)− F (y)| ≤ L0 |x− y|+ 2 ‖F − Fk‖∞
for arbitrary k ∈ N. This implies that |F (x)− F (y)| ≤ L0 |x− y| and thus F ∈ X (t). Invariance under
ψ follows from Lemma 75. The lower and upper bounds F and F hold because they are true for −f .

It remains to estimate the Lipschitz constant of ψ. For this, let x ∈ Et be arbitrary. Then

|ψ(F )(x)− ψ(G)(x)| ≤ Lf
k∑
i=1

|Qi(x;F )−Qi(x;F )| ≤ t · LfCk
(

1 +
1

F

)
· ‖F −G‖∞

according to Lemma 74. This implies the claim.
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Note, specifically, that we can turn ψ into a contraction if we choose t so small that ‖ψ‖X(t) < 1.
Taking all together, we have shown the following local existence of a fixed point:

Theorem 25. Let f have the form (127) and let all shape-dependent quantities Qi be domain functionals
according to (52) and (57). The integrands may be shape dependent themselves if the shape dependence
is, again, of this form. Furthermore, assume that

• f is Lipschitz continuous and 0 < F ≤ −f ≤ F ,

• Ω0 has uniform lower density, and

• Assumption 4 holds.

Then there exists a time t > 0 such that ψ has a unique fixed point F ∗ on Et. Iteration with ψ converges
towards F ∗ starting from any speed field in X (t). All iterates and F ∗ itself are Lipschitz continuous.
Any constant speed field with value in

[
F , F

]
is a suitable starting point for the fixed-point iteration. The

speed field F ∗ is a self-consistent gradient flow according to Definition 24 for times up to t.

7.3 A Strategy for Globalisation

In the previous section, we discussed the existence of a self-consistent gradient flow locally around the
initial geometry Ω0. Let us now consider a possible way to globalise the result of Theorem 25. The
strategy that we have in mind is the following: Use Theorem 25 to construct a self-consistent speed
field F ∗ in Et, then propagate the initial geometry along F ∗ for a time short enough to remain in Et.
Afterwards, use the resulting geometry as new Ω0 to construct another band, and so on. This idea is
precisely what we will employ for numerical computations in Section 7.4. It is, however, also justified
from a purely theoretical point of view. We will see in Theorem 26 that this idea can, indeed, be used
to construct a fixed point of ψ on an extended area. Unfortunately, it is not guaranteed that even the
repeated addition of new bands leads to a self-consistent gradient flow on the whole domain. It may
happen that the widths of our bands shrink so fast that also the union of infinitely many of them is still
just a bounded set. We will discuss this situation at the end of the current section.

The first important piece of information is the following forward-in-time property : If two speed fields
are equal close to the initial geometry, this implies that d0 is equal for both speed fields in that area
as well. Consequently, also evolved sets (and thus all shape-dependent quantities) are equal for small
enough times. This implies, in particular, that the property of F being a fixed point of ψ on Et can
never be destroyed by iterating with ψ, even if we consider an extended area larger than Et.

Lemma 77. Let F,G ≥ 0 be two Lipschitz continuous speed fields and Ω0 ⊂ Rn an initial domain.
Assume that F = G holds on (Ωt(F ) ∩ Ωt(G)) \ Ω0 for some t > 0. Then d0(x;F ) = d0(x;G) for all
x ∈ Ωt(F ) ∪ Ωt(G) and Ωs(F ) = Ωs(G) for all s ∈ [0, t].

Proof. Since d0 is continuous, it suffices to show equality for x ∈ Ωt(F ) ∪ Ωt(G). So let, without
loss of generality, x ∈ Ωt(F ) be given. If x ∈ Ω0, then clearly d0(x;F ) = d0(x;G) = 0. So assume
x ∈ Ωt(F ) \ Ω0. According to Lemma 19 and Lemma 33, there exist x0 ∈ Γ0 and ξ ∈ Xad (x0, x) such
that d0(x;F ) = l(ξ;F ) < t. Consider the set

S = {τ ∈ [0, 1) | F (ξ(τ)) 6= G(ξ(τ))}

and assume that it is not empty. In that case, set τ0 = inf S and note that τ0 ∈ [0, 1). Furthermore,
by definition of S and τ0, we know that F (ξ(τ)) = G(ξ(τ)) for all τ ∈ [0, τ0]. Thus, if we denote by
ξ0 ∈ Xad (x0, ξ(τ0)) the restriction of ξ to the time interval [0, τ0], we can conclude

d0(ξ(τ0);G) ≤ l(ξ0;G) = l(ξ0;F ) < t.

By continuity of d0 and ξ, there exists τ > τ0 such that this inequality still holds. In other words,
ξ(τ) ∈ (Ωt(F ) ∩ Ωt(G)) \ Ω0. The same is, in fact, true for all τ ′ ∈ (0, τ ]. This by assumption also
implies F (ξ(τ ′)) = G(ξ(τ ′)), which is a contradiction to the definition of τ0. Thus, S must be empty.
This means that F = G along the path ξ. Hence,

d0(x;G) ≤ l(ξ;G) = l(ξ;F ) = d0(x;F ).
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Finally, with this result, we know that x ∈ Ωt(G). Thus, we can apply the same argument again with
the roles of F and G exchanged. This implies d0(x;G) ≥ d0(x;F ) and thus equality.

It remains to show that the evolved sets are equal as well. So let s ∈ [0, t] be given and choose
x ∈ Ωs(F ). By the previous result, we know that d0(x;G) = d0(x;F ) < s, and thus x ∈ Ωs(G).
Similarly, we can also show Ωs(G) ⊂ Ωs(F ).

For the next step, we consider the situation that the initial set is changed to an already evolved
domain. This is what happens when we want to add a second band around the first. The first lemma in
this direction concerns the distance d0:

Lemma 78. Let F ≥ 0 be a Lipschitz continuous speed field and Ω0 be given. For t > 0, we denote the
evolution of Ω0 by Ωt as usual. Then

d0(x; Ω0) = t+ d0(x; Ωt)

for all x ∈ Rn \ Ωt with d0(x; Ω0) <∞.

Proof. Let xt ∈ Γt and ξ2 ∈ Xad (xt, x) be given such that d0(x; Ωt) = l(ξ2). Furthermore, there also
exist x0 ∈ Γ0 and ξ1 ∈ Xad (x0, x

t) with t = d0(xt; Ω0) = l(ξ1). Thus, defining ξ ∈ Xad (x0, x) as the
concatenation of ξ1 and ξ2, we find

d0(x; Ω0) ≤ l(ξ) = l(ξ1) + l(ξ2) = t+ d0(x; Ωt).

For the other way round, choose x0 ∈ Γ0 and ξ ∈ Xad (x0, x) with l(ξ) = d0(x; Ω0). Since x 6∈ Ωt,
we know l(ξ) ≥ t. Hence, by the intermediate-value theorem, there exists τ ∈ (0, 1] such that ξ1 as the
restriction of ξ to [0, τ ] has l(ξ1) = t. Clearly xt = ξ(τ) ∈ Γt ∪Ωt. Let ξ2 ∈ Xad (xt, x) be the restriction
of ξ to the remaining time interval [τ, 1]. Then

t+ d0(x; Ωt) ≤ t+ d
(
xt, x

)
≤ t+ l(ξ2) = l(ξ1) + l(ξ2) = l(ξ) = d0(x; Ω0).

Thus, equality holds.

Based on Lemma 78, we can now show a general semi-group property for the time evolution of our
shapes. The semi-group property, in turn, allows us to analyse the behaviour of the iteration mapping
ψ when the initial set is varied:

Lemma 79. Let F ≥ 0 be a Lipschitz continuous speed field, Ω0 ⊂ Rn be an initial domain and s, t ≥ 0.
We denote the evolution of the already evolved set Ωt for a further time of s by (Ωt)s. Then

(Ωt)s = Ωs+t.

Assume further F ≥ F > 0 and consider the iteration mapping ψ as before. Then

ψ(F ; Ω0)(x) = ψ(F ; Ωt)(x) (128)

for all x ∈ Rn \ Ωt.

Proof. Let x ∈ (Ωt)s. By Theorem 7, this means d0(x; Ωt) < s. Hence Lemma 78 implies d0(x; Ω0) < s+t
and thus x ∈ Ωs+t. For the other inclusion, let x ∈ Ωs+t be given. Then d0(x; Ω0) < s + t. Again by
Lemma 78, we can now conclude that d0(x; Ωt) < s and thus x ∈ (Ωt)s must be true. This shows the
claimed semi-group property.

Let now be F ≥ F > 0 and x ∈ Rn \ Ωt. The lower bound on F ensures that d0(x) is finite. Set
s = d0(x; Ωt). Then Lemma 78 implies

d0(x; Ω0) = t+ d0(x; Ωt) = t+ s,

so that Ω(x; Ω0) = Ωs+t. On the other hand, Ω(x; Ωt) = (Ωt)s. The semi-group property ensures that
both sets are equal. Consequently also (128) holds.
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Based on the previous results, we can now conclude that it is, indeed, possible to first construct a
self-consistent speed field on some band Et, then evolve the domain according to this speed field, and
finally look for another band starting from the evolved domain. The resulting combined speed field is
then a fixed point of ψ on the extended band. In particular:

Theorem 26. Let F1 be a fixed point of ψ on Et (Ω0) according to Theorem 25. Let τ > 0 and
Ωτ ⊂ Et (Ω0) be the evolved set according to F1. Furthermore, assume that F2 is a fixed point of ψ on
Es (Ωτ ). Denote the extended area by E = Es (Ωτ ) ∪ (Ωτ \ Ω0) and introduce F : E → R by

F (x) =

{
F1(x) for x ∈ Ωτ ,
F2(x) else.

Then F is Lipschitz continuous and ψ(F ) = F on E.

Proof. Consider x ∈ Γτ . Since both F1 and F2 are self-consistent gradient flows according to Defini-
tion 24, note that

F1(x) = −f(x,Ωτ ) = F2(x).

This implies that F is continuous across the interface Γτ . Both F1 and F2 are Lipschitz continuous on
Et (Ω0) and Es (Ωτ ), respectively. Thus F is Lipschitz continuous as well. For ψ(F ), let us write

ψ(F )(x) =

{
F̃1(x) for x ∈ Ωτ ,

F̃2(x) else.

It remains to show that F1 = F̃1 and F2 = F̃2 on the respective subsets of E.
Choose first x ∈ Ωτ . Note that F1 is defined on the whole of Rn\Ω0, even though we know F1 = ψ(F1)

only on Et (Ω0). By definition, F1 = F on Ωτ . Thus Lemma 77 implies that d0(x;F1) = d0(x;F ) and
also Ω(x;F1) = Ω(x;F ). Hence

F (x) = F1(x) = ψ(F1; Ω0)(x) = ψ(F ; Ω0)(x),

which shows that F1 = F̃1 on Ωτ . Let now x ∈ Es (Ωτ ). Then

ψ(F )(x) = ψ(F ; Ω0)(x) = ψ(F ; Ωτ )(x) = ψ(F2; Ωτ )(x) = F2(x)

according to Lemma 79 and thus F2 = F̃2 on Es (Ωτ ). This finishes the proof.

Thus, we have seen that we can, roughly speaking, always extend the local region of Theorem 25 by
yet another band. This allows us to enlarge it in theory with an infinite number of steps. This, however,
does not guarantee that the resulting region will be arbitrarily large. It may happen that the widths of
the extension bands shrink so fast that their sum remains bounded. In fact, a rough estimation of the
possible extension widths implies that this is a case we have to expect. Let us conclude this section now
with a discussion of this effect.

For this, we have to understand which quantities restrict the band width t in Theorem 25. Some of
the constants that appear in the calculations throughout Section 7.2 describe only the properties of the
problem at hand. They are neither influenced by the fixed-point iteration nor the fact that our initial
geometry evolves from step to step in the extension process. Consequently, these constants are not of
special interest for our purposes here. In particular, the values of F , F , Lf , n and k fall in this category.
Furthermore, let us include Assumption 4 here as well. This is, of course, a very optimistic assumption:
In general, we should actually expect that the estimate on the perimeter of Ωt depends both on Ω0 and
the speed field F . However, we have no information about how this dependence may look like besides
the statements for the case F = 1 in Chapter 5. We believe that it is, nevertheless, a good idea to make
an optimistic assumption here since our final result for the extension area is still negative. All of these
quantities will be included in a generic constant M in the following.

The remaining property that is important for our considerations below is uniform lower density of Ω0.
It is definitely conceivable that the domain gets more irregular with every extension step. In particular,
recall Lemma 70: The evolved set Ωt has (ρ0, ct)-uniform lower density where ρ0 matches the uniform
lower density of the initial Ω0 but ct gets reduced from the initial c0 according to

ct = c0 ·
(

1 + tL · F
F

)−n
. (129)
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This constant c, in turn, appears in the estimates of Subsection 7.2.3 and Subsection 7.2.4. Particularly
important is also K estimated in (126):

K ≤M ·
(

1

c

)n−1
n

(130)

According to Lemma 72, this constant determines Lipschitz regularity of the volume functional. Via
Lemma 73, it also influences Lipschitz regularity for more general domain functionals. Thus, let us use
(130) for Lipschitz regularity in the estimates of Subsection 7.2.4. From Lemma 75, we know that the
Lipschitz constant of the self-consistent speed field in a particular step can be bounded by

L ≤M ·
(

1

c

)n−1
n

. (131)

Finally, we get estimates on the possible band width t: For t to be admissible, the two main conditions
are the following: First, we have required that t0LF/F ≤ 1 to derive (126) and thus (130). Second,
we need ‖ψ‖X(t) in Lemma 76 to be small enough to get a contraction. Thus, the resulting length is,
roughly, allowed to be

t =
1

M
·min

(
1

L
,

1

K

)
=

1

M
· c

n−1
n (132)

if M is suitably large (but independent of the extension step as discussed above).
With all these estimates in place, let us now consider what a potential sum of all band widths can be.

For this, we have to combine (132) with (129). Recall that we require tLF/F ≤ 1. With this additional
information, (129) becomes

ct ≥ c0(1 + 1)−n =
c0
2n
.

Thus, the constant c at the m-th extension step is cm = c0 · (2−n)m. Consequently,

tm =
1

M
· c

n−1
n

m =
1

M
c
n−1
n

0 ·
(

1

2n−1

)m
is an allowed band width at this step. As a geometric series, we finally see that

∞∑
m=0

tm =
1

M
c
n−1
n

0 ·
∞∑
m=0

(
1

2n−1

)m
=

1

M
c
n−1
n

0

2n

2n − 2
<∞.

(Under the assumption n ≥ 2. For n = 1, the situation is not interesting. In that case, the evolving
domain has no chance to become “more irregular”, so that an infinite extension actually works.)

Another approach to the same conclusion is the following: If we introduce λ(t) = log ct, the relation
(129) can be turned into

λ(t)− λ(0) = −n log

(
1 + tL · F

F

)
⇒ λ̇(t) = − lim

t→0+

n

t
log

(
1 + tL · F

F

)
= −nF

F
· L.

Since the expected behaviour of the extension steps is to have a band width that tends to zero, it makes
sense to consider t as a continuous variable and, furthermore, the limit t→ 0+ above. The quantity L on
the right-hand side of the differential equation depends on c(t) according to (131). Note that c ∈ (0, 1)
and thus λ < 0. Let us introduce µ = −λ > 0 instead. If we also redefine the generic constant M
accordingly, this yields

− λ̇(t) = µ̇(t) = M

(
1

c

)n−1
n

= M exp

(
−n− 1

n
λ(t)

)
= Mαµ(t). (133)

Here, α = exp ((n− 1)/n). If n ≥ 2, we have α > 1. In this situation, (133) blows up in finite time. This
corresponds to c → 0+, such that the extension process gets stuck and the self-consistent gradient flow
exists only on a bounded region. For the situation n = 1, on the other hand, α = 1 and the equation
has a solution for all times.
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Let us now briefly summarise what we have seen in this section: First, it is possible to perform
multiple extension steps according to Theorem 25 after each other and to combine them to get an
extended self-consistent gradient flow. Second, however, it is not necessarily the case that this procedure
allows to define such a gradient flow on an arbitrarily large region. The crucial issue is how uniform
lower density of the geometry degenerates with each extension step. Thus, if we know for some reason
(or simply assume) that all iterated domains have a uniform constant c, then we can, indeed, generate
a globalised version of the gradient flow.

7.4 Numerical Results

Following up on the theoretical analysis in Section 7.2, let us now discuss numerical computations based
on the idea of self-consistent gradient flows. The numerical evaluation of ψ for a single fixed-point
iteration follows the description given already in Section 7.1. In order to build a complete optimisation
procedure out of it, let us recall two important difficulties that arose in the theoretical analysis: First,
the result of Theorem 25 is only local in nature. To work around this issue, we employ the strategy
described above in Section 7.3 and, in particular, Theorem 26. Instead of trying to really find a single
self-consistent speed field for the whole descent, we perform multiple steps:

1. Choose a step length t0 that is small enough. For our purposes, it was always enough to consider
t0 simply as a fixed parameter in the algorithm. It could, however, also be chosen based on some
convergence criteria if necessary.

2. Choose some initial speed field F0. A possible choice is the steepest-descent speed under the
assumption that all shape-dependent quantities are constant, i. e.,

F0(x) = −f(x,Ω0).

3. Evaluate ψ(F0) numerically on a suitable neighbourhood of Ω0. Iterate ψ a few times until a fixed
point F ∗ is found approximately.

4. Propagate Ω0 along F ∗ up to time t0. Repeat the procedure with the new set as Ω0.

The second difficulty to keep in mind is that all analysis above assumed 0 < F ≤ F ≤ F . In the
context of an optimisation algorithm, we actually expect the speed field to converge to zero when the
shape approaches a critical point. Furthermore, it is very restrictive to assume that the shape only
grows throughout the optimisation descent. This assumption can be violated even if the initial domain
is a subset of the final optimal shape. We will demonstrate this situation on a simple example in
Subsection 7.4.1. In this example, the real gradient flow is such that certain points x 6∈ Ω0 come to
lie twice on the boundary of the evolving domain during the whole propagation: Once when they are
temporarily added to the current shape and once when they are removed from it again later on. It
will turn out, however, that these situations pose no problem to the multi-step optimisation strategy
described above. Each step is, of course, limited to monotone behaviour in the sense that each point
can, at most, either be added to or removed from Ω0 at a single instant in time. During the course of
multiple steps, however, the “direction of monotonicity” may change. This is another reason in favour
of a multi-step approach with a finite step length t0 for each iteration. We will see below that it does,
indeed, work very well for practical shape optimisation.

Let us also briefly revisit the analysis of the Wolfe conditions (see Section 6.4) in light of this multi-step
algorithm: If t0 at a particular iteration can be chosen to fulfil the Wolfe conditions (see Theorem 23),
then the directional derivative dJ (Ωt0 ;F ) corresponds, by definition of the self-consistent speed field F , to
the gradient norm of the next iterate. In this case, no uniform continuity is needed. Instead, the curvature
condition (108) implies directly that the gradient norm decreases geometrically with each iteration. Note,
however, that there is no guarantee that the step length t0 for which the fixed-point iteration produces
a self-consistent speed field is long enough to satisfy the Wolfe conditions. Furthermore, as mentioned
already, our assumption F ≥ F > 0 for the speed field breaks down if we try to analyse convergence to
a critical point. Thus, this is an interesting idea, but it needs further research.
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7.4.1 Demonstration in 1D

Before we turn our attention back to the image-segmentation problem of Chapter 6, let us first consider
a modified version in only one dimension. This simplified problem allows us to demonstrate some basic
properties of our multi-step gradient-flow algorithm. In particular, we want to minimise the cost function

J(Ω) =

∫
Ω

(u(x)− u0)2 dx+
γ

vol (Ω)
. (134)

This is similar to (102) of our image-segmentation model, but note that u0 is assumed to be independent
of the shape Ω here. Also the form of the balloon force with vol (Ω) is changed. Based on the results of
Section 6.1, we can easily compute the shape derivative of (134) to be

dJ (Ω;F ) =

∫
Γ

(
(u− u0)2 − γ

vol (Ω)
2

)
F dσ. (135)

In other words, moving Γ across some point x is beneficial if and only if

|u(x)− u0|2 <
γ

vol (Ω)
2 .

From this equation, we can clearly see that this tolerance for adding points to the domain decreases if
the volume of Ω grows. This is a main feature of the new balloon force in comparison to the one used in
the original image-segmentation model (102).

Shape optimisation itself simplifies a lot if only one space dimension is used. If, in particular, the
initial domain Ω0 = (a0, b0) is an interval, it is enough to track the movement of the interval’s boundary
points in time to describe the shape evolution. In other words, we only have to solve a two-dimensional
ODE instead of the level-set equation to compute the domain’s time propagation:

ȧ(t) = −F (a(t),Ωt) = −F (a(t), a(t), b(t)),

ḃ(t) = F (b(t),Ωt) = F (b(t), a(t), b(t))

with initial values a(0) = a0 and b(0) = b0. This is, of course, much easier. It even allows us to compute
the exact gradient flow just by using an ODE solver. The speed field corresponding to the steepest
descent depends only on the current shape’s volume vol (Ωt) = b(t) − a(t) and follows from (135). In
particular, we have

F (x, a, b) =
γ

(b− a)2
− (u(x)− u0)2. (136)

Let us simplify the problem even further: We assume that the “image” u is fixed as u(x) = x. For this
situation, we expect that the optimal shape is given by an interval (a∗, b∗) = (u0 − δ, u0 + δ) symmetric
around u0. The width 2δ depends on the parameter γ and arises when the error term (u − u0)2 = δ2

and the balloon force γ/(b− a)2 = γ/(2δ)2 are in equilibrium. This is the case for

δ = 4

√
γ

4
⇒ a∗ = u0 − δ, b∗ = u0 + δ.

The numerical results for γ = 5 · 10−2 and the symmetric initial shape (a0, b0) = (0.4, 0.6) are shown
in Figure 55. In this situation, the shape grows monotonically until it reaches the optimal interval
indicated by the vertical lines in Figure 55a. The blue line shows the shape evolution according to the
self-consistent gradient flow. It matches the exact gradient flow (green line) almost perfectly. For this
situation with monotonic growth, only a single step of the procedure outlined above is necessary. The
speed field itself is shown in Figure 55b. It vanishes at a∗ and b∗. This corresponds to the behaviour that
the evolving shape converges to the optimal interval for t → ∞. Let us also show that self-consistency
really makes a difference: The red line in both plots corresponds to the speed field chosen as the steepest
descent (136), but with the shape dependence (i. e., the volume b−a) fixed at the optimal shape. In this
case, we still see convergence towards the optimal shape, but in a clear contrast to the desired gradient
flow. Also note that convergence to the optimal shape itself stems only from the fact that we have
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(a) Evolution of the interval boundaries (x-axis) in time (on the y-axis). Note that the blue and
green curves are very close to each other and mostly overlap.
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(b) The speed fields for the shape evolutions in Figure 55a.

Figure 55: Shape evolution for the 1D problem (134) according to the exact gradient flow (green), the
self-consistent speed field (blue) and the steepest-descent speed under the assumption of a constant
volume b∗ − a∗ (red). The vertical lines indicate the boundaries a∗ and b∗ of the optimal shape.
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Figure 56: The exact gradient flow (green) and the result of two steps with self-consistent speed field
(blue) for the 1D example problem in a non-monotone situation. Compare Figure 55a.

used precisely the optimal shape’s volume. This is something that can, of course, not be done in a real
computation when the solution is not already known a-priori.

It is also interesting to consider the same example with an initial interval that is not symmetric around
u0. The result for the choice (a0, b0) = (0.2, 0.4) is shown in Figure 56. As before, the exact gradient
flow is depicted in green. One can clearly see that the lower bound a(t) behaves non-monotonically in
this situation: When Ωt is small at the beginning, the balloon force is strong enough to grow the interval
at both boundaries. This is even true after the lower boundary crosses over the equilibrium value a∗.
However, at some point, the expansion due to the upper boundary decreases the force until the lower
boundary starts to increase again. For t → ∞, both boundaries converge towards their equilibrium
values from below. Note that this phenomenon occurs even though the initial interval is a strict subset
of the optimal shape. From a naive point of view, one might have expected a monotonic growth towards
the optimal shape. To handle this situation with our method, we need at least two steps. The blue curve
shows the result with a length of t0 = 3 for the first step. One can nicely see that the evolution according
to the self-consistent speed field matches the exact gradient flow initially as before. However, as soon as
the lower boundary would have to turn around, it gets stuck instead. With the second step, the direction
of the lower boundary is reversed and it converges, as expected, to a∗ from below. This shows that the
multi-step procedure does, indeed, work well also for difficult situations with non-monotonic behaviour.

7.4.2 The Image-Segmentation Problem

Next, we apply the multi-step self-consistent gradient-flow method to the full image-segmentation prob-
lem of Chapter 6. For the examples in this subsection, we always use a fixed step length of t0 = 10.
The result for an image without sharp edges (see also Figure 39) is illustrated in Figure 57. The first
five steps of the evolution are shown in Figure 57a. The result is already very close to the final shape.
Compare also the cost decrease in Figure 57b to Figure 39b: For the gradient descent, roughly 50 steps
are required to bring the cost down to 10−5. The same decrease is realised by the gradient-flow method
in only a tenth of this number of steps! Of course, each step for the gradient flow is more expensive as
it involves multiple fixed-point iterations with ψ. For this example, however, four iterations per step are
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enough to reach a point where an increase in the number of fixed-point iterations does not cause any
noticeable difference in the result anymore. Thus, even if we take the fixed-point iterations themselves
into account as well, it still requires only 20 “operations” to converge to the final shape. The gradient
flow is also clearly more efficient in terms of computation time.

If one compares the resulting shapes between Figure 39a and Figure 57a, a striking difference lies
in the regularity of the boundary. The gradient descent produces a much smoother boundary than the
gradient flow. To understand this effect, note that the problem itself (i. e., the cost function in (102))
does not include any regularisation for the boundary at all. Since our input images contain noise, the
natural result of the optimisation procedure is thus an irregular boundary as seen in Figure 57a. The
smoother boundary of Figure 39a, on the other hand, is a result of the computation of the shape gradient
as discussed in Section 6.2.

Let us now do the same comparison for the image of Figure 41, which has sharper edges. The gradient-
descent method does not work on this image, and the desire to find an alternative method was our main
motivation for the work on the gradient-flow idea after all. This, of course, leads to the question whether
the gradient-flow method performs better for this image. The answer can be seen in Figure 58: It does.
It requires more descent steps (the first six are shown in Figure 58a), but it still shows convergence to
the desired shape. The situation is also slightly more delicate with respect to the fixed-point steps, since
the sharp edges lead to larger Lipschitz constants for the shape-dependent quantities. For the shown
result, we used ten fixed-point iterations for each descent step. Nevertheless, it is clear that the method
works quite well, while we have seen in Figure 41b that gradient descent simply fails for this image due
to excessive “zig-zaging”.

7.5 Topological Derivatives

One of the major advantages that level-set methods have over other strategies is their flexibility with
respect to topological changes. This was already discussed above and demonstrated in Figure 2. However,
even though our speed method is, in theory, able to change the topology, there are often situations where
these changes are not actually performed in practice. Often, the gradient descent of Chapter 6 or the
gradient flow discussed in this chapter avoid topology changes and converge instead to a local minimum
with the same topology as the initial geometry. A main issue here is that the speed method is based on
transforming the boundary of the current domain. Thus, it is neither able to create holes in the interior
of Ω nor new components of the domain in Rn \ Ω. A common method to overcome this difficulty is to
use an initial geometry with lots of components and holes. During the optimisation process, unnecessary
holes and components can then disappear or join together. See, for instance, [21] and [83].

For more systematic approaches, a concept called the topological derivative can be used. See, for
instance, the methods described in [15] and [69]. In particular, this quantity characterises how the cost
changes when new components of the domain are created. (It is also often defined as the change of
the cost when holes are punched into Ω, but the basic idea is the same. For our discussion, we will for
simplicity concentrate on the situation of new components.) This is in contrast to the shape derivative
discussed so far, which describes the change of the cost when the boundary of Ω is moved. For some
x ∈ Rn \ Ω, a simple version of the topological derivative can be formally defined as

dTJ (Ω;x) = lim
ρ→0+

J(Ω ∪Bρ (x))− J(Ω)

vol (Bρ (x))
.

The definition for x ∈ Ω and the creation of holes can be done in a similar way. While we do not want to
discuss technical details here, let us still describe, at least in an informal way, how topological derivatives
can be incorporated into our gradient flow. This results quite naturally in a hybrid method that performs
much better for some problems.

For our situation (with only domain functionals), the topological derivative actually matches the shape
derivative in some sense. In particular, if the shape derivative is given by (118), then the topological
derivative at some point x is

dTJ (Ω;x) = f(x,Ω).

A heuristic argument to see why this is the case is the following: Consider the situation that x ∈ Γ
and F (x) = 1. The contribution of the particular point x to the shape derivative (118) is then precisely
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Figure 57: Application of the multi-step self-consistent gradient-flow method to our image-segmentation
problem. Compare also Figure 39.
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Figure 58: Continuation of Figure 57 for an image with sharper edges. Compare also Figure 41.
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Figure 59: The self-consistent speed field for the image-segmentation example discussed in Section 7.5.

f(x,Ω). Furthermore, F (x) > 0 with x ∈ Γ means that, from a local point of view, x is being added to
Ω. This, in turn, is roughly just the meaning of the topological derivative at x.

Now, assume that we have found a self-consistent gradient flow F according to Definition 24. In this
case, F (x) = −f(x,Ω(x)) = −dTJ (Ω(x);x). Instead of evolving Ω0 along F to get the next iterate Ω1 of
the geometry, we can instead use the following idea: Whenever F (x) > 0, this means that the topological
derivative is negative at x. Consequently, it is beneficial for decreasing the cost to include those x into
the domain. Similarly, we want to exclude all x where the topological derivative is positive. Thus, we
can simply define

Ω1 = {x ∈ Rn | F (x) > 0} = (−F )
−1

((−∞, 0)) . (137)

This can be achieved by just interpreting −F as the level-set function for Ω1, similar in spirit to
Lemma 51. Depending on the problem at hand, one can build a suitable heuristic to decide when
to use (137) instead of a shape evolution. For instance, whenever the descent seems to be converged, one
can try a step with (137) to check whether this is really the case or it is just stuck in a local minimum.
This approach matches the strategy suggested in Subsection 3.4 of [69].

To conclude this section, let us demonstrate this idea on a simple example. We use the image-
segmentation problem in Figure 40 but define the initial geometry as a circle that is symmetric around
the inner black area. For this situation, both the gradient-descent and the gradient-flow method lead
to a suboptimal shape that does not exclude the centre. The corresponding speed field resulting from
our fixed-point iteration is plotted in Figure 59. On can clearly see that it (and thus the topological
derivatives) are negative where the hole needs to be created. The geometry that results by evolving Ω0

along the speed field is shown in Figure 60a. In contrast, the domain according to (137) can be seen in
Figure 60b. For the situation at hand, the latter is the superior solution.

7.6 Boundary Length and Mean-Curvature Flow

In the last section of this chapter, we would like to discuss how the idea of “a single speed field for the
whole evolution” can also be applied to other problems. In particular, an important generalisation of
the model problem (102) includes the perimeter of Ω as an additional regularisation term. This prevents

152



Initial

Result

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

(a) Shape evolution of Ω0 according to the speed field.
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(b) Definition of the new shape via (137).

Figure 60: The shapes that result after taking one step based on the speed field in Figure 59. Compare
also Figure 40, where a different initial shape is used together with gradient descent.
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the effect of an irregular boundary that we have seen in Figure 57a and Figure 58a. Going even further,
if the cost function is just the perimeter, it is well-known that the shape evolution corresponding to the
gradient flow is the so-called mean-curvature flow. It has been widely studied both theoretically and
from the point of view of applications. See, for instance, [43]. The description of mean-curvature flow
with level-set methods is discussed, among others, in [41] and [67]. In particular, the normal speed F is
given by the (negative) mean curvature κ of the evolving surface. The mean curvature can be computed
from a sufficiently smooth level-set function φ by the expression

κ(x) = div

(
∇φ(x)

|∇φ(x)|

)
. (138)

(For a derivation, see (1.4.9) on page 29 of [41].) Thus, we can modify our level-set equation (2) to read:

0 = φ̇+ F (x) |∇φ| = φ̇− κ |∇φ| = φ̇− div

(
∇φ
|∇φ|

)
· |∇φ| (139)

While this equation has a singularity at ∇φ = 0, one can still establish a suitable solution theory based
on viscosity solutions. This was pioneered by Evans and Spruck in a series of papers starting with [38].
It is also discussed in great detail in [41]. For numerical methods, we refer to [28].

Our discussion is focused on a new approach instead: We would like to compute the mean-curvature
flow based on an Eikonal equation similar to Chapter 3. This method, of course, has a major drawback:
Since it is based on the ideas described in this chapter, it only works as long as the evolution of the
shape is monotone. This is, for instance, the case for mean-convex geometries (meaning that κ is positive
all over the surface). However, also many interesting cases are excluded by that requirement. On the
other hand, we believe that our new approach also has advantages that make it, nevertheless, interesting
to study: First, it may lead to more efficient methods for the computation of the mean-curvature flow.
This needs some further algorithmic work besides what we will describe below, but it is definitely an
interesting subject for further research. Second, a description of the mean-curvature flow in terms of
an Eikonal equation allows to apply new analytical tools just like our Hopf-Lax formula introduced in
Section 3.4 allowed us to draw new theoretical conclusions in Chapter 4. And third, this can be used
as a starting point to apply self-consistent gradient-flow methods to problems which have regularisation
terms based on the boundary length. Here, one can hope that the restriction to monotone evolutions
can be circumvented with a multi-step procedure similar to the one demonstrated in Section 7.4. This
idea will be discussed briefly at the end of this section and is also an interesting area for further research.
Note that this section is intended only to demonstrate the ideas. No rigorous analysis will be done.

The basic idea of our method is the same as described in Section 7.1: We want to define a speed
field corresponding to the steepest descent and make sure that it is self-consistent with respect to shape-
dependent quantities. For the case of mean-curvature flow, we have to set F (x) = −κ(x). As before,
this value depends on the shape Ω(x). In contrast to the situation analysed above, however, the shape
dependence is local this time: The curvature depends only on the shape of the boundary in a neighbour-
hood of x. It does not depend on things like the volume of Ω or other global quantities. Let us now
assume that some speed field F is fixed. We use (47) to describe the shape evolution. Excluding the
stationary case F (x) = 0, this implies that a level-set function for the domain evolution is given by

φ(x, t) = D(x)± t. (140)

Note specifically that the spatial dependence of φ is precisely the term D(x). Thus, the mean curvature
κ(x) can be computed from D alone without any time-dependent terms. In particular, (138) implies

κ(x) = div

(
∇φ(x, t)

|∇φ(x, t)|

)
= div

(
∇D(x)

|∇D(x)|

)
.

Recall also (37): The distance D depends on the speed field F via the Eikonal equation

F (x) |∇D(x)| = 1.

Consequently, we can conclude for a self-consistent situation:

− κ |∇D| = −div

(
∇D
|∇D|

)
· |∇D| = 1 (141)
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In other words, the distance that defines the shape evolution for the mean-curvature flow solves the
mean-curvature Eikonal equation (141).

A possible way to solve (141) numerically is to introduce a pseudotime and evolve towards a stationary
situation. For this, we introduce an artificial time dependence of D and propagate the parabolic equation

Dτ

|∇D|
= div

(
∇D
|∇D|

)
+

1

|∇D|

in time (denoted by the variable τ). We can hope that it converges towards a stationary state D∞ for
τ → ∞, which then solves (141). Note that this equation is the same as the mean-curvature level-set
equation (139) except for the additional forcing term. Thus, we can apply the methods of [28] to solve it:
As a first step, let us introduce ε > 0 as a small regularisation parameter. In order to avoid singularities
for ∇D = 0, we consider the regularised equation

Dτ√
|∇D|2 + ε2

= div

 ∇D√
|∇D|2 + ε2

+
1√

|∇D|2 + ε2
. (142)

We solve this equation with finite elements and a semi-implicit time-stepping scheme (see also Subsec-
tion 8.2.2 for a description of our implementation of finite elements). In particular, let Di =

∑
k c

i
kuk be

the finite-element discretisation of D at some time ti. Here, (ui)i is the finite-element basis and
(
cik
)
ik

are the time-dependent coefficients. With

Dτ ≈
Di+1 −Di

∆τ
=

1

∆τ

∑
k

(
ci+1
k − cik

)
uk,

we see that the discrete version

1

∆τ

∑
k

(
ci+1
k − cik

) ∫ ukv√
|∇Di|2 + ε2

dx = −
∑
k

ci+1
k

∫
〈∇uk,∇v〉√
|∇Di|2 + ε2

dx+

∫
v√

|∇Di|2 + ε2
dx

of the weak form of (142) must hold for all test functions v. To simplify notation, let us assemble all
coefficients

(
cik
)
k

to a vector ci and define

M i
kl =

∫
ukul√

|∇Di|2 + ε2
dx, Ki

kl =

∫
〈∇uk,∇ul〉√
|∇Di|2 + ε2

dx, f ik =

∫
uk√

|∇Di|2 + ε2
dx.

Note that the matrices M and K can be computed by scaling the standard mass and stiffness matrices
accordingly. For linear elements, ∇Di and thus also the weights are constant on each mesh triangle.
Then, each time step corresponds to solving the linear system(

M i + ∆τ ·Ki
)
ci+1 = M ici + ∆τ · f i.

Let us demonstrate the viability of this method: We use an elliptic initial domain Ω0 and solve (141)
on it with the method described above. The resulting distance D, which is the stationary state of (142),
is shown (inside of Ω0) in Figure 61a. Its contour lines correspond to the shape at various times (as per
(140)). One can clearly see that the shape first turns into a circle and later vanishes. This is the expected
behaviour according to [43]. The relative difference in L2-norm between consecutive pseudotime steps is
plotted in Figure 61b. This clearly shows that the pseudotime iteration converges, indeed, to a stationary
state and thus a solution of (141).

To conclude this discussion, let us now consider how the shape-optimisation idea introduced in the
beginning of this section can be combined with the mean-curvature approach. A combined method
promises a way to solve shape-optimisation problems that include perimeter terms as regularisation. Let
us, again, consider a base problem whose shape derivative is of the form (118). If we add P (Ω) as
additional term to the cost, the new shape derivative is

dJ (Ω;F ) =

∫
Γ

F (f(x,Ω) + κ(x)) dσ.

155



0

0.5

1

1.5

2

(a) The resulting distance D.

1e+2 1e+3 1e+4 1e+5 1e+6

1e-6

1e-5

1e-4

1e-3

1e-2

1e-1

1e+0

(b) Relative L2-difference between consecutive time steps during the pseudotime evolution.

Figure 61: Solution of the mean-curvature Eikonal equation (141) for an elliptic initial geometry.
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Thus, the steepest-descent direction is

F (x) = −f(x,Ω(x))− κ(x).

As before, κ depends on the distance D, which, in turn, can be computed from the initial speed field
F0 by solving (37). In order to find a self-consistent gradient flow in this situation, we have to find a
solution (F,D) to the mixed algebraic-differential equation

F = ψ(F )− div

(
∇D
|∇D|

)
, F |∇D| = 1. (143)

Here, ψ denotes the fixed-point iteration mapping without perimeter regularisation as it was discussed in
Section 7.1 and analysed in Section 7.2. Of course, a first idea to solve (143) is the following: As before,
do a fixed-point iteration. Instead of ψ, we could iterate with the extended right-hand side of (143) this
time. This is possible, since one can compute D and then κ from a given F . Unfortunately, however, this
method does not work. In practice, the numerical computation of κ as a second derivative of D is too
unstable. To circumvent this issue, it was a crucial to switch to the weak form and an implicit solution
method when solving (141). That way, we can exploit the smoothing effect of the inverse Laplacian
instead of computing explicit derivatives. It seems necessary to apply such a rewrite also for (143). We
can, however, not present a complete method that does this yet.
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8 PDE-Constrained Shape Optimisation

A lot of the classical shape-optimisation problems considered in applications (such as, e. g., structural
optimisation) involve partial differential equations. For a general introduction, we refer to [44]. With
our image-segmentation problem analysed in Chapter 6 and Chapter 7, we have avoided the difficulties
that appear with these types of problems. This simplification allowed us to concentrate on and better
understand other, more general aspects of level-set based shape optimisation. In this last chapter, we
want to discuss how the gradient-descent method of Chapter 6 can be applied to shape-optimisation
problems with PDE constraints. The results presented are based on our work in [58]. Let us also refer
to [53]; this paper is based on the same level-set fundamentals (and our code in [59]), but uses a slightly
different optimisation method. Note that PDE-constrained shape optimisation is a very challenging field,
such that a lot of “loose ends” remain for further research. Rigorous analysis of all involved difficulties
has been done only recently for selected problems, as in [16]. For this reason, the content of this chapter
is formulated only in an informal way, assuming necessary regularity as we go along.

Throughout this chapter, we consider a simple elliptic equation and a tracking-type cost functional.
Let D ⊂ R2 be compact, B ⊂ D, f ∈ L2(D) and ud ∈ L2(B). For a given domain Ω, let u = u(Ω) satisfy
the state equation

−∆u+ u = f in Ω,
∂u

∂ν
= 0 on Γ = ∂Ω. (144)

Standard theory for the analysis of equations of this type is based on the weak form of (144): It is
well-known that the unique solution u ∈ H1(Ω) satisfies∫

Ω

(〈∇u,∇v〉+ uv) dx =

∫
Ω

fv dx (145)

for all test functions v ∈ H1(Ω). For a thorough discussion of the underlying theory, see [36]. Thus, it
is justified to consider

J(Ω) =
1

2
‖u(Ω)− ud‖2L2(B) +R (Ω) (146)

as a cost functional depending on Ω. The term R (Ω) is an appropriate regularisation term. We use the
boundary length to enforce a smooth boundary of Ω, i. e., we set

R (Ω) = α · P (Ω) = α · H1(Γ)

with α ≥ 0. We want to minimise (146) over all sufficiently regular domains Ω with B ⊂ Ω ⊂ D.
This inclusion constraint ensures that Ω is inside the hold-all domain D and fully contains the area of
measurement B. See [53] and Section 6.6 for a discussion of geometric constraints. Note, though, that
these constraints are not the main focus of our interest in this chapter. They are inactive for almost all
situations considered below.

8.1 Computation of the Shape Derivative

Our goal is to apply the gradient-descent method described in Chapter 6 to the minimisation problem
(146). For this, we have to compute the shape derivative of the new cost function as a first step. Let
us, as usual, assume that we have a speed field F and denote the evolving domain at time t ≥ 0 by Ωt.
Formally differentiating J(Ωt) with respect to t, we obtain the Eulerian derivative

dJ (Ω0;F ) = lim
t→0+

J(Ωt)− J(Ω0)

t
=

∫
B

(u− ud) · u′(x;F ) dx+ dR(Ω0;F ). (147)

Here, we have assumed that the shape-dependent solution u of the state equation is shape differentiable.
In particular, let

u′(x;F ) = lim
t→0+

u(x; Ωt)− u(x; Ω0)

t

exist for all x ∈ Ω0. Before we analyse this term further, let us consider the derivative of the regularisation
term first. According to classical results (see, for instance, Section 2.33 of [78]), it can be expressed in
terms of the mean curvature κ of the propagating surface as

dR(Ω0;F ) = α ·
∫

Γ0

κF dσ.

158



Let us now discuss the shape derivative u′(x;F ) of the state. We follow the classical idea as it is also
described in Section 3.2 of [78], but use our scalar speed method and Corollary 7. Note that H1(Ω) can
be considered as a “subset” of H1(D) when we restrict the functions to Ω ⊂ D. Thus, we can consider
the weak equation (145) with u, v ∈ H1(D). Assume now that the shape derivative u′(·;F ) exists and
is, furthermore, in H1 itself. Let us also assume that u and v are regular enough to possess a weak
derivative on Γ0 in the sense of traces. For u, this follows from elliptic regularity as discussed below. In
this situation, we can apply Corollary 7 to both sides of (145) to deduce∫

Γ0

(〈∇u,∇v〉+ uv)F dσ +

∫
Ω0

(〈∇u′(x;F ),∇v〉+ u′(x;F ) · v) dx =

∫
Γ0

fvF dσ. (148)

Since this equality holds for all sufficiently regular v ∈ H1(D), we have found a weak equation that
characterises u′(·;F ). It corresponds to a differential equation similar to (144), but has a right-hand side
with support on Γ0. Hence, given a direction F , we can evaluate u′(·;F ) and thus the shape derivative
dJ (Ω0;F ) by solving the variational problem (148).

While this is a perfectly valid characterisation of u′(·;F ), it is not the most practical. In particular,
recall that we need the mapping F 7→ dJ (Ω0;F ) in order to apply the method described in Section 6.3.
With (148), we have to solve a PDE for each direction F when evaluating dJ (Ω0;F ). Luckily, this is not
necessary. An alternative is the so-called adjoint approach, as it is discussed also in Section 1.6 of [47].
In particular, let us assume that p ∈ H1(D) solves the adjoint equation∫

Ω0

(〈∇w,∇p〉+ wp) dx =

∫
B

(u− ud)w dx (149)

for each w ∈ H1(D). This is the weak form of the equation

−∆p+ p = (u− ud)χB in Ω0,
∂p

∂ν
= 0 on Γ0 = ∂Ω0. (150)

Using the adjoint equation (149) together with (148), we can express the first term on the right-hand
side of (147), which gives∫

B

(u− ud) · u′(x;F ) dx =

∫
Ω0

(〈∇u′(x;F ),∇p〉+ u′(x;F ) · p) dx =

∫
Γ0

(fp− 〈∇u,∇p〉 − up)F dσ.

This yields the full shape derivative (with regularisation) as

dJ (Ω0;F ) =

∫
Γ0

(fp− 〈∇u,∇p〉 − up+ ακ)F dσ. (151)

In this form, it is enough to solve the state and adjoint equations for u and p whenever the geometry
changes. Then, evaluation of the shape derivative in some direction is only a matter of integrating
along the boundary Γ0. Furthermore, (151) makes it clear that the shape derivative dJ (Ω0; ·) is a linear
functional in the direction F .

Thus, we can proceed to implement a gradient descent method in the way described in Section 6.3.
In particular, we are looking for G ∈ H1(D) such that∫

D

(FG+ β 〈∇F,∇G〉) dx =

∫
Γ0

((f − u)p− 〈∇u,∇p〉+ ακ)F dσ (152)

holds for all F ∈ H1(D). Recall that u and p are the weak solutions of the elliptic equations (144)
and (150) with right-hand sides in L2(Ω0). Assuming a sufficiently smooth domain Ω0, standard results
about boundary regularity (see, for instance, Theorem 4 on page 317 of [36]) imply that u, p ∈ H2(Ω0).
Consequently, ∇u and ∇p are in L2(Γ0) by the trace theorem (e. g., Theorem 1 on page 258 of [36]).
If we further assume that the boundary is smooth enough for the curvature term, this means that the
right-hand side of (152) is a functional in H−1(D). Thus, (152) is well-posed. This variational problem
allows us to compute a shape gradient G and with it a descent direction.
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8.2 Aspects of the Numerical Computation

Before we present numerical results in Section 8.3, we want to describe some aspects of our numerical
solvers. In particular, Subsection 8.2.1 describes how a triangulation of Ω is computed from its level-
set representation. The basic finite-element discretisation used for the state and adjoint equations is
presented in Subsection 8.2.2. For the shape derivative (151), additional difficulties arise. They are
discussed in Subsection 8.2.3 and Subsection 8.2.4. In combination with the methods for shape propa-
gation described in Section 3.5, this is everything that we need to apply the gradient-descent method of
Section 6.3 to the PDE-constrained problem (146).

8.2.1 Generation of a Triangular Mesh

In contrast to the square grid that is used for the discrete level-set function (see Section 3.5), we use a
triangle mesh for numerical computations involving the state and adjoint equations. This is the most
common approach for finite-element discretisations. Furthermore, in this way we are able to resolve the
moving boundary of the level-set domain more precisely. The boundary is approximated by a polygonal
curve, whose construction is the first step when generating our mesh. Whenever the level-set function
φ changes its sign between two neighbouring points of the rectangular grid, there exists an intersection
between Γ as the zero level set of φ and the edge connecting the points. We approximate these intersection
points using an affine model for φ along each edge of the grid. The polygonal approximation of Γ is then
found by connecting all intersection points in the appropriate order. This computation is implemented
in ls find geometry of our package [59]. Also note that we can define an orientation for the boundary
polygon. We do this such that Ω is always on the left-hand side when traversing the polygon.

Once the boundary polygon is found, it remains to split the domain into triangles in an appropriate
way. This is done by ls build mesh, which can be used in two modes: The first one only constructs a
mesh on the interior of Ω. This is what we need for solving the state and adjoint equations. The “global”
mode, on the other hand, constructs a triangle mesh of the whole hold-all domain D. This is done in a
way that still resolves the boundary Γ correctly. We need this mesh in order to compute shape gradients
as Riesz representatives as discussed in Section 6.2. For this, we have to solve (106) on the global mesh.
In both cases, squares of the original grid that are not intersected by Γ are easy: They can just be split
into a pair of triangles along a diagonal. The triangulation of boundary elements, i. e., squares intersected
by the boundary Γ, is more challenging. As a first step, we look for edges of the square where Γ enters
according to its orientation. These are, of course, only half the number of all intersected edges. Following
the edges of the square clockwise from such an intersection point, we traverse grid points inside of Ω
until we find another intersection point at which the boundary edge leaves the square again. Then, we
have to distinguish four possible cases:

Inner Triangle There is only one entrance point and also only one inner point. In this case, the
boundary element is cut into a triangle inside of Ω and a pentagon outside.

Inner Trapezoid There is only one entrance point followed by two inner points. Here, Γ cuts through
the square at parallel sides to produce two trapezoids.

Inner Pentagon Opposite to the inner triangle case, we can have one entrance point and three inner
points. Only one vertex of the square is outside of Ω.

Narrow Pair It is also possible that φ has the same sign for points diagonal to each other. In this case,
we find two entrance points, each followed by a single inner point. This situation is ambiguous,
such that the values of φ on the grid alone do not allow us to determine whether the two points in
Ω are connected through a narrow channel or not. Our implementation of mesh building assumes
that they are not connected.

These four cases are illustrated in Figure 62. The entrance points are marked with red dots and the grey
parts correspond to the interior of Ω. For each case, we indicate how the parts are split into triangles.

An example mesh generated with this technique is shown in Figure 63. Taking all triangles together,
we get a global mesh for D. The mesh for Ω alone consists of only the green triangles. The polygonal
approximation of Γ is shown in red as the interface between both regions. The depicted situation includes
all of the four cases. In particular, a narrow pair appears at the centre where the two circles nearly touch
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(a) Inner Triangle (b) Inner Trapezoid (c) Inner Pentagon (d) Narrow Pair

Figure 62: Possibilities for splitting boundary elements into triangles. The interior of the Ω is grey, the
exterior white. Red dots indicate the entrance points of Γ.

Figure 63: Example mesh constructed for a level-set domain. The triangles inside of Ω are green, those
for the hold-all domain blue. The approximation of the boundary Γ is indicated in red.
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Figure 64: The reference triangle used to construct the FEM basis functions.

each other. Note that the generated triangles may be quite distorted. This is a result of the simple
mesh-generation strategy that we employ. In order to prevent numerical issues with triangles that are
too degenerate, we enforce a certain minimum ratio between the side lengths of each triangle. I. e., if an
intersection point between Γ and the grid is too close to a grid point, it is slightly pushed away.

8.2.2 FEM Discretisation of the State and Adjoint Equations

The state and adjoint equations (145) and (149) are solved numerically with linear finite elements in a
nodal basis. While there exist various libraries for the numerical solution of PDEs like these with finite
elements, most of them are built and optimised under the assumption that the geometry of the domain
is fixed and, if anything, the coefficients of the equation change. This is, of course, not the case for our
shape-optimisation problem. Thus, we decided to use our own custom-made solver. It follows mostly the
standard procedure described, for instance, in Section 4.3 of [31]. Let us, nevertheless, briefly mention
some of the key concepts as they are useful later on in Subsection 8.2.3 as well.

We use the reference element R ⊂ R2 depicted in Figure 64 and define the Lagrange basis on it:

p0(x, y) = −x+ y

2
, p1(x, y) =

x+ 1

2
and p2(x, y) =

y + 1

2
(153)

For an arbitrary triangle T ⊂ R2 of our mesh, there exists an affine transformation ψT : R → T that
maps the reference triangle to T in a bijective way. Thus, we can define basis functions on T by

rTi (x) = pi(ψ
−1
T (x)), i = 0, . . . , 2.

It is now easy to compute the local mass and stiffness matrices

(MT )ij =

∫
T

rTi (x)rTj (x) dx and (KT )ij =

∫
T

〈
∇rTi (x),∇rTj (x)

〉
dx for i, j = 0, . . . , 2

on the mesh triangle T . This computation can be done by first integrating the reference basis functions
(153) symbolically on R and then including the Jacobian of ψT to transform the integrals according to
the change-of-variables formula. The right-hand side of (145) can be approximated in a similar way by
a vector fT ∈ R3.

As the next step, we have to use the local basis functions on each mesh triangle to build a global
basis. For this, we use node condensation with an assembly matrix A ∈ R3K×N . Here, K is the number
of mesh triangles and N the number of vertices of the mesh. In general, N < 3K so that the matrix
A is tall. Each column of A corresponds to a mesh vertex and each row to a local basis function on
one of the triangles. The matrix A now contains a one for each position where the vertex of a local
triangle corresponds to a particular mesh vertex. This construction ensures that local basis functions are
combined to global ones in such a way that continuity across the edges of adjacent triangles is enforced.
Let us assemble the local matrices and right-hand side into block-diagonal matrices Mg,Kg ∈ R3K×3K

and the vector fg ∈ R3K . Then, the finite-element system corresponding to the state equation (145) is

A>(Mg +Kg)A · u = A>fg. (154)
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Figure 65: Relative L2-error of the approximated solution of the state equation (144) with our FEM
solver. We compute a manufactured solution on different grid sizes. The x-axis shows h.

We have to solve it to get the coefficients ui of the approximate state. Since we use the Lagrange
basis, these coefficients correspond directly to the values of u on the mesh vertices, i. e., ui = u(xi),
i = 1, . . . , N , for each node xi of the mesh. To test our solver, we apply it to a manufactured solution
of (144) for various grid sizes h. (The grid size, in turn, is mostly proportional to the size of the mesh
triangles.) The result is shown in Figure 65. One can clearly see that it matches the expected O

(
h2
)

behaviour of the L2-error (see Theorem 4.21 on page 130 of [31]).
The adjoint equation (149) can be solved in the same way. The only difference is the right-hand

side. Instead of
∫

Ω
fv dx we now have an integral over B ⊂ Ω. For simplicity, let us assume that B is

resolved exactly by the chosen mesh. Then, we have to evaluate the right-hand side
∫
B
gui dx for a global

basis function ui and with g = u − ud being a known function. In contrast to the previous situation,
the integral is not over the full domain Ω but only over a subset of all mesh triangles. This can be
computed by masking out all triangles that are not in B. Note, though, that this has to be done before
assembly, since at this stage the basis functions can still be associated to individual triangles. Global
basis functions that live on the boundary of B contribute partially to this integral, and can thus neither
be masked out completely nor included completely after assembly.

Let us conclude this subsection with two remarks about solving (154) in the context of shape optimi-
sation: Most of the time during an optimisation descent, the boundary is moved only slightly from one
iteration to the next. In order to resolve the boundary and these steps accurately, we have to use a fine
enough grid. It may, however, not be necessary to use such a fine grid for solving (154) with reasonable
accuracy. Thus, one can try to develop an adaptive strategy that uses a fine grid only near the bound-
ary. It may be possible to implement such an approach relatively easily if the level-set method is still
performed on a uniform, fine grid, but the triangular mesh is made coarser in the interior (controlled by
some error estimator) when solving the FEM systems.

Another idea based on the same observation is the following: If the boundary is, indeed, moved only
slightly, the sparse system matrix is also only changed in “a few” places. In particular, for an M ×M
grid, we may expect to have O

(
M2
)

triangles while a slight change to the boundary only perturbs O (M)
of them (namely along the boundary Γ). With this in mind, one can try to exploit this structure. In
particular, when a sparse Cholesky decomposition is known already for the last domain, one can try to
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update it with the methods introduced in [27] instead of fully computing a new decomposition. This
works, but it comes at a cost: In order to make the updates viable, one has to choose the order of the
unknowns in the linear system in a particular way. For a complete factorisation, on the other hand, the
order can be chosen arbitrarily to reduce the number of non-zeros in the factor. See, for instance, [71]. It
turns out that the approximate minimum degree algorithm employed by GNU Octave [35] is so powerful
that the complete factorisation with this additional freedom is, in our tests, more efficient than the
update strategy. Nevertheless, we believe that it may still be possible to turn the update idea into a
more efficient solver with additional research and optimisations.

8.2.3 Approximation of the Shape Derivative

Once u and p are computed, the next step is to find the shape gradient and use it as descent direction.
For this, we have to solve (152) numerically. Let us, for now, assume α = 0. The case α > 0 will be
discussed in the following Subsection 8.2.4. We use linear finite elements as before, and the left-hand side
of (152) can be discretised with standard mass and stiffness matrices as described in Subsection 8.2.2.
This subsection is dedicated to the discretisation of the trace functional on the right-hand side. If we
denote the normal and tangential vectors to the boundary Γ by ν and τ , respectively, we can split the
gradient ∇u into these two components:

∇u =
∂u

∂τ
· τ +

∂u

∂ν
· ν

Note that u solves (144) with homogeneous Neumann boundary conditions. Exploiting this fact, we find

〈∇u,∇p〉 =
∂u

∂τ
· 〈τ,∇p〉+

∂u

∂ν
· 〈ν,∇p〉 =

∂u

∂τ
· ∂p
∂τ
.

Thus, the right-hand side of (152) becomes∫
Γ

(
(f − u)p− ∂p

∂τ
· ∂u
∂τ

)
F dσ. (155)

Here, u, p and f are known already by their coefficients in the FEM basis. Note that the choice of
linear finite elements implies that these discrete functions are still continuous and piecewise linear when
restricted to the boundary polygon approximating Γ. Furthermore, the tangential derivatives of u and
p can be computed from their coefficients just along the boundary polygon. This is in contrast to the
normal derivative and full gradient, which require knowledge of all coefficients on a whole mesh triangle
and thus also for basis functions supported on the interior of the domain. We can do this because of the
a-priori information on the normal derivatives that we have from the state and adjoint equations.

In order to assemble the right-hand side of the discrete FEM system, we have to evaluate the expres-
sion (155) along a boundary edge E ⊂ Γ and with F set to one of the basis functions corresponding to
the end points of E. Up to rigid transformations, we may assume that E = [0, λ] and that the two basis
functions on E are

q1(s) = 1− s

λ
and q2(s) =

s

λ
.

Due to symmetry, it is enough to consider one of them; say, F = q1. All that remains now is to evaluate∫ λ

0

(
(f̃ − ũ)p̃− ∂ũ

∂τ
· ∂p̃
∂τ

)
q1(s) ds

with ũ(s) = u1q1(s)+u2q2(s) for some coefficients u1, u2 ∈ R. The discrete functions p̃ and f̃ are defined
similarly. This integral can be computed symbolically. The result then allows us to assemble the FEM
right-hand side for (152) based on the coefficients of u, p and f .

Let us demonstrate numerically that this scheme works: Figure 66 shows the relative errors made
when computing (155) on grids of various sizes h. We use the unit square as domain and have chosen
the functions u, p, f and F in such a way that the integral (155) can be computed exactly. Furthermore,
u and p satisfy homogeneous Neumann boundary conditions. Besides the total error (blue), we also
show the error for just the term involving tangential derivatives (red) and the remaining part of the
integral (green). One can clearly see that all three terms converge with O

(
h2
)
. The derivative term still

dominates the total error.
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Figure 66: Relative error made by approximating (155) numerically for different grid sizes. The error is
also computed separately for the L2- and derivative terms. The x-axis shows h.

8.2.4 Discretisation of the Curvature Term

The last remaining piece to discuss for the numerics is handling of the regularisation term in the shape
derivative. In particular, we have to approximate the integral∫

Γ

κF dσ (156)

with κ being, as before, the mean curvature. In order to complete the FEM right-hand side of (152),
we have to compute this expression for a polygonal Γ and a FEM basis function F . The key ingredient
here is a suitable way to express κ. For our situation of a curve in the plane, the mean curvature is
just the standard curvature of this curve. It can be defined (in magnitude) as the derivative of the unit
tangential vector of the curve with respect to the arc length s as parameter:

|κ(s)| =
∣∣∣∣∂τ(s)

∂s

∣∣∣∣ = |τ̇(s)|

For a basic introduction into the geometry of curves, see [33]. In particular, Remark 1 on page 21 deals
with the curvature of plane curves. Let us rewrite |κ| now in terms of the angle ω(s) which the tangential
direction has with respect to some fixed reference direction. Choosing the x-axis as reference, we get

τ(s) =

(
sinω(s)
cosω(s)

)
⇒ κ(s)2 =

∣∣∣∣( cosω(s)
− sinω(s)

)
· ω̇(s)

∣∣∣∣2 = |ω̇(s)|2 .

In this form, we can even take the orientation into account to define the curvature with the proper sign.
Henceforth, let us use κ(s) = ω̇(s) as the curvature.

We have to employ this expression now in the discrete setting of our boundary polygon. Let us use
the notation depicted in Figure 67 for this: At some boundary point xi, we denote the approximated
curvature by κi. The preceding and following edges are numbered i− 1 and i. The length of an edge j
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Figure 67: Notation used for the boundary polygon in Subsection 8.2.4.

is λj and its angle to the reference axis is ωj . A straight-forward approximation gives

κi ≈ 2
ωi − ωi−1

λi + λi−1
.

Thus, for the Lagrangian basis function ri corresponding to xi, we may use the approximation∫
Γ

κri dσ ≈
κi
2

(λi−1 + λi) = ωi − ωi−1.

It is interesting to note that we can arrive at exactly the same conclusion via a different approach:
Using κ = ω̇ and integration by parts, we may rewrite (156) to∫

Γ

κF dσ =

∫
Γ

ω̇F dσ = −
∫

Γ

ω
∂F

∂τ
dσ.

The boundary term vanishes since Γ consists only of closed curves. For the FEM basis function ri
in the place of F , this integral and the tangential derivative can be evaluated as described above in
Subsection 8.2.3. This yields

−
∫

Γ

ω
∂ri
∂τ

dσ = −
(
ωi−1

λi−1
λi−1 −

ωi
λi
λi

)
= ωi − ωi−1

and thus an approximation equivalent to the result of the previous calculation. It is, of course, straight-
forward to evaluate this expression for the boundary polygon and compute (156) with it.

8.3 Numerical Results

We implemented the methods and solver described above in GNU Octave [35]. For the time evolution of
shapes, we used our level-set package [59] and the methods described in Chapter 3. All computations
were done on a desktop computer of the amd64 architecture.

8.3.1 Shape Derivative and Finite Differences

First, let us validate our methods for computing shape derivatives. For this, we compare the derivative
computed with (151) to a finite-difference approximation. The shape derivative is computed based on
Subsection 8.2.3 and Subsection 8.2.4 on a very fine 1,000 × 1,000 grid. In addition, we also evolve the
domain for a short time and compute the changes to the cost directly. We use the speed field shown
in Figure 68a as direction, which transforms a spherical initial domain into an ellipse. The relative
difference between both values is shown in Figure 68b. One can clearly see the typical behaviour of
a finite-difference approximation: The difference quotient converges to the exact derivative as the step
length goes to zero, until it reaches a minimum value when the approximation gets worse again due to
numerical errors. We get almost the same result with and without the regularisation term.

The vertical line indicates the grid spacing h. Since our speed field has, very roughly, magnitude
one, this corresponds at least by order of magnitude to the time step at which the boundary is moved

166



-1.5 -1 -0.5 0 0.5 1 1.5

-1.5

-1

-0.5

0

0.5

1

1.5

-2

-1.5

-1

-0.5

0

(a) The speed field defining the direction together with the initial domain (black) and the evolved
domain for a large time step (red).
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(b) Relative error between (151) and finite differences for various lengths of the time step.

Figure 68: Comparison between the shape derivative computed with (151) and a finite-difference ap-
proximation. The computation has been done both with (α = 1) and without (α = 0) regularisation.
The vertical line in the bottom plot indicates the grid spacing h. See the discussion in Subsection 8.3.1.
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about one grid cell. This is the step where one can intuitively expect the approximation to break down.
Interestingly, it even continues to work well for step lengths smaller by almost a factor of ten. All in
all, the results show that our implementations work as expected and are, indeed, able to compute shape
derivatives with good precision.

8.3.2 Regularisation of an Inverse Problem

Let us consider the effect of the regularisation parameter α next. As test problem, we use

ud(x, y) =
(
x2 + y2

)
−
(
x2 + y2

)3
3

.

One can trivially compute a forcing function f from (144) such that ud is an exact solution on the domain
Ωex = B1 (0, 0). For our computation, we chose a square as initial domain and added 10% of Gaussian
noise to ud. Additional choices were tmin = 10−6 for the minimum step length, 1,000 descent iterations
for all runs, a 500× 500 grid and

B =

{
(x, y) ∈ R2

∣∣∣∣ |x| ≤ 1

2
and |y| ≤ 1

2

}
.

Figure 69 shows how well we are able to reconstruct Ωex from the noisy data for different regularisation
parameters α. The plot in Figure 69a shows the reconstructed domains for selected parameter values.
Figure 69b, in particular, shows the Hausdorff distance between the desired Ωex and the reconstructions
as a function of α. Note that our cost functional is relatively insensitive to changes in the shape, so that
there is a wide range of shapes that bring the cost down to almost the same minimal value (non-zero due
to the noise). Thus, one can see that the resulting shape without regularisation (red) and also with small
α is still quite far from Ωex. With increasing regularisation, the shape gets closer (blue and green in the
plots). However, if α is increased too much, the results become worse again; over-regularisation forces
the optimal shape to be too small. Of course, it is important to keep in mind that the regularisation
term we use (the boundary length) is, of course, very favourable for the reconstruction of the circle Ωex.

Note that the regularisation creates additional numerical difficulties. Take a look at Figure 70: It
shows the evolution of the cost, gradient norm and the used step lengths for a particular descent run. As
one expects from such a run, the first few iterations are very effective at reducing the cost and gradient.
After that, the decrease continues, but only at a much slower pace. The step length is roughly constant
(around 10−1 in the example) throughout this phase. Two consecutive speed fields for this part of the
descent are shown in Figure 71. One can see that they try to move the domain in the right direction,
but the zig-zag behaviour already discussed in Section 6.5 makes the descent inefficient. Compare, in
particular, Figure 42. The difference with Figure 70, however, is that a final phase follows afterwards:
There, the iteration gets completely stuck with mostly the minimum step length enforced. A typical
speed field is shown in Figure 72. Here, no longer any zig-zag movement happens. Instead, the force due
to the tracking term in the cost functional has decreased so much that the numerical approximation of
the curvature is the dominant driving force. This, however, can become unstable when no other forces
are present anymore. Small but sharp corners form (in the figure to the north east), which force the line
search to accept only the minimum step length. These corners have the additional detrimental effect
of actually decreasing boundary smoothness (although the regularisation should, in theory, increase it),
which leads to an increase of the cost and gradient going forward.

Obviously, this effect gets worse the larger α is. It also gets worse when β is chosen smaller, because
this leads to less smoothing of the speed fields. Hence, one has to find a good balance between α and
β. This is illustrated in Figure 73: For fixed α = 10−2 and descent runs with various choices of β, the
accepted step lengths are shown. The smaller β is, the earlier the minimum step length is enforced. The
best costs achieved throughout each of these runs are also smaller for larger values of β.

8.3.3 Convergence of the Gradient Descent

Let us now show numerical results for a more interesting problem of shape optimisation. For the com-
putations here, we have turned off regularisation (i. e., α = 0) completely. This allows us to focus on
the behaviour of the optimisation algorithm in terms of decreasing the actual cost functional (146) and,
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Figure 69: Quality of the reconstruction of the exact shape Ωex from noisy data for various regularisation
parameters. The reconstructed domains (top) correspond to the values of α marked with the respective
colour in the bottom plot.

169



0 200 400 600 800 1000
1e-6

1e-5

1e-4

1e-3

1e-2

1e-1

1e+0

1e+1
Cost

Gradient Norm

Step Length

Figure 70: Behaviour of a typical descent iteration with regularisation turned on.

in particular, tracking ud. The basic situation is shown in Figure 74a. For our choice of Ωex and some
f , we computed an exact solution as ud with fem-fenics [79] based on FEniCS [63]. This ensures that
the data generation is done independently from our own solver. To this “exact” ud, we added 10% of
Gaussian noise. The forcing function f was chosen in such a way that it strongly penalises the domain
inside the hole of Ωex. We use tmin = 10−3 here to avoid getting stuck in the gradient descent, and
performed 2,000 descent iterations on a 500× 500 grid.

The final shapes for different choices of β are shown in Figure 74b. The corresponding cost evolutions
are plotted in Figure 75 for the first 1,000 steps. One can clearly see that the choice of β matters: The
best result is achieved with β = 10−2. For β = 1, the speed fields are too smooth and thus not flexible
enough to provide an efficient descent. Many more iterations would be needed to converge to an optimal
shape. With β = 10−3, on the other hand, the resulting shape is quite irregular. The descent is converged
in this case, but β = 10−2 leads to a better result. We also tried β = 10−1. In this case, the descent
converges within our 2,000 descent steps, but more slowly than with β = 10−2. Apart from that, the
descent behaviour and final shape are similar to the situation with β = 10−2. Figure 76, finally, shows
two typical speed fields as they appear in the descent for β = 10−2: More often, the speed looks like
Figure 76a. The domain grows slowly towards the bottom, following the geometry of Ωex. From time
to time, however, a speed like Figure 76b is used when the domain is too far inside the hole and the
strongly penalising f forces it out again.
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Figure 71: Speed fields at two consecutive iteration steps for the descent of Figure 70. They still
correspond to the situation with step length around 10−1.
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Figure 72: Continuation of Figure 71. This is at iteration 775 and shows a typical speed field where the
minimum step length is enforced.
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Figure 73: Step lengths accepted by the line search for different choices of the descent parameter β in
the situation of Subsection 8.3.2.
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Figure 74: The example problem for shape optimisation discussed in Subsection 8.3.3.
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Figure 75: Continuation of Figure 74. Evolution of the cost, gradient norm and step length.
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Figure 76: Continuation of Figure 74. The two kinds of typical speed fields during the descent.
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